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*PREFACE-

Mathematics is fascinating to many persons because of its

utility and because it presents opportunities to create and dis-

cover. It is continuously and rapidly growing because of intel-

lectual curiosity, practiCal applications and the invention of

new ideas.

The Many changes which have taken place in the Mathematics,

...curriculum of the junior and senior high schools have resulted

)

in an atmosphere
/I
in which mathematics has foUnd acceptakce in .-

s .

.

the public mind as never before. The effect of the changes Has

begun to influenceithe elementary school curriculum in mathe-

matics as well. It is generally accepted that the present arith-

metic program in grades 1,-6 will be substantially changed in the
4

.next five years.

The time is past when elementary teachers can be.content

that they have taught mathe'1atics if they have taught pupils to
. .

compete mechanically. More and more mathematics will be taught'

/
,, 1

. 0, ,3

in the elementary grades; one important criterion of the.effec- ° :.
-.....

,...._..-tiveness of a school's program will be the extend .to whioh pupils.-

110

understand. If mathematics is taught iv people who'do'not like'

and do not understand; the subject, it is highly probable that

pupils will not like, and will not understand, it as well,: -f

The School Mathematics Study.proup Materials for grades

4, 5, and 6 contain sound mathematics, presented at such a level
.

...

that it can be understood by children. EXperimental classes
-°*0

.

re

5



.

have. found the program stimulating, and teachers have been. --

enthusiastic about the results. Teachersin the experiMental

programs Have received the special services of a consultant to

help themwith the subject matter. Itis not surprising that

teachers whohave been trained to teach arithmetic in the tradi-

tional sense need, to study more mathematics if they are to have

confidence in theirability to introduce new ideas. They must

know far more than the students, and understand something.of the

later implications of the topic's they teach.

'his volume, Number Systems, and a companion 'volume,

Intuitive Geometry, *have been prepared by the School Mathematics

:Study Group to help' elementa.6 teachers develop a sufficient °

subject matter dompetence,in the matheMatics of the elementaryS

school' program, Whaftkind of material should teachers at this

akvel haVe? Is a course in calculus, or abstract algebra, or

applicettOns'of arithmetApwhat they need? The opinion of ther77

editors is that elementary teachers, need a thorough discussion

of all the materials they might teach in grades 4, 5, and 6,

from ahigner point of view, but in avery similar setting, pre-'-

serited muchthe-same way they would _present it, so that they

themselves might eneribnce something of the joy of discoVery

and acc mplishinent in mathematics which they may expect from .

their cfwn
,0

-
I With the.iaas in Ind which have teen expressed in'the

.

paragiaPh*botte, Vh.e.g); sting 7th and 8th grade SMSG course

pf- was decided'u on as the content which would be of

greatest benefit to el mentarTteachers. The'material had been
.

1

ga.
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I carefully edited, with the idea that it must, now serve-A much

different. purpose than lthat
\

for which it Was originally intended.
J ,

.

.

You, as-the mature idividual, will be able to appreciate much
.

,

...

° that would es*ape junicir high school students. Even though, in
, ,

7 ,v1

some case, yoUr technical ability may not be well-developed,
../

you will be ale, to.thihk critically and to make connections,
.

4
between w t y -knoW,An1 new material. In some cases, you will

be surprised to find that "new" ideas in mathematic's are Veally*4 -
1Y

- only a neil language for ideas you have known either implicitly
4,

1A

or explicitly for, years. While your ability to compute'may .1:)

. ,.. ..

Aimpzio'ved only slightly as you study this, book, you will find

that you -understand, many opera4ions and coneptb.that were'rpx,e-

e .'
viously vague or even merely tricks used to get cvrect4answers.

. ., .

fn elementary mathematics today, the properties of the.
31 -

numbers are considered4to be as Important as the actual com-

putations With numbgrs. The nature Or the operations with gum-
. .

4
bers is considered to be as important as the answers obtained. O.-

a
w.

- t. . ,' ,

But in addition to the ork with numbers, the ideas of geometry.

.

$ must alto be ta9ght. Both the applications of number in geometry ,

(
Ofe

a
-(meastirement),and the relationships between geometri c elements..

N '
independent'of number help to form a foundation for the

.
latr

' 1-

.
.

. , ,

study of geometry. TheNirrtroduction of basic mathematical ideas
,

. .

.
- .

in the'elementary grades is' the opportunity for which you are-,

prepar).ng yourself.

\

I
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Chapter

WHAT IS MATHEMATICS?

1-1. Mathematics,as a Method of Reasoning,

"Once', ona plane, I fell into conversation with
the man next to me. He asked me what kind of work

I do. I told him I was a matheffatician. He ex-

). claimed, 'You _ave! Donttyou get tired of adding
coluMns'Iof figures all day lone' 'I had to explain
to him that this can best be done by a machine. It
job is mainly. logical reasoning.

Just what is this mathematics which many people are talking

aboUt these days? Is it counting and comp4ting? Is it drawing

figures'and measuring them? Is it s,language which uses symbols

like a mysterious code? No, mathematics Is not any one of these.

It includes them.but it is_much morethah all of these. Mathe-
r 4

matics is a way of thinking, a .hy of 'reasoning. Some of mathe--

matics involves experimentation and observation, but most of

mathematics is concerned with deductive reasoning. ).

By deductive reasoning you can prove that from certain given

conditions, a definite conclusion necessarily -follows. Inarithme-

tic you learned how-to prove definite statements about pumberg.

If a c,,lassroor(ras 7 'rolls of seats with 5 seats in each row,

then there are seats in an.-You kdow that this is true with-
.

out counting the seats and without adtually seeing the room.

Mathematicians use reasoning of this sort. They prove "if--

then" statements By reasoning they *prove that'if,something is

. true, then something else must betrue.

By logical reasoning you can often find all he,different ways

in which a, problem can be solved. Some imea you c show by

reasoning that the problem has no soluton. A,11 the, problems in

Exercises given below.can be solved by reasoning," No cal-
..,

sculations are needed, a/though you may find pit heipfUl sometimes

to.draw a d_tagram,.

4
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2

Exercises 1-1

A 200-pound man and hips -two sons each weighing i06 pounds want
to cross a river: they have only one boat and it can .

safely carry only 200 pounds, how can they cross the river?
2. If the man in Problem 1 weighs 175 pounds and one of his song

weighs 125 poullds and the ether 100 pounds, can they use the
same boat? Icinotl, what weigkt must the boat carry safely so
that they can crossttbe river?

3. A farmer wants to take a googe, a fox, and a bag of corn across
a river, If the farmer is not with them, the fox will eat the
goose or the goose will eat-the corn. :If the farmer has only
one boat large enough to carry him and one of the others, how
does he cross the river?-

4., is it poss,ible't.o.measure out exactly 2 gallons using only an
itekallon container and a 5.gallon container? the containers
do not have individual gallon markings or any other markings.

*5. Three cannibals and three missionaries want to,
crops a river,. They must share-a b6at which is large enough

-toteal-try only two people. At no time nay the cannibals out-
number the missionaries, but the missionaries may outnumber
the cannibals. How,can they all get across the river using
only the boat?

*6. ,Eight marbles a ave the same size,...color, and shape. Seven
Of them have e same weight and the other is heavier. Using
a .balance cale, how would you fiend the heavy marble if you
make o y two weighings?

4
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*7. Suppose you have a checkerboard and dominoes. Eac13, domino

is just large enough,to cover two squares on the.checkerboard.

How would you-place the dominoes flat on the board in Ach

c,..way as to Cover all the board except two opposite corner
0

squares?

Note; Al],, the squares
except the two squares, in
opposite corners are to
be covered.

You may choose to leave,

the two white squares in
opposite corners'uncovered -

instead of the dark or
-shaded squares marked "x."

.1

1

.g
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E
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M E
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1-2. Deductive Reasoning

You can solve other types of problems by deductive reasoning.

, Suppose there are .thirty pupils in a classroom. Can you prove that

there are at, least two of them who have birthdays during the same

Months? / You can prove this in many ways without knowing the birth-,

days- of any of them: One way is to reason like this. ITagine

. twelve boxes, one for each month of the year. Imagine also that

you write eachl'upi14'name on a slip of paper and' then put the

slip into the proper box. If no box,4 had more than one slip of

paper, then there could not be more than 12 names in all. Since

there are 30 namesrthen at least one b'px must contain more than

, one name"..

. ,

.1a
r



Mathematicians are always eager to prove the best possible
-result. Here, you can use the same method to prove that at least
thee members of the class have birthdays in the saide month. If

box had more "than two slips of paper, then there.=4..a.notbe,,,,,,,
more than 24. names in all. Since 'there are 30 names, then at
least three pupils have birthdays in the same month. Each problem
in the next set of exercises can be solved by reasoning of the

. .

above type. 1,

Exercises 1-2

Assume you havg a set of five pencils which ybu are going to
distribute among four persons. Describe how some Qne ofthem

willget at least two pencis.

2. (a) Would you have to give at least two pencils to some one

person if you were distributing:ten pencils among six
persons?

(b) What can you say if you are distributing a dozen pentils
among five persons?

3. What'is the least number of students that could be enr lled

in a school so hat you can be sure that there are at least

two students 0 nt,the same birthday?

4. What is the laegest number of students-that could be enrolled

in a school so that you can be sure that they all have

different birthdays?*

5. There are five movie houses in a town. What' is the smallest

'number of people that would have to go to the movies to make

certain'that,at Iea'at two persons will see the same show?'d

6. In ,problem 5, what is the -ieI.g6st number of people that would

gave to go to the movies so' that you. could bespre that =no

tWo of them will see the same show?

7, If 8 candy bars are to be distributed amongiboys, h9w many
.0:41

boys can receive three candy bars if each boy is to receive at

least one bar?

i -
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8. In a class,, of 32 students various clOmmitteestare-to be

formed. No student can be,on more than one committee.. Each

committee contains from-,5 to 8 Students.' What is the

largest number of committees that can bt formed?

*9: What is the answer to problem' 8 if eVer.y.student can be on

either one or two committees?

1-3. From Arithmetic to Mathematics

Anbther way in which mathematicians and other scientist solve

problems is to make experiments and observations. This method is

called the experimental method. Can you think of scientific

problems which have been solved in this way?

Many times.mathemaficians experiment to discover a general

wayrof solving an entire set of problems. After the general method

has been discovered, they try to prove that-it is correct by

logical reasoning.

The part of Mathematics which you knoW best is arithmetic.

Often in arithmetic you can obtain restats by, experiment and by'

reasoning whic can save you a lot of hard work and time spent

incalculation

When Karl Friprich Gauss, a famous mathematician, was about

10 years old, h.:a-teacher wanted to keep the class quiet for e

while. He told the,children to add all the numbers from 1 to100,

that is 1 + 2 + 3 +

numbers between a and

This may be read "and

+ 100. (Note: To save writing all the

100, it is customary'to write three ats.

so on.") ,In about two minutes Gauss was up

to mischief again. The teacher awed him why he.wasntt worktkg on

the problem. Ne replied, "Itve_dbne it already." ,"Impossable!"

exclai."Rd the teacher. "Itts easy," answered Gauss. "First'I

wrote:

air
4
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` 1 + 2 + 3 + 4 + + 16o; then'I wrote the numbers in.

100 + 99 98 + 97 + . + 1,

.101 + 101 + 101 + 101 + r+ 101.

reverse order:

then I added each pair of
numbers:

When .Ladded, got one hundred 1011s. This gave me 100 x 101 =
10;100. But I used each number twice. For example, I added 2

to 100 at the beginning, and then I added 100 to 1 at the end. So
0 10I divided the answer 10,100 by 2. The answer is 1 0-I-- or 5,050."

Who was Karl.Fried6ich Gauss? 'When did he live?

Exercises 1-3 ,

: Add all the numbers from 1 , to 5, that is,* 1 + 2 + 3 + 04-

5, using Gauss's method. Can.you .discover,ancith short
,

method different frogs the-Gauss'method? .

2. CanGaus. sis method be applied to the problem oftaddi the
...., .1

numbers: 0 + 2 + 4 + 6 + 8? ' t.

3. By a short method add the odd numbers from .1, to 15 that\is
1 + 3 + 5 + ... ti- 15. f

.
.

4. This problem gives you a chance to make, another discovery

in mathematics.

a.

b.

c .

Add the.numbers below:
t

Multiply the numbers below:

1 + 3 .
=

1 + 3 + 5 =

1.4- 3 + 5 +7,

? a x 2 = ?---)

. .

?; 3 x 3 = ?

.
4 x 4 . .?

- d. Look at the.suMs and the products'on the-right. What

seems to be the'general rule for finding the sums

pf numbersron the left?

e . Apply,your new ruleto 1 + 3 + 5 + 7 + 9 + 11 4213

Check with your answer in Exercise 3.

5. Add the odd numbers: 7 + 94- 11 + 17.

$

is

ti a,

I
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lot Add' the even numbers from $2 to 40: 22,,+ 24 + 26 +

7. Add' all the numbers filom 0 to 50: 0 + 1 + 2 +

8.- -Will Gaussts method ,stork for any series of numbers whether yoU

start with 0 or 1;,or any other number?.

*9. Add all the numbers from 1 to 200 by Gausws method. ANIerr-

add all the numbers from 0 to 200 by Gaussts method. Are

the answers for these two problems the same? Why?

*10. Suppose Gauss's teacher had asked him toaddRthe numbers:

1 + 2 + 4 + 8 + 16 + + 256. (Here you start with 1 and

double each number to get the one which follows-.) Is there

. any, short method for getting the, sum?

*11. If you have a shorty' method for doing Problem 10, try this one.

Add the numbers: 2 + 6 + 18 + + 486, where you start with

2 and pUltiply each number by 3 to get theone which

follows. The answer is 728. Can you find,a short method for

...getting the-SUM?

o

1-4. Kinds of. Mathematics

Mathematicians reason about all sorts of puzzling questions

and problems. When they solve a problem they usually create a

little more mathematics to add to the ever`- increasing stockpile of,

mathematical knowledge. The new mathematics can be used wi't'h the

'old to solve even more. difficult problems. This proces4pas.been'

going, on for centuries a the total apcuMulation of Mathematics

is far greater than Most people can imagine. Arithmetic is, one

kind of mathematics. The trigonometry, algebra, and plane

geometry you will study are other kinds.

Today there are mere than eighty different kinds of mathe-

matics. No single mathematician can hope to master more than a

small bit of it. Indeed the study of any one of these eighty

different branches Mould pcbupy a mathematical geniuS'throughout

his entire life.

16



8

Moreover, hundreds of pages of new mathematics are being
created revery day of the year -- much more than one person could

possibly read in the same d'ay. In fact, in tb,e .past-50 years,

more mathematics has beell discovered than in all the preceding
.thousands of years of man's existence. ,

Chance or Probability ,

One ofthe eighty kinds of mathematics which'is. interesting to
mathematicians and also useful in present day problems is the,
'study of chafe.or prObability.

Many happenings in our lives are subject to, uncertainty, or
chance. ,There is a chance 'the fire alarm may ring as you read.
this sentence. There is a chance that the teacher may give a test
today. cIt is'difficult to predict exactly the chance of any of
these eventi,.: although in such_ cases we would be satisfied to know

that the chance is very small.

Many-times, however, a person,might scant to calculate the

-:chance,more precisely in order to compare. the' of several.
.

alternatives. MathematicianIg have been,stadyingsuoh questiOns
ior many years, and this kind of mathemaeics ls'called probability.

A number of 'such probability questions were answered for
Walt Disney before Disheyland was built. When he considered

setting up Disneyland, Disney wantedAto know hpw big to build it,
whergito locateit, what admission to charge, and what special
facilities to provide for holidays.' He didnit°want to take a .

chance on spending 0.7,000,000 to buildtDisneylnd without knowing
somethingof the probabilitY,of success.-

What he really wanted answered was this type of-question: If
'I ,build a certain type of facility, a; particular location,

%.
and charge so much admission, then,what is the probability that I
ADE make a certain amount of money?

o - Disney went to the Stanford:Research 1nVtitute. Triere he

talked with a group of mathematically trained people who are

Specialists in applyilg mathematical reasoning to business problems.

4,

h

a,.
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The people at Stanford first collected.statistics about people- -

)(their income, travel habits, amusement preferences, number of

children, etc.). Combining this information-by mathematical

reasoning they predicted the probability that'people would come to

a Certain location and pay a given price of admission. From

reasoning like this,they could predict the probability of having a

successful Disneyland of a certain type at a given spot. Knowing

the chanoe of success under givewconditions, Disney was better

able to decide how and where to build Disneyland and hbw much to

charge for admission. /

This example is typical of the way probability is often used

4 to give an estimate of the degree of .uncertainty of an event or

the chance of success of a propoed course vf action.

he following prgblems are mainly to give you some idea of

what s e probability is about.

'Exercises 1-4'

1. To see how.a mathematician might begin to think about,prob-
,

ability, imagine that you toss two coins. There are four

equally likely ways that the coins can come'uls:

First Coin

Second Coin

H H T T

H T
, a T

H. is' used to represent heads and (2, 1.3 used to represent.

tails. HH describes the event of both coins coming-up heads.. )

-,The probability of tossing 2 heads with 2 coins is out

pf+, 4 or It'It is not passible to predict what will happe

in any one toss, bUt it is possible to predict that if ta4tto

co ns are tossed. 100,000 times- or so, then the two heads,
1 .

11 come up about of the time. Try this experimept 160

imes and tabulate your results. Tabulate other experiments

f the whole clas,and see how many HH trials turn up in r

the total number of trials.
ti
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2. , What is the probability that both coins show tails when two

coins are tossed?

'3. What is the probability that a head appears when one coin is
tossed?

4. What is the probability of drawing the ace of spades from a

full` deck of 52 cards?

5. What is the probability of drawing some ace from a full deck
of 52 cards?

6. What is the probability of throwing a die (one of a pair of

dice') and having two dots come up?

7. There are four aces (from a playing Card deck of 52.cards) to

be dealt to four people. What is the probability.that-the

-first person who receives a card gets the ace of hearts?
*8. What is the probability of throwing a pair bf ones (ohe dot

on each:die) with one pair Of dice?
r04.*9. What is the probabilityOfhaving three heads come up

11
if 3 ,

coins are tossed? What is the probability of having exactly
2 heads turn Up?. At least 2 heads?

1-5 Mathematics Today

You are living'in°4 world which issChanging very_rapidly.,

There are new medicines an vaccines. There are new ways to make
business decisions. There are new ways of computing: And, there.

are hundreds of ottier new developments reported every day. The
,Plteresting thing is that mathematics4and,mathematicianshavg had.
--a part in almost all.of-them. 4

In he telephone industry mathematics is used to design

switching deVices,'so that when you dial a phone number you'have a

I

1
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good chanCe of avoidin

especially in discover

telephone. wires or by

In the aircraft in

shape .for a? airplane

struction must be.. An

plane will'.ghake itsel

at, high speeds_ Stiil.

the radio, and radar de

Communicate with other

In almost all nd

e,busy signal. Mathematics has contributed.

ng better ways to send informatibn over

ireless"communication. .

ustry mathematics helps determine the best

r space ship, and how strong its con-

therJAnd of mathematics predicts whether a

to pieces as it flies thrqugh stymy air'

different forms of mathematics help design

ices,used to guide the plane and to

planes and with airfields.

.of manufacturing,-mathematics (the prob-
..

ability you studied n the la4. section) is used to predict the

reliability of the go s manufactured. ,Many times the manufacturer

must make a guarantee .f reliable performance based an a mathe-

matical prediction. °Ii OF mathematician makes istake the

manufacturer loses mo eys(an the mathematic may lose his job!).

Other kinds 'of nev mathe tics he siness men decide how

much to produce, how est edule production to avoid .paying

too much overtime, an whe e to build new plants in order to reducp

Ilippling costs,

In the petroleum

deciding how many oil wells

most oil-fronian oil field at

niques al o help the gasoline m.51

oline af. ,sous qualities to recite from different crude

petroleums.

mathetatics is used extensively in

o sa,9k and where to drill to get the

least cost. Mathematical tech-
%

acturer to decide how, much gas-

- '
In all these businesses and industries, in universities and

government agencies as well, the mathematics of computing and the -

big new electronic computers-are widely used.

Why is mathematics now used -in-so maRy areas? One reason is

that, mathematical reasonis?, and the kinds of mathematics, already

developed, provide a plocise vray to describe complicated

ations and to analyze difficult problems, Thelanguage'of mathe-

matics is expressed in shorthand symbols, all precisely, defined,

240
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,'And used according to definite logical rules: This 'often makes-

it possible to study, problems too complicated to visualize.

Frequently, mathematical reasoning' predicts the poss44)4yity or

impossibility of a scientific experiment: Sometime6,' the most use-

ful answer a mathematician canfind is to prOve beyond question
,

. .

that the problem (or,,Machine, or system? or experiment) being

studied is impossible. "'hie mathematical-work may also show why ther V

problem is imposSib,le in the present form and may puggeSt a way to
get around the difficulties.

i -6. Mathematics,as a Vocation

,Be ore rld War II Almost all mathematicians Mere employed.as
teacher schools and colleges. Since then, the world of

mathemAtics and the world of mathematicians have changed i'remen-

dqusly. Today there are more'teachers of mathematics than ever
-before. In junior and senior high school there are about 50,006

people who teach mathematics. There-are aboU'5,000 more teachers

employed in colleges and. universities. But now (1960),'in business,

'industry, and government thel.e are more than 20,000 persons worlang
as mathematicians.

The Federal dovernment hires mathematicians in numerous

agencies for many'different assignments, Literally thousands of

people work with computers and computer mathematics. "Industries

of all types are hihng, mathematicians to Solve complex mathe-

matical *problems, i'Ortelp other workers With mathematical diffi-

culties and even'to teach mathematics to other employees.

These Changes have been brought about by the revolutionary

advances in ,science and technology which were talked about. These
changes are still continuing.

x'21 Pt
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Manyipeople who are not primarily mathematicif need to know__

:''

a'lot of mathematics'-, and use it almost every day. 'This has long,

been true of engineers and physicists. Now they f.ind it necessary

to use even more advanced' mathematics. Every new project in air-

craft, in space travel, or in electronics demands greater skills

from the engineers, scientists, andlechnicians:

Mathematics is now being widely used and required in fields

1-7. --Mathematics in Other Vocations

/

such as social s1udiEs, medical science, psychology,

business admipistration. Mathematical reasoning and

mathematicsere useful in all these fields. Much of
,-

,pan

geology, and.

many kinds or

the use of

electronic compurs/in business and industry is carried on by

people who must learn more about mathematics and comput;ng in order 40:,

to carry on their regular jobs. To work in many such jobs you-are
. 1

.required to know a lot about mathematics. 'Merely to understand

these tlhases Of modern life, and to appreciate them enoughto be-

a good citizen, yotipheed'to know'about mathematics..

1-8. Mathematics for Recreation
_41

Just as music is.yle art of creating bealyWith sound
-

d

painting isthe akof creating beauty with colbrs,and l'iape ,10,

Mathematics is the art of, creating beauty with combinations f

.ideas. Man* people enjoy mathematics as a fascinating hobby,.]PP
,

Many people study mathematics forsfun just as ot people enj

music or paintipg for pleasure.

For many thotiands,of yeays people have enjoyed w ing

various kinds' of problems. A good example of this is a problem

concerning the Konigsberg midges. In the early 1700ti the city

of Konigsberg, Geemany was connected by seven bridges. Many '

people in the city at that time were interested in finding if it

, were possible to walk through the city so as to cross each brid6e

exactly once.

4
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From the diagram showing these bridges, can you figure out

whither or not this can be done? You may be interested in knowing

that a mathematician answered this question'in the year 1736. .

(

Figure 1-4
.

`* Figure 3.-81)

Figure 1-8b will help 'you sees the various wayS of walking -
through the city using the bridges to go from one piece of land.

0 IP
to another. Use C in place-of the pieceof land,to the nor and".

D, the land to the south. A is the' Bland and B. is the land to

the east., he lines leading'from A, C, D, and B show routes

across the bridges to the various ArtS of the city. The bridges

are lettered a, b, .c, d, e, f, g. At points B, C, and p three

outes come together.andat point A five routes meet.
. I

Several kinds of mathematics were developed by, mathematicians'

as result of their work on such thought-provokingtsproblems as

this one.

23
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Exercise 1-8

*1. Of the.three figures shown, two can be drawn without lifting

your pencil or retracing 4 line, while the other cannot:

Which"two dan be drawn without going over any lines twice and

without crossing any lines?

<,

1

F.

1
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Chapter 2

NUMERATION

2=1. CaveMants Numerals
1

In primitive times, men were probably awareof simple numbers

in couhting, as counting "one deer" or "two arrows". Primitive

peoples learned to use numbers to keep records. Sometimes .hey_

tied knots in a rope, or used a pile of pebbles, or cut marks in

sticks to' represent the number of objeCts Counted.' A boy countipg'

sheep would have :0°00 pebbles., or he might make notcheb,,in a

stick, as u11fl One pebble, or one 'mark in the stick would

represent a single sheep. The same kind of record is made when

votes in a class election are tallied as, 1114.. C1 When people
A
, began to make marks for numbers, by making scratches, on a stone or

in the dirt, or by cutting notches in a stick, they were writing

-the first nimierals. Numerals.are symbols for numbers. Thus the

numeral,"7m is a symbol for the number seven. Numeration is the

study df how symbola are written to represent numbers. _14004 44,
As centrtes passed, early people used sounds, or named, for

. numbers-. Today a standard set of names fir numbersqlsused. A

rancher. counting sheep compar es a single sheep With the name "one,"

and 2-sheep with the name "t7wom and so on. Man now has both,

-symbols 11, 2, 3, . . .) and-words (one, two, three. .) which

may be used to represent nurriber. Y

Ancient Number Systems

One of, the earliest.systemq of writing numerals of which there_,
, .

..
.A.,.

1,,,

is any record is the Egyptian. Their hieroglyphics or picture, #

numerals, have been traced.as far back -as 3300 !B.C. Thus, about . .

0

5000 years ago, Egyptiinsihad developed a system with which they

could ekpress numbers up Vb millions. Egyptian symbols are shown ,

on the ollowing page-

7.x-me .7 v.

o.
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Our Number Egyptian Symbol Object Represented
-------.,-----,

1
,

stroke or vertical staff;

10 . n heel bone

100
. 9 coiled rope or scroll

1000 i i lotus flower cp

10000' e pointing finger

100,000 (.. burbot fish (or polliwog)

1,000,000 % . astonished man

TheSe symbols were carved on wood or stone. The Egyptian

system was an improvement over the caveman's system because it

used these ideas:

1. A single symbol could be used to represent the
in
umber of

objects in a collection. For exampi'e, the,heel boha represented

the number ten.

2. Symbols Were repeated to indicate other numbers. te
group of symbols N) ? meant 100 +.100 + 100 or 300.

3. This system was based on groups of ten. Ten strokes make

a heelbone, ten heelbones make a scroll, and,so on.

The following table shows how Egyptians wrote numera16:
OUr numerals 4 11 23 20,200 1959

anEgyPti ,

,numerals ,

,, .

In i nl
,,

nniu PP? ,, nnn I/ II

z GP (P2 nn al
???

--......._

About 2000t,B.C., the Babylonians

Made of clay withsa triangular stylus.

4 was made on,the clay to represent the

* the stylus, they made this symbol 4(

these symbols to write numerals up to

below:

wrote on cuneiform eta

With the stylus a mark

number "one". By turning

for "tend. They combined

59 as shown in the table

Our.numerals '5 13 32 59

Babylonian 1

numerals.
YU'IT. <ili 00 T (<< "III,.

<< Ift`

27.
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Numbers above 59 are difficult since the'Babylpnians developed .

a crude place value but had no zero symbOl.by which missing group's

could be indicated. One and sixty are represented by the same:

symbol.

. The Roman syttem was used for hundreds of years. There are

still a few places at the present time where these numerals are

used. Dates on cornerstones and chapter numbers in books are

often written in Roman Numerals:

Historians believe that the RoMan.numerals came from pictures

of fingers, like tnis: H, HI, and I H H The Romans then

used a hand for five, 4f Gradually some of the marks were

omitted, and they rote V for five. Two fives put together made

the symbol for ten, ). The other symbols were letters of their
.

alphabet. The following table shows the other, letters used by the

Romans:

Our Numeral 1 5 10 '50 100 500 1000

Roman Numeral I V X, ' L C D M

. In early times the Romans repeated symbols 'qo make larger

numbers in the same way that the Egyptians had dcine many years

before. Later, 'the Romans made use of a subtraction convention in

order to represent a number with fewer symbols,
. , 1

The valuesiof the Roman symbols are added when a symbol rep-

,resentinga,lar %number is placed, to the left inthe,numeral,
_ .

MDCLXVI = ,000 + 500 + 100 + 50 + 10 + 5.+ 1 = 1666.

DLXI = 500 + 50 + 10 + 1 = 561 1'

When a symbol representinw_ smaller value is written to the

left of a symbo" representing a larger value, the smaller value is

tracted;f4,omJthe larger..

1-4

IX = 10 1 = 9.

XC"=.100 - 10 =:

'28
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The Romans had restrictions on subtracting:

1. V, L and D '(symbols representing numbers that start

with 5)'are never subtracted.

2. A number may be subtracted only in the following cases:

I can be' subtrapted from V and X only.

X can be subtracted' from L and C only.

C can be subtractqd from D and M only.

Addition and subtraction can both be used to Write a number.

First, any number whose symbol is placed to show. subtraction is

subtracted from the number to its right; second, the values found

by subtraction are added to all other numbers in the numeral.

CIX = 100 + (10 - 1) = 100 + 9 =
MCMLX = 1,000 + (1,000 -.100) +.50 410

= 1,000 + 906 + 50 + 10 = 1960.

Sometimes the Romans wrote a bar over a number. This multi-

plied the value of the symbol by lgoo.

. 10,000, 6 = 100,000, and XXII = 22,000.

There were many other number, systems used throughout history:

the Korean,, Chinese, Japanese, and Indian systems in Asia; the

Mayan, Incan, and.Aztec systems ,of the Americas; the Hebrew, Greek,

and Arabian systems- in the Mediterranean regions.

Exercises 2-11.

1. Write the following numbers using Egyptian numerals:

a. 19 b. 53 c. 666, 1960,
2. The Egyptians usually'followed a pattern in writing large

numbers. However, the%meanings of their symbols-were not

changeelf,the order-,im'a numeral wasftchanged. In what

different ways can 'twenty-two be written ill Eirrotian notation?

3. Write our numerals for each of the following numbers:

cl I0 ll

1 ri Ua. A G%..' r b. nri

c ag9 illnn HI . 4. d, `A ?,

III
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4. Write the following numbers in Babylonian numerals:
,,,

, a: 9 - b. 22 c, 51 *-

5. Write our numerals for each of the following numbers:

'yr
a.

III
b. <(( 111' c. <<< ITT

If << Tr
440

. Write our numerals for eacch of the following numbers:

a. XXIX b. LXI. c. XC d. CV e. DCLXVI

f. MCDXCII

7 Write the following numbers in Roman numerals:

a. 19 b. 57 c. 888 d. 1690

15,000.

a. Write each of these pairs of numbers in our notation, then add

the results and change the answer to Roman numerals.

a, MDCCIX and DCLIV

b. MMDCXL and MCDVIII

9. Explain the.difference in aning of the Roman III and the

decimal notation, 111.

It

2-2. The Decimal System

History and Description

All of the early number systems are an improvement over match-

:ing notches or pebbles. It is fairly easy to represent %number in

any of thtm. It is difficultto use them to add and multiply.

Some instruments, like the abacus, were used by anoient peoples to

do arithmetic problems.

The way numertols are written in our number sy:steM was de-

veloped in India. Arab scholars learned about these numerals and

carried them to Europe. Because of this, our numerals are called

Hindu-Arabic numerals. It is interesting to note that most Arabs

have never used these symbols. Because our system uses groups of
.41

ten, it is called a decimal system. The word,decimal comes from

the Latin word "decem", which means "ten". -

The decimal system is used in most of the world today because

it is a better system than the other number systems discussed in.

the Previous section.

30
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Long ago man learned that it teas easier to count large numbers'

of objects by grouping the objects. The same idea is used today ,*,

when a dime.is used to represent ten pennies and a dollar is used
.

to represent a group Often dimes. Probably the reason that a

numeral system is used in which objects are grouped in tens, is that

people have ten fingers.. This accounts fox' the fact that the ten

symbols are called "digits" when they are used as numerals. With

the ten digits, 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9 any whole number

can be written.

Other ways of grouping have been used. The Celts in Europe

and the Mayans in Central America both used groups of twenty. Some

Eskimo tribes use groups of five.

The decimal syst m uses the idea of place value to represent

* the size of a group. he size of the group represented by a symbol

depends upon the posi ion of the symbol or digit in a numeral. The

symbol tells us many Of that grbup there are. In the numeral

123,'the represents one group of one hundred; the "2" repre-

seate,,two gro «s of ten, or twenty; and the "3" represents three

ones; or three. This blevr,,idea of place value makes the decimal

system theme most convenient system in the world.

Since grouping is by tens in the decimal system, its base is

ten. Because of this, each successive (or next) place to the left

repreients a group en times that of the preceding place. The ,
r

first,place tells us how, many groups of one. The second place tells

us how many groups of ten, or ten times one, (10 x 1). The third

place tells us how many groups of ten times'ten (10 x 10), or one

hundred; the next, ten titles ten times ten (10 x 10 x 10), or one

thousand, and so on. By using a base and the ideas of place Value,

it,is possible to write' any number in the decimal system using only

the ten basicisymbols. There is no limit to the size of numbers

which can,be represented by the decimal system.

*

I
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To nderstand the meaning of the number represented by a

numeral such as 123, you can add the numbers represented by each

symbol. T us 123 means (1 x 100) + (2 x 10) + (3 x 1), or

100 + 20 + . The. same number is represented by 100 + 204 3 and

by 123. Whe u write a numeral such as 123 you are using

,number,symbols he idea of place value, and base ten.
One advant e of our decimal system is that it h#s,a symbol

for zero. Zero

. empty and might 1

hundred seven is 3

necessary to write

fused. The origin

were using a symbol

The clever use o

s -used to fill places which wouldsotherwise be

ad to misunderstanding. The numeral for three

7. Without a symbol for zero it might be

27. he meaning of 3-7 or 3 7 might be con-

f the idea of zero is uncertain, but the HindUs

or zero about 600 A.D., or possibly earlier.

place value and the symbol for zero akes

the decimal systemon

Pierre Sim0 Laplace (1749 - 1827), a famous French mat

called the decimal syterd one of the worldts most usefu intentions.

of the most.. efficient systems in'ftl world.

atician,

.
Expanded Numerals and Exponential Notation

The decimal system of writing numerals has a base ten. ,

Starting at-the units plgce,,each place to the left has a value ten

times as large as the place to its right. The first six places

from the right to the left are shown below:

hundred thoUsand ten thousand thousand hundred ten on

(10x10x10x10x10) (10x10x10x10) (10x10x10) ,(10x10) (10) (1)

'Often these values,are written more briefly, by using an exponent

aboie the 10. This exponent shows, how many lOte are multiplied.

Numbers t 'hat are multiplied are called factors. In this way, the

values of the places are written and read as follows:

(10 x 10 x 10 x 10 x 10) 105 "tan to the fifth power"
4

(10 x 10 x 10 x 10) 10 ."ten to the fourth power'"

(10 x 10 x 10) 103 "ten to the third power"
2

(110,x 101 10 "ten to the second power"

32-
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10110)(10) "ten to the first power"

(1) 1 "one"

In an expression as 102, the number 10 is called the base and the

numbei, R is called the exponent. The exponent tells how many times

the base is taken as a factor in a produbt. 10
2

indicates (10 x 10)

or 100. A number such as 10 2
is called a power of ten, and in this

case it is the, second power of ten. The exponent is Sometimes

omitted for t14. first power of ten; 10 is usually written, instead

of 101. All other exponents are always written. Another way to

write (4 x 4 x14) is 0, where 4 is the base, and 3 is the exponent.
I+

,How can the meaning of "352" be written with exponents?

352 = (3 x 10 X + (5 x 10) + (? x 1)

(3 x 102) + (5 x 101) + (2 x 1). This. is called expanded

notation,

Exercises 2-2

1. Wk'ite each of the 'following using exponents.

a. 8 x,3 x 3 x 3 x 3

b. 2 x 2 x 2 x 2

c. 5xx5x5x5x5
. 4 x 4 %

2. Five is used as a factor how many times in each. of, the

following?

a. 5
3

b. 57

c. 5
10

. Write each of t) )q-e- following without exponents-as

23. = 2 x 2 x 2 ,

a.

b. .34

c. 335

What does an exponent denote?

5. Write each of the fo lowing expressions as shown in the

example: 43 means 4 4 x 4 = 64.
,.

a. 3
3

J k... '
d. -25 /

b. . 52 e. 62

c. 4
4

f. 73

13
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.
Which numeral representg the larger number?

a. 4
3

or' 34 b. 29 or 6 2

7. Write the following numerals in expanded notation as, shown in

the example: 210 = (2 X'10a)-4--(1--x 101)-7+ (0 X 1)

a. 468 c. 59.126

b. 5324 - d. 109,180"

8.( What is the relation between the exponent of'a power of 10

and the zeros when that number is written in decimal notation?

Write the following numerals with exponents:

a. 1000 c. 1,000,000-

b., 100,000 d. one.hundred million

10. A mathematician was talking taa group of arithmetic students

one day. They talked about a large number which they decided

to call a "googol'. A'googol is 1 followed by)100 zeros.

Write this with exponents. 4

*11. What is the meaning of 10
2
? of 10

1
? What .do you think should

be the meaning of 10°?

2-3. Numerals in B e Seven

Some of the c racteristics of decimal numerals may have

escaped your notice simply because the numerals are so familiar.

A study of a sYst6 of notation With a different base should

iPease yoir u derstanding of decimal numerals.

Let us s e how to-write numerals-_in base seven notation. -This?

time it is necessary to work with groups of seven. Look at the x's

below and notice how they are grouped in sevens with some xts left

over.

X X
X X
x

Figure 2-3-a

*'34

Figure 2 -3 -b
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,In figure 2-3-a there is'one groUp of seven and five more.
The numeral is written 15

seven'' In this numeral, 'tbaI indicates

that there is one group`of seven, and the 5 means that-there are

five ones.

In figure 2-3-b how many groups of seven are there? How many
'xis are left outside the groups oT seven? The numeral representing

this number of xis is 34
seven' The 3 stands for three groups of

seven, and the 4 represents four single xis or four ones. The

"lowered" seven merely shows that the base is seven.

When grouping is in sevens'the.number of individual objects
left can only be zero, .one, two, three, four, five, or six.

Symbols are needed to represent those numbers. Suppose thdfamillar
0,l, 2, 3, 4, 5 and 6 are used for these rather than new symbols.

As you will discover, no other symbols are needed for the base

seven system-

If the xis are marks for days, 15
seven is a Way of writing 1

week and five days. In our decimal system this number of days 'is

"twelve" and is written "12" to 'show one group of ten and two

more. ,The base name in our numerals is not writtensince everyone
knolis what the base is.

The name " fifteen" is not used for'15
seven"because fifteen is

1 ten and 5 more. 15
Aeven shall be read as "one, flYe, base

seven".

Notice that in base ten, one, two, three, four, five, six,

seven, eight and nine are represented by single symbols. 'How is

the basepumber-"ten"-repl,esented? This representation, 10, means
one group of ten and zero more.

With this idea in mind, think about counting In base seven.

Try it yourself and compare with the following table, filling in
0

the numerals from 21selieri. to 63
sel.en.

n-this table the "lowered"
seven is omitted.

0

35
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Number

'Counting in Base Seven

Symbol Number,

.c.

Symbol

one 1 one, four 14

two 2 one, five 15

three 3 bne, 16

four 4 two, zero, 20

five 5 two, one -21

'six
one,, zero

6
10

A six, three 63

one, one 11 six, four 64.

one, two 12 six, five 65

one, three 13 . six, six 66

What would the next numeral after 66seven
be? Here you would

have 6 sevens and 6 ones plus another on This equals 6 sevens
# °

and another seven, that is, seven lie . How could (seven) be

repinesented without using a new symbol? A new group is introduced,

the (seven)
2

group. This number would then be written'100seven'
What does the number really mean? Go on from this point and write

a tew More
V
numbers. What would be.the next numeral after 666. .9

v- seven'
Now youare ready to write a lit of place values for base

'seven.

.

Place Values in Base Seven

(

(seven)5 (seven)4
%3 %

(seven). (seven)
2

(seven)
-1

(one)

Notice that each plade represents seven times the,Value of the,
.

next,place to the right. The first place on the right is the one

place in both the decimal and the seven systems. The value of the4,

.second place is the base times one. In this case what is it? The
;.-

value in the third place from the right is (seven x seven), ,'and in
..

.-the, next place (seven x seven x seven)
I

.

What is the decimal name for (seven x seven)? It is necessary

to use this (forty-nine) when changing from base seven to as ten.

Show that the decimal numeral for (seven)3 is $43. What t e

decimal numeral for (seven )?

36' . :
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Using the chart above, you can see that
2 46 = (2 x'seve9 x seven) + x seven) +.(6x one).seven

The diagram shows the actual grouping presented bx the.

digits 'and the place
_-_ _

/ea xxxx 2Mc \

Avalues in the numeral 246seven'
4444,.444

I
I

i I
4xxxkx2s) C5(xxxxx7,I I 1

1
x1Cc74:x5c?:) 1 ,Qxxxxx2D 1 CcxxxXx)--DII

1

I i

i gcQcic.x. x .x ...1) I - :C. )c.,...I x x gcH_D )....2..__c x x x xDc
I

ICx x x x Tx. g,.Dc I i x....2cx X X X ...2DC I
1 X X4111EME)

I

X X. XJ.C...
I

i

1
I

Cx_ax x x 3-c.)

X X X-X Xp

lC:cxxx x x x)2
,......__ .....-g-

(2" x:seven x seven) . ,. (4 >:, seven) (6 x' orreY
.0... ....

If you wish to writ the numitr of xts above in the decimal
system c)fi notation fou may write:

X X X

X XT X

= (2 x 7 x 7-) + (4 x 7) + x 1)246 seven
= (2.x 49) + (4 x 7) + (6 x 1)

98 + 6

Regroup ,the xis132aboveten to show that there are (ten x ten)
group, 3(ten) grolips; and 2.more. This should elp you rAi Iderstand
that 246seven' = 132ten

Exercises 2-3
-1. Group the xts below and write the number of xts in base seven

natation:
a. X X X X X b. xxxxxxx.xxxxxxxxxxxxxxXx , x-x-x -x- x' x x x x x x. .x x xxxxx xxxxxsxxxxxxxxxxxxxxxxx xxxx-xxxx

2. Draw xts 'and group theiA to show the meaning of, the following
numerals.
a. 26seven b. 101seven

, 37
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3. 14rite.eachj of the following nuliitt.als in expanded form and then

in decimal notation.

a. 33seven

4. Write the next consecutive

numerals.

a. 6
seven

' 'b. ,10.7en

5. What is the value of the

a. 5 64seven b.

6. In the base seven system

counting left from the un

*7. What pumeral in the.seven

by six dozen?

'8. Which number is greater,

9. Which is smaller, 2125
sev

10. A number is divisible by

tained when the number is

a..

b.

b. '524
seven

numeral after each of the following

11611

c 666
seven

d. 1006
c seven

in each of the

605
seven

write the valpe of

its place.

system represents

2
severl

or, 205ter.1?

en
or,754

ten
9

ten if a remainder

divided by ten.

Is 30ten divisible by ten? Why?

Is 244
ten

divisible by ten? Why?

following numerals?

c. 605osevenseven

the .fifth place

the number named

of zero is ,ob-

i

c. How can you tell by glancing at a base ten numeral whether

the numer.is divisible by ten?

a. What would the phrase "a counting nur.tber i9 divisible by

seven""mean?-

b- Is, 30 divisible by seven? Why?
seven'

*12. State a rule for determining when a numt.:r written in ba'e

seven is divisible by seven.

You should see'from problems 10-12 taut the way of determining

whether a number is divi%ible by ten,dep.nds un the system in which

it is written. The rule for divisibility by ten in the decimal

system is simiVar to the rule*or divisibility by seven in the base

seven system.

1

38
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*13. Is 11seven an even number or an odd number? Can you tell------

simply by glancing at the following, which represent evenor-
odd numbers?

_ ^_. _

12
-----seveni----1Aeven' 14seveb' 25seven' 66seven*

What,:touid you do to hell? P.
..

Here again a rule for divisibility.in base ten will not work

--for base-s4iven. Rules for divisibility seem to depend on the base

with-which_you are working.

*14. On planet X-101 the pages in bobks are numbered in order

as fallows: 1, Z, A , 0. 2,r m , N , 1-, 11,.1ZP

146 ;-10 , ,161 , 1S1 2 Z- 1, aria*.so forth. What seets
to.be the base of the numeration system these people use?
Why? How would the next number after L 1 be written? Which
symbol corresponds to our zero? Write numerals for numbers
Prom 0 - to A.

*15. Find,a-rule for determining when a number written in base

seven is divisible by two,

3 9-

{

.. A
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2=4. Computation in Base Seven

In the decimal, Or base ten,(system the're are aoo "basic"

addition combinations. Incase seven, an addition table has only

49 basic combinations. Computation in base seven can be under-

stood best by first making an addition table for baVe seven,

Exercises 2-4-a

1. Make a chart to show the basic sums when the numbers are

written in base seven notation. Pour sums are supplied to

you. f

* 0 1 2, 3 4 6

0 .. ,

_..5

.

1 Y .

2 , 6

3
.

11

4
.

.

13

5

6

2. Draw a diagonal line from the Upper lefcorner to the lower

right corner of the chart as shown at the right.

a.. Is 3r+ 4 the same as 4 t 3?

b. How4Ould the answer to part

a) be determine& from the

chart?

c. ,What do you notice,about

the two parts of4the chart?

d. What does this tell you about *the number of different

combinations which must be mastered?
.

AM,
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e, Which would be easier, to learn the necessary Multipli-

4- cation combinations in base seven or in base ten? Why?

f. Find 4 5 and 4
ten ten and seven + 5

seven. Are the results

eqUal; that is, do they represent the same number?
The answer to problem 2f is an illustration of the fact'.that

a number is an idea independent:of the numerals used to write its
name. ActUally, 9w.1 and 12

seven are two different names, for the
same number. ,

Do not try to memorize the addition combinations for base

seven.' The vauEr in Taking the table lies inthe helpA.t gives

you in'4understanding operations with numbers.
. .

The table that you completed in problem 1 of the last set of
.ti

`exercises shows the
*

sums of pairs of'numbers from zero to six.
4'

Actually, little more is need to enable us to add larger numbers6
t

In order to see what else in .
v
needed, tet us considerihowto,add,in

!.
irse ten.

'It

What Ire the steps an your thinking when. you add numbers
like twenty-five and forty-eight in the decimal notation?

-25 '= 2 tens + 5 ones - 25

-.ft-
48 = 4 'tens + 8 ones 48

,1 4! ""-
0
6 tens 0- ones = 7 'tens + 3 ones = 73g

-kseVen + .35seven
Try adding in'b'ase.seven: 1

c 1
. 4
seven #4- 4 ones (You may look up the sums 5 +,4 and

3 sevens + ones 3 + 1 in the base seven addition fable.)

411. severs + 12 ones
., t

=' 5 sevens + 2 ones
52seven*

How area the twd'exampled alike? HOW are they different? When is. .
4

is necessary tFIcory" (or rgroup),in the ten system?, _When is it

necessary to "carry" (or regroup) in the seven system?

Try your skill'in addition on the .kbllowing problems. Use the

41,

# 0
addition table°forthe basic sums. '

0

,

42
seVeno 65seven

32
seven 254

seven 435
seven 524

seven

stken
11

seven
25 165165seven 625 564564

seven

4 The answers in order are. 55 gniseven-106 6C)' seven' se n'
362t

1363s'even, °and 1421 seven

'WV

41'



Subtraction

pow did you learn to subtract in base ten? You probably used

subtraction combinations such as 14 - 5 until you were thoroughly

familiar with them. You know the. answer to this problem but

suppose; for the moment, that you did not. Could you get the

answer from the addition table? You really waht to ask the follow-

ing question "What is the number* which,when added to 5, yields

149,"

The idea discussed above used in every sub 'traction problem.

One other idea is needed ..itv many problems, th idea of "borrowing"

or "regrouping". This last idea is illustrated below for base ten

to find 761 - 283:

7'hundreds + 6 tens + 1 one = 6 hundreds + 15 tens + 11 ones = 761

2 hundreds + 8 tens + 3 ones= 2 hundreds + 8 tens + 3 ones = 283

4 hundreds + , 7 tens + 8 ones = 478

Now let us try subtraction in base seven. How-would you find

6seven
2seven ? Find 13seven

- 6
seven'

How did you use the

addition table /Or base seven? Find answers to the following

subtraction examples: .

15
seven

6
seven

12
seven

4

11
seven 15seven

13
seven

seven seven 5seven 4seven

The answers to these problems are 6seven; 5seven' 2seven,

6
seven

and 6
seven'

AW
Let us work a harder subtraction problem in base seven

comparing the procedure that used above:

3
seven

4,sevens + 3 ones 3 sevens + 13 ones 43
seven

= 1 seven + 6 ones 1 seven 6 ones = 1616
seven -seven

2 sevens + 4 ones = 24
seven
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, Be sure to note that "13 ones" above is in the seven system
and is "one seven, three ones." If you wish to find the number

to get 13
seven , canhow c you use the tabre toyou add to 6

seven
-

help you? Some of you may think of the nunf r without referring
to the table.

Practice on these subtraction examplep:

115seven 63.
seven

3456
seven 2seven 503

seven

140
sever

14
seven ,

q5
seven'

26
seven 263

seven

The answers are 42 , 5seven , 23
seven ,seven'

156
seven an

d 232
seven

Exercises 2-4-b
1. Each of the following examples is written in base seven. Add

Check by changing the numerals to decimal notation and adding
in base ten as in the example:

f.

Base Seven Base Ten
1 136seven
23seven 17

seven 75".

Does 42
seken

= 30?

a. 25
seven b. 56

seven
31
seven 21

seven

c. 160
seven

+ b30
seven

-d. 40,3seven + 563
seven

e. 6245
seven

+ 5314
seven

f. 645
seven

+ 666
seven,

Use the'base seven addition table to find:

b. 11
seven

a. 6
seven

- 4
seven seven

c. 12
seven

5
seven
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3. Each of the following examples is written in base seven.

Subtract. Check by changing to decimal numerals.

a. 10
seven b.

65seven
n---%even --seven

c. a4
seven

d. 502
seven ;

e. 34
seven

f. 3451
seven

35seven

2a
seven

52
seven

- 164
2. seven

4. Show by grouping xis that:

a. litwos = lls.6ven

b. 6 threes . 24
seven

Multiplication -

In order td multiply, a table of basic"multiplication facts

is needed.

Exercises 2-4-c

1. Complete the multiplication table below for base seven.

Suggestion: To find 4
seven

x 3seven you could write,four
1 A.

x's three times-end regroup to show the base seven numeral.

Better'till, you might think of this as 3seven+ 3
ven

+
se

3 seven 3
seven.

ry

I

Multiplication. Base Seven

x- 0 1 2. 3 `4 5 6

0

1 1
2 11 13

3 (

)1 a5

5 .

, 6 ,53.

44
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2. There are fewer entries in the base seven table than in the
.table for base ten. 'What does this fact tell you about the
ease of learning multiplication in base seven?

3. Imagine the diagonal line drawn from the "x" sign to the lower
right-hand corner of the last table.
a. How are the entries above the diagonal line related to

those below it?

b. What fact does the observation of part a tell you about
43

seven
x
, seven'

Use the base seven multiplication table to find the following
products, .

,.

52
even,

34
seven 421

seven . -621
seven 6o4

seven
x 3seVen -x 4x 6

seven seven x 2
seven x 5

seven

The answers are 216
3°3 2314 252 31406seven' seven, seven' seven' seven'

Check the multiplication
0

shown at the right and then answer
the following questions. How do

you get the entry 123 on the third

line? How do you get the entry

201 on the fourth line? Why is

,

11-)seven
x 32

seven
123

201
2573

seven

the 1 online 4 Piace'd under the 2 on line'3? Why is the 0 on
line 4 placed under the 1 line '3? If you do not know why the

--,

entries on lines 3 and J are added to get the answer; you will
study this more thoroughly later.

'2/
One way to check your work is to change the base seven

numerals to base ten numerals g\shown here:
604seven =

'

(6'x 49) + (0 x 7) + (4)'. 294 + =
298ter

= (3 x 7,,,)_ + (5) *() = 21 + 5 .x' 35
seven x 26

ten
-4226. 1768
415
1 0 ,-----

seven (
x 24.01) + (ix 343) + (4x 49) + (ox7 (6

) .

=
d, "°ten''"----.

1

Division

Division is left as an exercise. You may find that
it is not easy. Working in base seven ,9hould help you understand

,..___.-1
4,,

e

45
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A.

why some boys and'girls have'trouble with division in base ten.

Here are two examples you may wish to examine. All the numerals

within the examoleS are written in base seven. How can you use

the multiplication table here?

Division in Base Seven

454
seven,' 2015

seven
6
seven )

}05;seven 6
33

seven, )126125 seken125
75 --112
42 46.

4
332

J

Exercises ,2 -!

1. Eultiply the following numbers in base seven numeran and

check your results in base 10.

a, 14
seven ' even

x

b. 61 x
'seven.

, seven-- .

c. 56 x4
seven 'seven P

d. 3046
seven

x 24
seven

e., 250seven
x 241

seven

*2. Divide. All numerals in this exercise are in base seven. .

A
a.\

42
seven

b.
5 seven) 433

n\, 'seven
c.

4
seven

) 2316
seven d. 21

seven
) 2625

seven
3. Write in expanded form:

a. 403seven
b. .189ten

'4. Which of the numerals in Exercise 3 represents the larger

number/

5. Add the followit

a. 52
seven

+
'

lu
1ven .'

46 =

k. 65
seven

"seven

".

op
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c 434
seven

324
seven

6. Subtract the following:

a,
r
13

seven b. 30
seven 'seven c. 402

seven6
seven 35seven

7. Rewrite the following paragraph replacing the base seven num-
erals with base ten riumerale.

Louistalts, grade 10
seven mathematics in room 234

seven'The book she uses is called Junior High School Mathematics
la

seven
. It has ti

seven chapters and 1102
seven.pages.There are 44

seven-pupils in the class which meets 5
seven times*

each week for 106
seven minutes daily. 16

seven of the pupils
are girls and 2CSeven are boys. The youngest pupil in the25

seven
clasS is 14

seven and
seven inchesyears old d the talleSt is 123

tall. c'

2-5 Changlas from Base le to Base Seven

You have learned how to change a umber written in base seven
numerals to base ten numerals. It is4Itso easy to change fvm
base ten to base seven. Let us see'how this is done.

,

In'base seven, the value of the places are: one, seven
1

,
-

seven
2

se'ven
3

, and so on. That is, the place values are one and.
the powers of seven.

seven' = 7
ten

seven
2

(7, x 7) or 49
ten

seven' = (7 x 7 x 7) or 343
ten,

Suppose you wished to change 12ten to base seven numerals.
This time, think of groups of powers of seven instead of
actually grouping marks. ,ghat is the largest power of seven',
which is contained in 12

ten'
9 Is seven1 the largest? How about

seven2-(.forty-nine)( or seven3 three htindred forty-three)?

47
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You can see that only seven
1 is small enough to be contained in

12
ten'

When Nu divide 12 by 7 yotivhave
1

7)-M
7

What does the,1 on top mean? What doei the 5mean? They tell us

that 12
ten

contains, 1 seven with 5 units left over, or that

12
ten

= (1 x seven) + (5 x one). Thus 12
ten

= 15seven'

Be sure.you know which place in a base seven numeral haatje

value seven2 , the value seven3 , the value,seven 4
, and so on.

How is 54ten regrouped for base seven numerals? Whit is the

largest power of seven which is contained in 54ten?

In 54
ten

you have ? x seven2 + ? x seven + x one.

I
49' ) 54 You have ( 1 x seve (0 x seven) + ( 5 x one).

49 . .

hen 54
ten = 105seven

Suppbse the problem is to change 524,en to base seven numerals.
. 'Since 524ten is larger than 343 (seven3), find how many 343ts,

there aid. ilo-
.

1 .
.

343 )-5N Thus 524 contains one seven3 with 181 remaining, or
343

. .173,f 524 = (1 x seven3) + 18f, and there will be a '1"

°
.

in the seven3 place. .

.
,

Now find how many 49's (seven2) there are Ain the remaining 181.
,,

49 ) Ibl Thus 181,contains 3 49's with 34 remaining, or
147 2. .

TT 181,=' (3 x seven ) +"34, and there will be a
,

"3",in thp seven
2
place. . /

,

'How many sevens are there in t remaining 34?

1

; 1

/ ,

48
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4

7 ) 77 Thus 34 contains 4 sevents with 6 remaining, or
28

34 = (4 x qeven) + 6, and there will be a "4"

in the" sevens place.

What will be in the units place? You have:

524ten = (1 x sevens) + (3 x seven2') + (4 x seven) + (6 <.szail)

524
ten,= 1346seVen'

Cover the answers below until you'have made the changes for
yourself'

7
10

ten = (1'x seven) + (3 x 'one) = 13
sevdn

6ten (6 x seven)even) + (4 x one) 64
seven

= (3 x seven2 ) + (2 x seven) + (1 x one) = 321
seven

162
ten

1738
ten

= (5 x severs) +: (0 x seven2) + (3 x seven) + (2 x one)

= 5032
seven'

In changing base ten numerals to base seven, first select
the largest place value of base seven (that is, power of seven)
contained in the number. Divide the number by this power of
seven and find the-quotient and remainder. e quotient'is he
first digit in, the base seven,numeral: ivide the remO nder
14- the next smaller power of's-even and this quotient is
econd digit. Continue to divide remainders by each

succeeding, smaller poWer of seven to determine all the re :ining
a digits in the base seven numeral..

Exercises

1. Show that:

a. 50
ten = 101

seven b., 145
-ten = 265seven

C. 1024
ten

=
-

2662
seven



2. Change the following base ten numerals to base se

a. '12 c. 218

d. 1320b. 36

en numerals:

Problems 3, 4, and help you discover another method

for changing base ten numerals to base seven..

3. Divide 1 958ten by ten. That is the quotient?. What. is the

remainder? Divide the quotient by ten. 'Jhat is the new

quotient? The new remainder?, Gontinue in the same way,

dividing each quotient by ten until you get a quotient of

zero. How are the successive remainders related to the,

original number? Try the same process with 123, 4,56, 789ten*

Try it nith any other number.

4. Divider 52 kten by seven.} What is the quatizIt? The remainder?

Divide the quotient by, seven and continue as in.Exercise 3,

except that this time divide by, _seven instead of- ten. Now

wr 4ten as base seven numeral compare this -with

ll'

to 52

e remainders whJ. h Au have obtained.

5. Can you now discover another method for

to base seven numerals?
I <,,

6. In each of the'examples below there are

Supply the numerals which will malce the°

Remember that if no base nape is Wen°,

` a: Addition: 67865 b. -Additi

A ????.

c. Addition: 4 3 2
seven

? ? 9 seven

1 ri

1 %even

changing frOm base ten"

so Jo misaing numerals
.

4

amples correct.
A

then the bise is4pen:i;,

oln: 4 8 9r4$ ,

1 1 5 9

d. Addition: 2 3 .0'5
seven._

? 9'seven

3 1 0 C)even,

50
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e. Addition: 2 6 4
seven '. 'Multiplication:

2 5 2
seven -5 1 4

seven
1 4 0

seven
7

9 .

'seven
X

.,

2 il1 5
-seven*,

. Multiplication:

? ? 9
'seven

Abdo x 5llseven°

3 6 2 a'aseven

, 2-6. Numerals in Other Bases-

YOu have studied base seven,numerals, so you nth: know that it
is possible to express numbe s in systems different from the
:decimal scale. any person think that the decimal system is used
because the base "ten" is superior to other bases, or because the
number ten has special properties.' Earlier it was indicated that
ten is probably used as a base because man has ten fingers. It was

only natural for primitive people to Count by making comparisons 11'

with their fingers. If man had had six or 4ght fingers, ,he might
haye A.,ened to count by sixesor eights.

Our familiar decimal system of natation is superior to the4 1

Egyptian, Babylonian, and others because it uses the idea of place
value and has' a zero symbol, not because its base is, ten. The
Egyptian system was a tens system, but it lacked efficiency for
other Teasons.,

6
Our-decimal system uses ten symbols. In the seven system you

used only seven symbols, 0, 1, 2, 2,h, 5, and 6. How many symbo
would Esl:imos use counting in base five? How. many symbols would

base six require? A little thought on the preceding questions

should lead you to the correct answers. SUggest how many symbols
are needed for base. twenty.

iE .
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3

Write sixteen xts. Enclose,them in groups of tour x's, Can

you write the numeral 16
ten in base four numerals? How many groups

of four are there.? Remember, you cannot use the symbol '4" in

'base four. A table-of the powers of Four in. decimal erals is

shbwn below.

(four3 ) (four2) (fouAr Q (one)

(4 x 4 x 4) 112s .4) (4) (10

(64)' (16). (4)

To write sixteen x's in base four you need '

(1 group of four 2) + (0 groups four) + (0 ones). That is,

16
ten

= 100
four'

1

2-7. The 43inary and Duodecimal Systems

There are tvo of bases of special interest. The base two,

or, binary, system is used by 'some modern, high speed computing'

machined: These computers3 sometimes.incorrectly balled

"electronic brains," use t4le base two. The twelve, or duodecimal,

system is considered by some people to be a better base for a

system of notation than ten.

( 1 )

Binary System

'Historians tell of prkmitive people' who used the binary.system.

Some Australian `tribes still count by pairs, "one) tiro, two and

-one, two twos, two twos and one," and so on.

-The binary systeit groupi by pairs as is done with

the three x's at the right. Row many groups pf two

are shown? How many single xts are left? Three xts means 1 group

of, two and 1 one. In binary notation the numeral en is written'

11
two'

counting in the *inary system starts as follows:

Decimal numerals 1 2 2 4 5 6 7 8 9 10

Binary numerals 1 10'11 100 T135010 111 ?-4 ?
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How many symbols are. needed for base two numerals? Notice that
the numeral 101

two represents the number of fingers on one hand.
What does 111

two mean?

111
two = (1 x-two2) + (1 x two1 ) + (1 x one) 4 + 2 + 1 = 7

ten'
How would you write 8ten in binary notation? Hopi would you write
10

ten in binary notation? Compare this numeral with 101two.
Modern high speed computers are electrically operated. A

simple .,electric switch has only two positions, open (on) or
closed (of?). Computers operate on this principle. Because tier
are only two positions for each place, the computers *Use the
binary system of notation.

The drawing at the right is used

to represent a computer. .The four circles

re eseht four lights on a panel, and each

ight representsToneplace in the binary

system. When tir current is flouting the

light is on., shpain Figure 2-7b as

. A A.s represented by the

symbol_"1". When the current does not

ago..

Figure 2-7a

o o o
flownelight is off, shown by (2) Figure 2-7b
in Fie 2-7b. Thrs is represented by the symbol "0", The
panel, in Figure -:7b Apresenta.the binary numeral 1010two., What
decimal numeral is represented byhis'numeral? Tie table at
the right

shows the place

values for the

Ifirst five places

in base two numerals.

two
4

two3 , two
2

.

two
1

one
2x2x2x2 .2x2x2 .2x2 . 2 1

16 \-- 8 a M ' 2 r 1

1010s- = (1.x two3)'+ (0 x two2) +.(1 x twol) + (0 x one)two

ay.

= x 8) + (0(x + (1 x 2) +'(9 X 1)
= 10

ten'
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Duodecimal System

In the twelve? or:44ode&IIMtl.system, the grouping is by twelves.
I 4

You frequently court In dozens, as with a uozen eggs, a dozen rolls,

or a dozen pencils: /Twelve dozen'(12 x 12) is called moss.

Schools sometimes buy-pencils by the grpss.

The sixteen x's shown at the right-are
x

grouped as one group of twelve with four x x

x's left.° Written 'as abase twelve numeral,
1/4

1, 6ten = (1 x twelve) + (4 x .one) = 14 twelve.

DraW twenty-five x's on a sheet of-paper. Draw circles

around groups of twelve. How many groups of,tweive are there?.

Are any x's left oar? How would you Write 25
ten in duodecimal

notation? m
tw

25ten
=

s
(2 x twelve) + (1 x one) = 21

twelve'
To write numerals in base twelve it is necessary to invent

neW symbols in addition to tidipg the ten symbols from
/
the decimal

. -

system. How many new symbols are needed? _Base twelrequires

twelve symbols, two more than the decimal system. You can use "T"

for'ten and "B" for eleven as shown,in the table below:

Base ten 0 1 2 3 4 5 6 7 8 9 10 11 12.13 14 45 16

Base twelve, '0 1 2 3 4 5 6-7 8 9 T 10' 11 12 .? ?

lotice that"T"is another way'of writing lOten and'"E" is

another way of writing 11 Whyis 12t6n written 'as 10
twelve

?

To write 195twelve in:expanpled'notatIon,'

195twelve- (1 )--twerve2) +:(9`,/twelvel) + (5 x one)

1 x 144) X,12) (5.X 1)
k.

7ten.
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Exercises 2-7 .

,-

a. a. EoW:many thrase there in 20
three ?r t

'13 b. How manyurs are there in 20 .)- k,

t.e. I .four*
c. How Mank'fives are there in 20i,ive?

d. How. .many sixes are there in 20
six'

?.
.

. . . .
2. Write the following in expanded notation. Then write the, base

ten numeral'for each as shown in the example.

Exappl§: 164five = (1,x 25) + (0 x 5) + (2 x 1.) ..27
- 0 ,

a. 2h5 1p c. 100 t.

2threesix

bt .42five d. 1021 eight

3.' Write the following decimal numerals in bases six, five,

and eight. Remember the values of th powers for each of
. , .

these bases. Note the example:

7` =
'2 five

13: ten Six five ,four thRee'

'% ' a.

s
en

b. 1
5ten

. 1 ; .

.

4. iMake a clountingichart in base two for the numbers from zero

'to thirty-three. ..

. A :
A

Base Ten, 1 2 3 4 . . 33'

Base Two 1 10 11 . . .

Copy, and complete the additiCh,i,_

chart for base two shown at the

right. How many addition facts

'axe there?

-,Addition, Base Two

0

0

6 Using the same form as in Exercise 5; make a multiplication

chart.fOr base two. 'How many multiplication faagware there?

How do the tables compare? Does this make working With*Th6

binary system difficult' or easy? Explairi your answer.
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7. Write the following binary numerals V,- expanded notation and

then in base ten notation.

a. 111
two .

, .c. 10101
two \...

A4
W. 1000

two .
d.\,, 11000

two t,
I.

8. Write the following ialmerals in expanded notation and then in

base ten notation.

a. 111
twelve C. 47twelve

b. ,3T2
twel e d. TOEtwe

lve

*9. Make up a place value system where the iklowing symbols are

used:

Symbol

0

10

A

10

Decimal Valug Name

0

1

2

3
/

tp

4

do

mi

fa

re do

Write ,the numerals for numbers from zero to twenty, in thls

system, Write the names i words"using';do, re," etc.

*10. Using the symbols and scald from Pro 19, complete the

addition and multiplication4tables own below.

0

1

0 1 A '2

A

x 0 1 A 2
0

.A

."

11. What dvantages and-disadvantages, if any, do the binary and

duodecimal systems have as compared withthe,aCimal system? . ...

12. Write the following in duodecimal notation. . .0.

'a.
425ten b. 524ten

1

..,
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*13, An inspectorof weights and'measures carries a set of weights,

which he uses to check the accuracy of scales. Various

weights)re placed on a scale to check accuracy in reig °"ng

any amount from 1 to 16 ounces. Several checks have to ,be

made, because a scale which accurately measures 5 ounces may,

.for various reasons, be inaccurate for weighings of 11 ounces

and more.

What is the smallest number of weights the i nspector may

have in his set, and what must their weights be, to check the
,

accuracy of scales from 1 ounces. to 15 ounces?' From 1 ounce
.

to 31 ounces. 6
*14. People who work with high speed cdmuters sometimes find it

easier to'express numbers in'the octal,-or eight system rather
110

than the binary system. Conversions from one.syst'em.to the*:

Other can be done very quickly.. Can you discgver the methOd

used?

Make a table of numerals as shown below:.

Base ten

1

2

5.,

7

15.

16

32 i

Base eight

2

5

er: .

Base two

10

c.

?

'256

Compare the powers, of eighty and two up 'to 256. .Studitfie

powers,and tile table abolle.'101,011,0104w. = 5
o -3?eight?

Can you see why?
A



0 49

*15. There are a number of ways to change numerals written in other

number bases to base ten notation. A student suggested, this

method: O

noExample A: 'To change 46volve to ba2eten-11.0,tation.
7

Because there are 2 more symbols in base twelve,'

multiply (2 x 4) and add the result to 46ten.:

Does this method work for 46tweive? Does J4

work for any two digit number written in base

twelve?

Example B: To change 46
seven

to base ten notation.

4

Because there are three fewer symbols, Multiply

(3 x 4) and subtract from 46
ten'

Does the

-method work for 46
seven

? Does it work for any

two digit number written in base seven?
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3-1. Counting Number

The counting numbers are the numbers used to answer the

question "How many?" Primitive man developed the idea of number

by the practice of matching objects, or things, in one'set with
objects in another set. When aman's sheep left the fold in the

morning he could put a stone in a pile as each sheep went out.

'*When the sheep returned in the evening he took a stone out of the

pile as a sheep went into, the pen. If there were no stones left.

in the pile when the last sheep was'in the pen he knew that all

the sheep hadyeturned., Similarly, in order to keep count of the

number of wild, animals he had killed he could make notches in a

421

Chapter 3

WHOLE NUMBERS

stick -- one notch for each animal. If he wei,e asked how many

animals he had killed he could point to the notches in the stick.

The man was saying that there. were just as many animals killed'

as there were notches in the stick., The man was trying to answer

the question "How many ? "' by making a one4o-one correspondence
c ,

. between the-animals and the notches in the stick. He was also
ttrying to answer the q,1.1estion "How many? by making a one -to -one

correspondence between the stones of the pile and the sheep ofthe

flock. The one-to=on correspondence organs that exactly one stone

corresponded to each sheep and exactly one sheep corresponded to

eaphstone. This says that the number of'sheep, was the same as

thenumber-,of-stones-.-
_ ..".

Some of us have learned the meaning,af_number in counting by

using such one-to-one correspondences. y%11Ools at various sets .

of objects as in-the figure, yousee that
. 0°there is a pertain proporty that these I

sets possess. This, property may be

are "just as many" marks in one set

one correspondence between the sets

described by saying that there

,as in the cfter. A one-to-

can be shown by joining the
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marks with strings, or paths. Each mark is joirl to a mark of

the other set. No marks are left over in either set and no mark

is used twice. The correspondenoe shows that there are "justs&F

many" marks'in one set as in the other but it does riot tell us

"how many" there are in terms of a number.

Fortunately there is a standard set which c n be, used to tell

us "how many" there are in each set. It also can be used to- tell,'

uS'that there are "just aslr". in one set, as in the ther.

This standard set is the set of counting numbers rep esented by

the numerals 1, 2, 3; 4, 5, .h . In

the figure each set of marks is put

in a one-to-one correspondence with

the set of numerals 1, 2, 3. The

number of marks fb the same as the number represented by the last

numeral of the matching set. This kind of one-to-one aorrespond-

ence between the marks and the set of numerals tells us that "there so
A

are "just as many" in one set as in the other, and also tells'us

"how many" marks,arein each set:

The method of using the counting numbers it such.a natural

one that the counting numbers are, also called the "natural-numbers."

In this text they are called counting numbers. -You'May see them

called "natural numbers" in other books.

Let us agree:that the first.counting number is 1. -The set

of all the counting numbers and zero is called the set of "whole

numbers".

Exercises 3-1

A theatre owner wants to know how many people attended his

theatre last night. He knows the first ticket was marked,

27 end the last ticket was marked 81:. HOW did he decide

that 54 people attended? Was he correct?

2. If there is a one-torone correspondence between the set of

'people in the- room anddthe set of pairs (De shoes in the room,

then there is a two-to-one correspondence between the set of°

shoes.in the room and the set of people in the room; List a orw

few examples of two-,to-ohe and four-to-one correspondences.
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3. The following illustrates

the numbers and

a one-to-one correspondence between

the numbers.

1 2 3 4 5 6 .

2 4 6 8
t

10 12.. .

3-2. Commutative Properties for Whole Numbers

' If you have three apples in a basket and put in two more,

then the number of apples in the basket is obtal.ned by adding 2

to 3. You think of 3 + 2. .If you started with two apples in the

basket, and put in three more, then the number of apples in the

basket is obtained by adding 3 to 2. You think of 2-473-: In

either case'it 4.setlear that there will be 5 apples in the basket.

This may be written 2 + 3

The arithmetic teacher,read two large numbers to be added.

One boy did not understand what his teacher said when she, read

the first number., He wrote the second number and then asked her to

repeat the first number. 'When she reed it again, he wrote it

below the second number instead of above it. If all the students

'do the addition correctly, will the boy find the same sum as the
v.R

students who heard all the aictatiOnthe first time?

The boy wrote:''.1437 Theme others wrote: 6254
006254 2437 ,

This idea which was just described is called the commutative

property of addition for whole numbers. It means that the order

in which two numbers are added does not affect the sum. Tile word

property is-used here in the usual meaning of the word -- it is

something that is of 61-e operation of addition:

3' added to 4 is 7 or 4 +.3 = 7,

* 4 added to -3- is '7 or 3 + 4 -.J.

Thus, you 'can write 4 + 3 = 3,+ 4. This checks the

commutative property of addition for these.two whole numbers.
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The commutative property of addition for whole numbers may

be stated as:

Property I. If a and b- represent whole numbers then

a + b = b.+ a.

In the above example a is 4 and b is 3.

Multiplication is another operation which can be performed on

numbers. Is there a commutative property of multiplicatiori?

In learning the multiplication tables you learned that

7 Iv = 35 .and that 5 x 7 = 35. Similarly 9 x 8 = 72 and°

8 x 9 . 72.

Property 2. If a and b represent wholenumbers, then

axb=bxa. s

In mathematics it is often said that one number is greater

than another. To simplify writing the phrase is greater than")

the symbol > is used. So, to write "5 is greater than 3",

merely write 5 >.3. To indicate that "a is greater-than b".,

write -a > b. Similarly, the symbol < means "is less than".

Hence, 4 < 7 is written for "4 is less than 7". Notice that
OP,

each of thesernew symbols points toward the smaller of the two

numbers be3,ng4eompared.
,

'Tt)e symbol 1 is used for is not equal to". For example,

5 / 3 and 4 / 0.

In comparing three numbers such as 3, 6 and if, 3 < 6 < 11 4

oy 11 > 6 > 3 may be written. NO.te_tbat the statement 3 < 6 < 11

really stands fOr the two statements "3 is less than 6" and "6 is

less than 11". ..4 14e \ \

Exercises 3-2

1. Indicate whether each statement is true or. false:

a. 46 + 4 . 4 6 , f. 5 + 4 > 5 +

b. 13four
+ 32

four < nfour + 13
four

.

c.

d.

e.

6 <' 7 <

8 4- 2 = 2 -4.- 8

/45 36 < 36

g. 315 0462 = 315
. h. 3 > 3 > 10

143 ±. 16 > 7 and 7 > 5 then.

16 > 5

. 62
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2. Using the symbols

ments true.

a. 23 12 ? 12 32 d. 86 135 ? 135 86

b. 16 ? 9 ? 3 e. 24 3 ? 3 424

(3 2) + 5 ? 5 + (3 2) f. Given that a, b, andeq, are4

whole numbers: If a

and b > c, then a ? c.

3. Give the.whole number or whole numbers which may be used in.
place of a to make the statements true.

a. 5 7 = 7 a d 2 + a <\ 2 + 7

b . 2(' a <-2 1 e. 7 3 > a 5s

04 3 a < 3 2 1. a + 3 = 3 7t- a
4. Do you think subtraction has the commutative property? To

find out you must ask whether a - b is equal to b - a for
all whole numbers a and b. If you cyan find at least one

= , <,

55

smake the following state- '

c.

Pair of whole numbers for which it is not true, then sub-ub- ,

traction cannot have the' commutative property.

5. Does division of whole numbers have the commutative

'Give an example which illustrates Four anlwer.

Which of the following activities are commutative?

'a. To put on a hat 'and then a-coat.'

b.-To put on socks and,then shoes.

c. To pour red paint'i tp blue paint.

To cldse the hatch a d dive the submarine.

7. Which of the defined oper

a. "D" means tcl find the

second. Example: '3

"Z" means to find 'the

of the first and the

or 32.

c. "F" means to find the product of the first and one more

than,the second. Example: 8 F 0 =-8 1 or 8.

d. "0," means to'find three times the sum of the first and

the-second. Example: 8 Q 5 3 (8.+ 5) or 39.

-41

So,

b.

property?

tions below are commutative?

sum of the first and twice the

5 = 3' + (2 5)

um -of the first

s cond. Exapiple: 4 Z 7 = 4 + (4

and the product..

h.

z
63
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8. Make up a defined operation as in Ex. 7 which is
4

(a) commutative, (b) not commutative.

9. List some activities which are commutative and some whichh" are

not commutative.

4

3-3. ,Associative Properties for Whole Numbers

What is meant by 1'+ 2 + 3?' Is (1 + 2) + 3 meant id which

1 and 2 are added and then 3 is added to the sum? Or is

1 + (2'+ i) meant in which. 2 and 3 are added and then th ir

sum is added to 1? Or, does it make any difference? YOU ha

seen that the order in which two numbers are added doee'not of (ct

the sum (commutative property of addition). You can see that the

way you group three numbers to add thet does,not affect the sum.

For example,

(1 + 2) 3 = 3 + 3 = 6 and V

,1 + (2 + 3) = 1 + 5 = 6.

This idea of grouping the numbers differently without Changing the

sum is called`the associative property of addition for whole numbers.

This property may be used to make addition easier if the sum of

one pair-of three-numbers is easier to find than the sum f another

pair. If you are asked to add 12 + 4 + 2 you might first add

...;,04 12 and ri*and then add 2 to 16. Or you might think of first

adding It and 2 and then adding 6 to 12. If you,add each of the*.

following by grouping th numbers differently you will be showing

applications of the assoc to property.

7 + 9 +.11',2-- 7 + 9 + 11) = 7 + 20 = 27

12 + 7 + 33 = 12 (7, + 32) = 12 + 40.= 52 1

x.

97 + 53 +-100 = + 53) + 100 = 150 + 100 = 250

The associative property an be used in fending the sum, of 12 and

7. Perhaps irou'have alWays used it but did not call it by name.

Notice how it can be,used:' ].2 + 7 = (10 + 2) + 7 = 10 + (2 + 7)

= 19.
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The associative property of addition for whole numbers may

be stated

Property 3. If, b and c represent any ole numbers

(a + b) + c = a 41 (b + c).

In everydayiife you speak of "adding" or combining several

things. Whether such combinations have the associative property

dependson, the things.you combine. Is (gasoline + fire) + water

the same as gasoline + (fire + water)?

The.commutative property of addition Means the 'order of any

two numbers may be changed without affecting the sum. The associ-

---.)ative propertymeans that,numbers'marbe grouped in pairs f r the

purpose of adding pairs of them without affecting the sum. lust

as there is a commutative property for addition and multiplication,

you might expect the associative prOperty to belong to both oper-

ations.

What is meant by 2 5 4? Does this mean (2 5) 4 in

which_ 2 is first multiplied by 5 and then 10 is multiplied

by 4, or does this mein 2 (5 4) in which 5 is first

multiplied by, 4 and then 2 is multiplied by 20? Both give

the same answer and the conclusion is that either meaning can be

given- to- -a 5 4.',This is,truefor an whole'nuMbers.

Property 4. If a, b, and c represent any whole numbers,

(a b) c = a (V c) .

Is there an associative property for subtrhction? Perhaps

you can answer the question by consierirt,just one - -. Try

'10 (6 - 4) ,which is' 10- 2 or 8. But (10 - ,, - 4 = 0, so

that 10 - (6 - 4) is not equal to (10 - 4 -
, .

. ThiS" sho s that

subtraction does not have the associative propert . At first you

may think'that one example is not enough and that,t roper 7

ti

0

might hold if you used. some other numbers. But, if the associative.

proper1's,_to hold for subtraction then it must hold for all,

whole numbers. Hence, by showing one set'of three whole numbers

for which the.property.is 'hot true you know that it cannot be a

propertl for all whole numbers.
,

r

65. 4



)

58

. Do you think the associative property holds for division?

What does 16T-+-4 2 mean? Alt may mean ,(164- 4) +2, ors it may

mean 164- (4'42). The fivolk of these equals 2 and the second

equals 8, so they are equal. to-each other. This shows that

division does not have the associative pi.opertY.

These remarks aboutraction add division show us also that
.:,expressions like 10 - 6 - 4 and 16 + 4 +2 do not have any
meaning. Of course, the expressions, (10 - 6) - 4 and

10 - (6 - 4), do have meanings and they are different. Also,

(16 4-4) +.2 and i6 ÷ (4 H'r-) make sense, but their meanings are

different.

Exercise§ 3-3

a. Example: (4 + 3) + 2 = 4 + (3 + 2)

Here, (4 + 3) + 2 7 + 2 .,9, and 4 + (3 + 2) -.. 4,,. 5 . 9.

Show that the following are true in the above way. State, the

property illustrated in each problem.

a, (21 + 5) + 4 21 + (5 + '4)

b. (9 7) 8 = 9 (Z. 8)
c. 436 ; (476 + 1) = (436 + 476) 1- 1

-d. (57 eo). 75 57 (80 75)

\2. a. Does (10'-7) - 2 equal 10 - (7 - 2)?

b. Does 18 - (5 - 2) equal ,41,8 - 2? ,

co"

What generalization can you mace regarding the associative

property of subtraction?

3. a. :Does (32÷ 8) ÷ 2 equal 32 4-(8
ti

b.
,
-Does ( 6 0 - - 3o ) 2 rival 60 47.(30 4 2)?

,c. Place parentheses in75 so that it will eaual 1.

d. Place parentheses in 75 +-5'solthat-it will equal 25.
<4.

4.
e. Place parentheses in 80 7:-2 so that it will equal 8.

f. .Place parentheses in 80 = 20 = 2 so that it will equal 2.

g. What generalization can be made concerning_the associative

prbperty and division?

6 (3

4.
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3-4. The Distributive Property

In finding thls, perimeter of the top of a desk one pupil

measured the length of each side in feet

and found the measurements as shown in the

diagram. Then he found the perimeter in

feet by finding the sum '5 + 3 + 5 -F!' 3 = a6.

Another pupil said he thought that this was .

al], right but that it was more work than necessary.
4

He said he

by 2. Will this give-the

same answer? A third pupil said she tl ught it 44ould be better to

multiply 5 by'2 and 3 by 2 and then add these two products. The
0

' second anethird pupils may not have known the name of the princi-

ple they were using bUt it. is useful and important. It'is called

the distributive property. In terms of the pupils' problem it

tates simply that

2 (5 + 3) = (2 5) -I- (2 3) . F-,

an d ,
2'. (5 3) (2 8)

Youhave been using this property in many ways for a long

time. Consider, for example, 3 t3 or 13. You were really using
x

f

:79-

the distributive property because:

3 13 = 3 (10 3) = (' 10) + (3 2) =.30 + 9 = 39.

Let us see how you use the distributive property in finding

the product 9 36. You probably perform the multiplication about

as follows:'

would add 5 and 3 and multiply their s

4,36
- 36 ,

. x 9 or .x,9 t.

"324. It...,
, 54 x 6)

270 9 x 30)
, - 324

Do you_see-that the 1.4ft example is a short way of doing the

problem? You were really, using the distributive property; .:

9 36 =9 (30'+ 6) . .

$ = (9 30) + (9i.'6). distributive property

= = 270 + 54 I

I
= 24 .

. I

-10

. '67
0

0
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Thedistributive property is. also important in operations Involving
fractions. Lit us find the product of 8,and 12 . First, recall

1 1that 12 v means 12 + v. Then

4 8 12 17-2 8 (12' + 41')
7r

= (8 12) + (8 .) . 96 + 2 *-

. 98.

The distributive property is:

Property 5. If a, b, and c are any whole nuMbers then
a (b + c) = (a b) + (a c).

TheJlistributive property isItheonly.property of the three
studied in this chapter. which involves two opergtionS%

namely, addition and multiplition This does not meanat any
problem which involves these two operitionsis performea by using
the distributivb property. For example, (3 5) + 14 meant that.

the product of 3 and 5 must be,found and then,14 added to the
product: (3 5) + 14 = 15 + 14 =,29.

However, 3 (5 + 14) = 5)'+ (3 14) = 15 + 42

Exercise's 3-4

11

1. Show that the following are true bY;doing the indicated oper-
ations.

(3

,12

Example':

3

4) + (3

(5 + - 3 4 )

3- (4 + 3)

+ 3)= a
,

, 3) 12 +

= (12 5)

='(3

7 = 21

= 21

+ (12

4) + (3 3)-- --6

)

b. (67 48) + (67 52) 0 67 (484 52)

(72 -32.) +( 72). 72 +

Make each'of the following aikrue statement illustrating the
distributive property.

a. 3 (L C+ ),.=1(3 (3 3)

b: - (2 7) + (3 ." ) 61( ) , 7

68 ,
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-3. Using the distriisbetiv property rewrite each of the following.
Examples: (1), 5 (2 + 3) = (5 2) + (5 3) .

(2) (6 .-4)'+ (6 3) (4 +.3)
)a. by-- (6 + 13)1,

b. (5 12) + Y.2).*

4. Using the idea of the distributive property, the folloWing-
examples can be. rewritten.
11) 10 + 15 as (5 2) + (5 3) pr 5 (2 + 3)
.(2) 15 + 21 as (3 5) + (3 7) or 3 (5 + 7)
Use the distribt-tive propei3ty to rewrite the following in a
similar way.
a. 27 + 51
b. 100 + 115
c. 30' + 21,

5 Which of the following are true?
a. -3 +'"(4 2) = (3 + (3 + 2)
b. i3 (4 - 2) = (3 4) - (3 2)
c. (4 + 6) ÷ 2:= (4 + (6 ±-2)
d. 3 + (4 2) = (3 4) + (3 2)

*6. 45 can be written-as (40 + 5) and 23' can be written as
(20 + 3). Using the distributive property the product of
45 and .23 would be

(40 4-5)' (20 + 3) or Checker
4,0 (20 + 3) + 5, (2o 3) or-1 45

,23(k0 20) + (4o 3)-+ (5 20) + (5 !3). 135
90

Completing the operations gives: 1035

800. + 120 + 100 +15 or, 1Q35
Rewrite the following using. the distributive property and `
check as 'above.,
a; 64 66

b. 75.:. 75

4

6,9, its
.11
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ti

*7 Indicate which property was used in going from one dine to the

next. )-

a. [(2 ..5) + (3

b. C(5 2) + (3

c:- [(5 2) +;(3

d. [(3 2) + (5

4e, (3 2) + [(5

f. 0 2) +;[(5

g, (3 2) + ((5

11. (3 + [5 + (5

' 2)] 4. (5 2) 7

2)] + (5 2)' 7 commutative property
for multiplication

2)] +5
' 2)] + 5

2) + 5

2) + 5

2) + (5

7)]) '.2

(2 7)

(2 7)

('2 7)]

(7 2)]

7) 2]

3-5. Sets and the Closure Property .

When a, word in Iiiiiimatics is needed to talk about a collection,

the word set will be used, as,a set or numbers, a set qf marks on

the page, a set of stars in a diagra.

A set of numbers: 5, 36, 7, 8

A set marks:' /////,//,/>/

A set of stars in a diagram:

Othis.P.-eAaMples of sets are: the set of coins in your poCket, the

set of vowels in our'alPhabet,.a set of chessmen, a set of cattle

(you might say a herd of cat,t1t),..the set of .cities in the U.S.A.

which have a population of More than one million.

The counting numbers forma set. Remember that the counting

I,numbers are 1, 2, 3, 4, 5, 6, where the three dots are used",

to indicate that the set of numbers continues indefinitely. There

is no last numbr. 'N will be used to represent the set of

counting numbers, and these numbers will te put within braces ( A
to indicate that, they are the objeCts in the set. which is'

deSignated by N. Henc) you may write

, N = (14 2, 3, ...)f

and read it "N is the set of counting numbers.."

70
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Zou may chooseiany capital letter to represent the'set. If

You have the set S = (1, 2, 3, 4, 5, 6, 7) you may describe this

by saying that S is the set of counting numbers from 1 to 7

'inclusive, or S is the set consisting of the counting numbers

less' than 8.

A few more examples of sets and'the'abbreviated way of writing

them will help make the concept clear. "V is the set of vowels

in our alphabet" becomes "V = (a, e, i, o, u)". "m ,is the set of

'counting numbers which are greater than 20 and less than 25"

beComes "M = (21, 22, 23, 24)". ,"E is the set of states in the

U. S. A. which are touched by Lake Erie" becomes "E (Michigan,

Ohio, Pennsylvania, New York)".

E Michigan
Ohio Nem' York

Pennsylvahia

In the first set the objects are letters, in the second the elements

are numbers, in the third each element is a state. The word

element is used for any objeat of a set. Thus, an element may be 6

letten, a number, a word, a cat, § marble or whatevel, is in the set.

NoW the set of counting numbers will be used to help upunder-

,stand another new idea for sets. This is the idea of closure. If

any two counting numbers are added, he sum is a certain counting

number. For example, 7 + 9 = 16, 2 + 543 = 777 and each sum is

a countingnumber., If the sum of any, wo elements of a set is-an

eleMent of the set, the set is closed under addition. Since the

sum of any two counting numbers is a counting number, the set, N

of counting numbers is closed under addition. It must be emphapiied

'here that any two means every two. The et, S = (1, ?, 3,4, 5, 6,

7) is. not closed under addition since to numbers can'be found in

the set whose sum'i'i not in the set; e.g., 5 + 6 ..11 and 11 is

not in S. Is the-set M = (21,. 22, 23, 24) closed under addition?

Give the reason4for your answei. :Notice that if.there is at least

one pair of elements in M whose sum is not in M, then M is not
P"'

.closed ulder addition. o (,
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Closure deals with a property of sets under a given operation.

The-set need not be the Counting numbers. The operation may not be

addition. For example, let T be the'set of all counting numbers

ending in 0 or 5. This set\is closed Under multiplication. It

is not closed under division since, for example, .(20 5) is not an

element of T.

Exercises 3-5

1. Let Q = (1, 3, 5, 7, 9, 11, 13, . . .) be the set of all odd

numbers.

a. Is the sum of two Odd numbers always an odd number?

b. Is the set of odd numbers closed under addition? .

2. Is the sillet of even numbers closed under addition?

3. Is the set of all,multiples of 5(5, 10, 15, 20, 25, etc.)

closed under addition?

4. What is true of the sets of numbers in Exercises 1, 2, 3 under
multiplication?

5. Are the 'following sets of numbers closed'under addition?

a. The set of counting numbers greater than 50? *),0

b. The set of counting numbers'from 100 through 999?

c. The set of counting numbers Tess than 48?

d. The set of counting numbers whose numerals end in 0?

6. Are the sets o numbers in Exercise 5 closed with ,respect to

multiplicati ?

7. Are all set of counting numbers which are closed under addi-

tion also closed under multiplication? Why? /
8. Are any of the sets of numbers in Exercise 5 closed under

subtraction?

49. Are any of the sets of numbers in Exercise 5,closed under

division?

174
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3-6. Inverse Operations

Often you do something and then undo it. You open the door;

you shut the door. You open the window; you close the window. One

operation is the inverse of the other.

One

The inverse of putting on your coat is taking off your coat.

The. inverse operation of division is multiplication. The inverse

operation of addition is subtraction.

Suppose you have 4220 in the bank and you add 410 to it. Then...,

you ".ve $220 + $10 = $230. Now undo this by drawing out $10. The

amount that remains is $230 - $10 = $220. The athletic fund at

your school might have $1800 in the bank and after a game have

4300 more. Then the fund has $1800 + 4300 or $2100 in it. But the

team needs pew uniforms Which cost $300 so $300 is withdrawn to pay.

for them. The amount left is $2100 - 4300, or $1800. These oper-

ations undo each other. -Subtraction is the inverse of addition.

Of course, this idea could be expressed in more general ,terms.

Let x represent the number of dollars originally in the bank.
4

If the amount which is deposited is b, then x + b = a, where

a represents the number of dollars that is now in the bank. How

shall this operation be undone? From the number of dollars.

Represented by a, subtract the number of dollars withdrawn,

represented 'by 'b, and you have the number represented by x.

Write x = a - b.

Notice that if a and, b are whole numbers, and if a > b,

then there is a whole; number x so tha. b + x = a: Examples;

If a is 17 and b is 10; then ,x is the whole number '7

so that 10 + 7 = 17. When a is greater than b it is always

possible to find x so that a = b + x. Can you make the same

.generalization if the above operation b + x = a, is changed to

multiplication, b x = a? If you substitute 2 for b. and 3

for a you will see that there is no whole number that can be

substituted for x such that 2 x = 3. If onelosubstitutes cer-

tain numbers7.-for example, if a = 20 and b = 14.-then there

whole number that can be substituted for x such that 4 x =*20.

N
,

78 .



66

In this example x must represent 5, since 4 5 . 0. You get
the 5 by dividing. 20. by 4.

If b is 6 and a is 24 then x must be 4 since 6 4 =

If b -is 5 and a is 40 then 4 x must be 8 since 5. 8= 40.

If b is 3 and a is 30 then x must be 10 since 3 .10 = 30.

In each example the number for x is found by dividing the number
re eaented by a by the number represented by In general,
f there is a counting number x that can be multiplied by a

counting number b to get counting number a, then this number
x can be found by dividing a by b. This is written as
b x = a. Multiply x by b to obtain a. To undo the_pperatiOn
you must performithe inverse operation which means that you must
divide a by b 'to obtain x: 10)1 . The inverse operatio of
multiplying by b is dividing by b.°

Exercises 3-6

1. Find, if possible, a whoA_e number which can be used _for x in

each of the following to make it a\-N true statement. If there
is no whole number that can be used for x, then say there
is bone.

e. 9-+ x = 14 f. x = 20 4

b. 4 + x =11 11 g. 5: x = 30

d . 8 + x = 11 x = 3 4-3

h. 9 x = 0c. 10 x + 2

_ .

e. 3 + x = x + 3 j. 11 x = 11

3-7. Betweenness and the Number Line

How whole numbers are related may be shown with a picture.
lect some point on a lfne'as below and label it zero (D). Label

0 1- . 2 . 3 4 5 6 7 a 9 10 11

' the first dotto the rightiof zero the first counting number and
each dot'after that to the right the succeeding counting numbers.
This picture is often referred'to as The Number Line. Any whole
number is smaller than. any of the numbers on the right side of it

4
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and greater than any of the numbers on its left. For example 3

is less than 5 and greater than 2. This may be written;
.

2 < 3 < 5, since 2 is less than 3 and 3 is less than 5. ./

With the number line you can also determine how many whole-numbers

there are between any two whole numbers. For example, to find how

many whole numbers there are-between 6 and 11 you can .look at

the picture and count them.' There are foUr of them, 7, 8, 9,,

and 10.

Exercises 3-7

1. How many whole numbers are there between:

a. 25rand 25

28 and 25

c. 26 and 25

d. 114 and 5

e. If a ,anti b are whole numbers, and a > b, is itlig

number ofwhole numbers between a and b:

.b (3) a - (b + 1) ?' #

(2) $a- 1) + b (l (a - b)

r 2. What is t ewhole number midWay between:

a. 7 and 13 c. 17 and 19

b. 9 and 13 d. 17 and 27,

3. Which of the following pairs of whole.numbers hay.e.a whole

,number' midway between them?.

a. 9, 17

b. 19, ae-

.c. a, b if a and b are even
Whole numbers

d. a, b if a and b are odd
whole numbers

e. a, b if a is odd and b-

is even.

I
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4. The whble numbers a, b and c are so located on The Number
P '

Line that b is between a. and c, and.c-> b.
at Is c > a? Explain with a number,line.
b. Is b > a? Explain with a number line.
c. Is b < c?'' Explain with words.'"'

5. The whole numbers a, b, c and dare so located on The Number

Line that lo is between 'a and c and a is between b

and d. What relation, if any, is there among b, c, and d?

11.

3-8. The Number One

The number one is a special number in several ways. One is
the smallest'of our counting numbers. You may build any counting
naMber, no matter how large, bit beginning with 1 and adding

-1's unt 1 you have reached the desired number. For example, to
obtain t-e number five, you can

o and repe t the addition of 1.

4 + 1 = 5. There is no largest

'begin with our ppecial number 1

1 + 1 = 2, 2 44 = 3, 3 + 1 = 4,

counting number.

'T In multiplicatian_if you wish to obtain a different numerals
for a number, you can multiply by a selected form of the special

number 1; an this way you may get a different numeral, but it
represents the same number. You may recall that in rewriting 4 as

, you were simply multiplying 4 by 2 2
. Of course, is our

3
and 4' 2special numb 7er 1. Multiply -. by and get -9. multiply by

8
and get These are examples of multiplying by the number 110

in selected forms 3

' 2
and 2

This means. that the new fractionslft3

are different in fsrm from the original ones butA0hey still repre-
A

sent the 'same number. The special number one when used as a multi-.,

plier makes the product identical with the multiplicand, Because
. the product or. any counting number and one is the original counting

number, the number 1 is called the "identity-element" for muliti-
plication. 44w

0
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Since division is the inverse operation of multiplication, is

.the number one also. special to division? What happens if you

divide any counting number by one? You do obtain the same counting
*

number. But if you divide 1 by a counting number you do not get the

counting number. For this reason the "number One is Rot the identity

element for division. A Counting number multiplied by 1 is the same

as 1 multiplied by the counting number. But a counting number'

divided by one is not the same as'one divided by thatsounting

number. If C represents any counting number,these multiplication

and division operations using the number-1 can be expressed to the

following ways.

C 1 = 1 C;

C4--1 =-C;

C = 1;

1 ± C/ C if

You have learned to use 102 to mean 10 10; 1CY
3 to mean

10 10 10; 106 to mean 10- 10 10 10 (10 10. The "2",

"3", 6" are called exponents. The expo

numbers represented by 102, 103 and 1

is used intplace of 10 this is not tru

ents are small, but th'e .

are very large. If 1

. For 1
2 = 1-4' 1; 13=

1 1 % 1; 1" 1 1 1 1 1 1 sand these are still the

number 1. In fact 1
2

or 1
200

or 1
3056 As still 1

(fur discussion pf the number one mayiesummarized briefly, in

e mathematical sentences below. Can yartranslate them into

ds? The letter C here represents any counting number.

a.. c = 1 or (1 + 1) or 41+ 1 +°1) or ... etc.

b . 1 C = C

c. C =1 = c ,

d. C =C = 1

e. 1C = 1

77
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Exercises 3-8

'I. Can you get any counting number by the repeated addition or

subtraction of 1 to or from any other counting number? Give

an,example to support your conclusion.

2. By the above process can you get a number thatd.s not a count-
,ing number? Give an example to support'your conclusion.

3.,Robert said, "The counting numbers are not closed under the

subtraction of ones but they,are closed under the addition of
one'd." 'Show.by an example what Robert meant.

4. Perform the indidated Operations:

a. (4 .. 3) 9 e; 31179 ' 1
110

b. 1)97b5a6 97 x6 (if x is 1)
c. 897638 (5 - 4) g. 17 . (489

d. 896758 h.
- 8u 5 . 4

.,1

3-9. The Number Zero

Although zero is not included in the counting numbers; it is

considered as'one of the whole numbers. Most of the time it is

,used according to rules of the counting numbers, and in,a sense it
is usedto count. If you withdraw all your money,from the bank,

you can express your bank balance with this special number zero.

If you have answered no questions correctly, Your test score may

be zero. if there are no,chalkboard,erasers in the cladsroom,

the number of erasers' mayl be expressed by zero. In all these

cases; no-money in the bank, no correctly, answered questions and

no erasers, the zero indicated that there are no objects or

elements.in the,set of objects bting discussed. If there are no

elements in the set, it is called an empty set.

The number zero is the number of,elements in the empty et.

In this sense, some persons say that zero means "not any.' Others

say it means "nothing" because there is nothing In the set, you,

shall see, these are rather confused and limited concepts of zero.

7/8
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On-a very cold morning Paul was asked the temperature. After
_ .

looking at the thermometer he replied, "zero.l."*)Did he mean there

was "not any"? Did he mean "nothing"? No, he meant the top of the

mercury was at a specific point On the scale called zero. Fred had

an altimeter in his car so he could check the altitude as they drove

in the Rocky Mountains. On one vacation trip they dove' to the ,I.

Salton Sea. On the way down Fred exclaimed, "Look, the altitude is

zero!" When the altimeter indicates zero, it does not mean there

is "nothing," it means there is a specific altitude which is called

zero. It is just as specific,and real as an altitude of 999.feet.

_ The sum of a counting number and one is always-the next larger

counting number.

e'

he sum of a counting number and zero is always
_

the original counting number. For example, 4 + 0 = A. This

f ac might be. in symbols C + 0 = C where :C is any

counting number. Or it might be expresed by saying that zero is

the "4.denftty element " - for addition.

difference between the same two natural numbers is the

specfal number zero. For example, 4 - 4 = 0. Did you notice that

in this subtraction operation you do n$,,, get a counting number?

To put the idea in more elegant language, you would say that

set of counting numbers is not closed under subtraction.

-What could 3... 0 'man? You might think of the number of

chairs in 3 rooms if each room contains zero chairs. Thus, any

number of .rooms containing zero chairs would'haVe a total of zero

chairs. This idea might be expressed in symbols by writing

C 0 = 0, where C is any counting number.

The product 0 3 is even more difficult to explain.. But

you do know by the commutative property for multiplication that

3 0 = 0 3. You have seen that 3 0 = O.- Therefore,

0 3 = 0 because the commutative property for multiplication is

true for all whole numbers. If a represents aSy whole number,

a 0 = O. a = O. If a .is zero 0 0 = O.

fi
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There is a very important principle expres§ed in the above
symbols, but may not be seen at the first glance. Did you
observethat it the produs of two or more whold numbers is zero,
then one of the'numbers must be zero.? or example, 4 5 0 = 0.
In mathematics Au will use this fact f equently.

What could zero divided by 3 mean? If you have a room with
zero chairs and divide the room into,t ee parts, it could mean
the number of chairs in.each part of th room. With this meaning,

0
should be O. If 37-6 then 0 x 3 s ould be zero, by the

inversetoperation.
0 7If 7 = 0, what,is -5 ? Is 077 a counting number? Let us

assume that 077 is equal to some number represented by N. This
means that 7 is equal-to zero times some number N. (7 = 0 x N).
The product of any number by zero is zero, therefore,chere is no
numbdr N that will dual 077. In more elegant language, tou may

7say that 5-1 is not the name of any-counting number or zero. There-
fore, this operation cannot.be performed. A counting number cannot
bp divided zero.

../Could-he divided bylzero? In symbols the question is.
110"

= ? . Or 076.\\:fti07-6 equals some number n then by,our
nition of muftiplic on, 0 x n = O. What numbers could replace
n? Could n be 3? Of course, n could be any counting number
or/zero. Since 06 could be any whole number, the'symbol
6
u has too many meanings. Therefore, you should remember,that you
cannot divide either a counting number or zero by zero',

O
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e

Our discussion of the,special number zero may be summarized

briefly in the mathematical sentences below. State them in words

if u and, w represent any whore numbers and C represents any

counting number. (

a . w + 0 =

b. 0 + w = w

C. W 0 W

d. 0 w = 0

e. w 0 = O.

f. If u w = 0, then either u or w,is
.zero or both are, zero.

g. 0 = 0

0has no meaning.

Exercises 3c9

1. Select the sumbols,that represent zero":

4 - 4
a. . g.

4

2 - 2

c. i. 2 (4 +- 6 + 0)

d-. 'o + o j. (2 4)

e. "0 1 k.
4

4

f. 4 o,
2. Can you find an err in any of the fo lowing statements?

a and b are w numbers.

a. If a = 0, a or b = 0

b . If a b = 1, a or b = 1

c. If a b = 2, a or b = 2

d. If a b = 3, a or. b = 3

e. If a b =C., a or b,= C q

b. ,5- 4

)
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3-10. Primes .

P
In this section there will be a:discussion on how counting

numbers can be expressed as product's of other counting numbers.

The number 1 is in a class by itself since every counting.nuMber

is a multiple of P; that is, every counting number .is divisible

by 1.

What are the multiples of 2 which are greater than ,2?

First write down the numbers, for instance, from 1 .to 30

inclusive.' The first multiple of', 2 greater than 2 is 4;

cross out the 4 and every second number after that.' The list

will then look like the fklowing:-

1 2 3 ),r 5 05 7 9

13 -,14 15 iyi:( 17 A.r.- lg X 21

,25 27 ?K. 4 ?16
'Do not cross out 2. The 'numbers above which are not crossed. -out

are 1, 2, and the numbers less than 31 which are not multiples

of '2. Let us continue the process. Oursecond step would be to

go through thesame'table and cross out the multiplt of 3 which

are greater than 3. Then the table would ifOok like this:

1 2 3 ,W 5 ,' 7 ,8'6 11; ;zr

13- p( VS 37.6. 17 0: 19," X ?e g 23 ?I(

25 p6 10 29_ ?ec
. \

7

Here every, third number beginning with 6 has been crossed out,

but 3 has not been grossed out since that is the number whose

multiples are being found. The next number not crossed out is 5.

So fosthe third step cross out every fifth number after (that

is, beginning with 10). For the fourth and fifth steps, similarly

cross out multiples of 7 and 11 which are greater than 7 and

11. Keep trick of the multiples as 'indicated. Did you cross out

any new numbers when you were considering.multipleS of 11? Would

y9u cross out any new numbers if you,considered multipl6s of 12?

of 13?

g 23 ?,1(
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From the way in Which idle table was constructed every number

crossed out is a multiple of a smaller number different from 1.

These numbers arecalled composite numbers.

Definition: A composite number is a punting number which is

divisible by a smaller counting number different from

The table is called the "Sieve of Eratosthenes" for the firgt

3d numbers. It is called ab"sieve" because in you have - sifted

out all the composite numbers lePs than 31.

impossible to do this

a. 12 'b, 31 c. 8 - d. 35 e. 39 f. 41 g.'95

2. a. How m nye prime numbers are less than 50?

s are less than 100?

divisible?

T4 number 24 '17s a multiple of what numbers?

Are the two sets of numbers you have fo.und in .a ,abd

Except for the number 1, .the numbers' of the Sieve of

Eratosthenes which are not crossed out are called prime numbers.

.befinitl.on: A prime number is a counting number, other than

1, Awhich is divisible only by itself and 1.

Since it eliminates the composite numbers, the Sieve of

Araiosthenes is a good way qT finding a ligt of all prime numbers

up to a certain point. The composite numbers are sifted out. The

-prime numbers remain.

The number 1 is not included,in the pet of primes partly

because it'ip divisible by itself only, There will be another

stronger reason for this later on.

Exercise P 3-10

1.: Express each of the following counting numbers as a' product

of two smaller counting numbersror indicate that it is

C11,

How.m ny prime numbe

By mbat number,. is' 2

.

b the same? Why or.why not? .

, ../ -

4.. Write' 12 in all possible ways as a product of counting

numbers'greater than 1, .

.,

. .
-

we

O
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5. List the pairs of prime numbers less than 100 which have
p 6

a difference of 2. How many are these? Such pairs are

called twin primes.

- 6, Express each even number between 4 and 22 as a sum of

two prime numbers. (An even number, recall, is one divisible

by 2). Most mathematicians believe that every even number
.

greater- than 2 is the sum of two prime numbers but no one

has been able to prove it. -

7. Are there three numbers that might be called prime triplets?

8, What fs the intersection of the set of prime numbers and the

set of odd' numbers less than 30?

3-11., Factors

The wordqactor" is commonly, used in mathematics. Though

thb term may be:neW to lou, t idea is not. You know that

5 x 2 = 10. Instead of calling one of the numbers the multiplicand.-

and the other one thq multipliesp both of them are given the same

name -- factor. Thus, '5 and 2 are factors of 10; 6 and

7 are factors, of 42, since 6 x 7 = 42. Also, 42 2 x 3 x 7; :

so 2, 3, and ,7 are factors of 42.

Example 1: Write. 12 as a product of factors.

12 = 2 x=6,

or 12 = 3 x

or 12 = 2 x. 2 x

When you say "t e factors" you mean "iall.the factors" of a.numT.

tber. For exampl , t e number, 6 has four factors, 1, 2, 3, and 6.

. The number one a d the number Itself are alweys factors of a nvmber.

Example 2: Find the set of factOrls' of 20....

. The set or factors of 20 is (1, 2; 4, 5, 10, 20).

°11 '

= 2
2
,x 3

I

C17

)

.10

4

A

O

- 0

0

O
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The'idea of factors-i& associated with multiplication.

mathematical symbolMIC/toruld4definedin the folloWing way:,

Definition. vIf a, 'b, and c are whole numbers and if

ac = b, then the number a is called a factor of b:,

(Under these condition's c is also a factor of b.)

Using the terms of th last section, 3, is-a factor of 12

because .12 is divisible by 3. In the symbols of the definition,

the number1 a is a factor df b if b is divisible by a.

The number 1, has-only one factor, itself. Each prime number

has exactly two factors, -- itself and 1.

Definition. Ifa:bOunting number is written as a

'product of prime numbers, this:product is called.a

complete factorization of the given number.

Example 3: Find a Com lete factorization of '72.

721; 8 x 9

72 = (4 x

72 = (2 x

72 = (2 X

A...,

Method I

2) x (3 3)

Method

Using continuing,

division

II

short

2) x 2-x (3 X 3) 2 72

2 X 2) X (3 X 3) 2 36

2 18

3 9

3

Using exponents,

72 2310c 32 72 = 23 x32.

fn the factorization of '72, 22 x 3 x. 2 is the same. as 2
3

x 3

ex ept for the order of the flactors. In fact, a very fundaMental

pr perty of the counting numbers is that there is only one way to

wr to a complete factorization.of any counting number except.; for

'the order in which the prime factors apt)ear.

This property id given a special name:

The Unique Factorization Property of the Counting Numbers;

Every'Counting number greater than 1 can be factored into
I

primes in° ly one way except for the Order in which they occur

in he product,. t

J

85
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Here thete is another reason for excluding 1 from the set
A

of prime numbers. If 1 had been called a prime, then 5 could

have been expressed as a product of primes in many fferent was:.

5 x 1, 5 x 1.4x 1, 5 x 1 x 1 x 1, ... Here the prodult would'' not be

un ue except for the order in which the-factors are written.

Exercises 3-11

1. List the set of factors for each of the following: ir,

a. 10 b. 15 c. 9 d. 18 e. 27 f. 24 . g. 11

2. Write,a complete factorization of:

a. 10 b. 15,. c. 9 d. 30 e. 45 f. 50 g. 13

3. According to our definition of factor, is zero a factor of 6?

Is 6 a factor of zero? Explain your answers.

4. a. What factors of 20 do not appear in a complete

factization of -20f
b. What factors of 72 do not appear in ae6mplete

fgctorization of 72?

5. Find a complete factorization of:'4'

a. 105

b. 42

c. 64

d. 345

e. .301

S. 323

Definition. If.a whole number is divisible by two it is an

even number. If a whole number is nodivisible by two it

is an odd number.

6. Tell ke.ther these numbers re:/odd,or even.:

a. 3 x2 x 6

b. 128 37
I

c. 3/k 377 :
d. 3 . (4 4- 7)

13)

7. Classify each of the hollowing as odd or eIen:
7

a. 11three..

b.
12flve

c. 33
five

d. 101
two

r.

8. From the resaltaof Problem 7 would you say that div ibility
is a property of a numeral or a'property of a number? gxplain
your answer.'

$6
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*9 Copy the following table for counting number N and complete

it through N = 30.

*
Factors of N Number. -of Factors Sum of Factors

1

3

4

7

6,

12

15

table abckei-have

1 1 0 1

2 1,2 2

3 1,3' 2

4 3

5 2

1(2,3,6 -' 4

1,7 2

1,2,4,8 4.

a. Which numbers represented by N in the

exactly two factors?

b. Which numbers N have exactly three factors?

c. If N = p
2,(where. p 'is a prime number), how many

factors does N have?,

d. If N = pg (where p and\ g are different prime numbets) ,

how many factors does 1Q have? What is the sum oft its

e.

f.

3-12. .

To

but it is much easler'if

factors?

If N = 2
k

(where k is a. counting number), how many

factors.does N nave?

If N = 3
k
4.(where k is a counting number), how many

factors N have?'
-

0

If N = p
k

where p is a prime pulilber and'k is a

counting-number),..how many factor& does
o

(

Div'ibility "
fine-the factors of a number, you can ,alw

you

have?

ys guess and try,

can tell from looki at a number

whether or not'it has a given factor. From Chap

Sieve of Eratdsthenes it is clear that a number

8 7

41

r 2 or from

ritten'in the
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decimal system is even if the last digit is even. At least this
ID

is.true as far as the sieve you have constructed goes. Thus:

A counting number written in the decimal system is even

if its last digit i5 one of 0, 2, 4, 6, 8. If its last digit

is not 24.1df these, it is odd.

Examples:

734 is an even number since it last digit is an even

number.

If 734 is divided by:2 the remainder is O.

391 is an odd number since its last digit is not an even

number.

If 391 is divided by .2 the remainder is 1.

aviouriting number expressed in the decimal system is

divisible la 5 if its last digit is 0 or 5. Otherwise it is

not divisible la 5.

What about divisibility by 3? Can you tell by looking-at the,

last digit? The first ten multiples of 3 are ,7

0, 3, 6, 9, 12, 15, 18,' 21, 24, 27.

Each, of the possible.last digits, 0,1,2,3,4,5,6,7,8, and 5,

appears in.this list. On the other hand, .none of the following

are divisible by 3 even though eaph_of the possible laSt digits

appears here also:

"13, 16, 19, 22, 25, 28, 31. ,
4;

You cah see, hen, tha yOu 'cannot tell whether a number is di isible

I*

by 3 'by loo ing ae'the last digit.
. .

But suppse,you add the digits of the multiples of 3. For

12 you have 1:h 2 . 3;. for 15 you have 1 + 5 = 6; for 18

you have I + 8 F--- 9. By this'Means Y u can form the following

tablet e 1

Multiple of .3 flOt',3 z

SuM of digits '0 3 6.9

Multiple of 3 .:42 46,/,48*.
Sum of Digits ,;;; 6 9,,,: 12

I

2I 5 8 21 24 27 30 33 36 39

3 6 ,9 9 13 6 9 12

194' 67 .80 63 66 69 72 V ,

:61 9 ,,:l.i.,- 6 9' 12 15 9

r
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Can you make-any statement that.,seems to 4e true about the sum of
the digits for. all multiples of 3? You will see that in each case.

. the sum,of.the digits-is divisible by 3. Furthermore, if"yd4 add
the digits of any number that is not divisible by 3 -(take 25
where the sum of the digits is 7),-the sum of the digits is not
divisible by 3. Can you see why_this will be true for'all numbers? .

See PrOblem 3Itithe next set.

'1 You may notice that every third sum of digits in the table

on the previous page is divisible by 9 and every third,multiple_
of 3 is-diiisible-byt9. Hence' there is the following test for

divisibility by 9.

.

A number is divisible 1.21y 9, if the sum of its digits is
divisible by 9. Otherwise it is not divisible 1.0.2 9.

Examples:
- .

8325 is divisible by 9 since 8 + 3 + 2 + 5 ="18
which idivisible by 9. If 8325 4-9 the remainder is O.

5762 is not divisible by 9 since 5+ 7 + 6 + 2 = 20 '

which is not divisible by 9. If 5762.i- 9 the remainder
is 2. ,

It is imp rtant to notice that the tests for'divisibility whirch
have.9 been give in this section depend on the number being written
in the decimal System. Fo ,instanoe,,tne number 21, n thedeciMal
syste is written

:-6seve in the system base se, ek This number3

3
aseven is

zer6. Howe

thit the la

bylseven.

not even in spite of the fact that its last digit is . .

erSeince 30
seve means (3, x seven) + O,µ the fact

t digit id zero t lls us that the Number is divisible

f.a number is wl'i ten to the bfiSe seven it is very easy

ivisible by seven; one merely looks <

ro.
.

, i

r being a factor of another does not

Jn; for, instance, seven is always a

to tell whether or not it is

to see if the last digit is z

The property of one numb

depend* the way it .s writ

factor of twenty -one, no matt r how it is.wr tten. ilut he test
,_

for divisibility which are given here depend onithe system of 0
' numeration

I

which the-number is written.

(
9

,
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Exercises,3-12 ,

1 Tind,thesmallest prime factor of each of the following:

a. 115 b. 135 c. 321 d. 484 e. 539 f. 121

Can you give a test for divisibility of 6 in the decimal system?

3. Can you give a est,for divisibility by 15 in the decimal

system?

4: Which of this following numbers are dividible by 2:

a. 1111
ten

b. 1111
seven

c. 1111
six

d. 111
three

5 Suppose a number is written in the system to the base seven.

Is it divisible by ten if itb last digit is zero? Is it

divisible by thied if the sum of its digits is divisible by

three?

46. Answer the above questions for a sy0emof numeration to the

base twelve.
, I

- -

*7. .Find a test for divisibility by :6 in! a system of numeration,

to the base seven. 4.

*8.r-pive a test for divisibility by 4 in the decimal m)/

"3-13. Greatest...-Common Factor-

Consider the numbers 10 and 12. Both 10 .and 12 are
ti

-even numbers._ They are both divisible by 2, or you may say that

I10 and 12 axe multiples of '2. Because, 2 is alfacteirof 10

.and is al o a.factor cif 12, 2 is a "common fa tor"lof.10. and 12."

All hole numberS are im41 iples of 1. T us 1 -is_a co on

factor of the members c.-any set of whole numbers. Therefore, When

youae looking for common factors you ger4rally .o(3.1c for nuMbelis_Als'

other than 1,: 1,

Do the numbers 12 and 30 have Any common factors

Writing the set of 4

SetofffeAtd6 of 12 is 1,2,3,4,6,12'1

Set Of factOrs of 30 18'11;2,1,5,6,10,15;
/

z
30)

,

SI Vs'
of 12 and

t set of factors
. p

° of 30 as shown at

the
,

.

right ou see

/thatthere are several
.

common factors. The numb_re 1, 2, 3, and 6 arethe common.-

fectors of 12 and 30. .
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Is 6 a factor of both 12 and 30? Referring to the -.

earlier listing of these factors, you see that 12 and 30 have
, the common factors 1, 2, 3, and 6. How does fer from the

other common factors?. It is the largest of the common ctors of
12 and 30. Such a fadtor is called the "greatest commo factor".\

Definition: *The greatest common factor o4two whole umbers _is

the largest whole number which is a factor of each of them. it

Gene'i-,411y, the greatest common factor is more useful in

mathematics than other common factors. ,Therefore, yo will be
interested in the greatest common factor.

Exercises 3-13
41'1. Write the set of all factors fdr each of the following. List

these carefully as you will use these sets in answering
Problem 2 below,

a. 6 c. 12 ,e. 16
b.. 8 fi 15 f. 21

2. Using your answers, in Problem 1 above, write the set of common
factors in-each,of the following cases:

a. 6;3 c.) ft, 15 'e. ,12,15,21
b. 8,12 , d. 6,b,1d f. 8,12,16 .

3. Write the set of all factors for each of the following.
a. 19 c. 36 e. 45
b. 28 -I d. L0 f. -72 .0,-"1

4. Write the set of common eictors for eadh'of the 'following.

a. 1:9,28 cs . c. 28,42 - 46,72

b. 16,36' `..d. 36,45 f . 19,36,45,
. 5: Find thegreate.st common factor,in eastrof the following cases:

- a. 15, 25t c. 40, 48, 72
b. 18, 30

6. .a. What is the

AND. What is th

a is any

b.

What is t

What is t

a repres

d. . 20,-50, 100
greatest common .factor.of 6 and .6?

greatest common factor of a and a where

ounting number?

greatest common

e grate

nte-any 'Who

actor of 1 an

common actor of .1 an

e. numb ri

, 6 ?.

a were

, (
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8. Let a and b represent any, two differeft whole numbers

where a < by,
414

a. Will a and b always have a common factor? If so, what

s the factor?

b. Let 1V-Veprese t a common factor Of a and b. Can

c = a? If so, give an example.

c. Can t = b? If so, give a4 example.

9. Suppose 1 if is the greatest common factor of three numbers.

Must one of the threelnumbers be a prime number? If not,

write a set of three composite numbers whose gl-eatest common

fICtor is 1.

10. fizAing the greatest common factor for'a set of numbers it

is sometimes troublesome to write out all the factors. Try --

to find a shorter way of obtaining the greatest common factor.'

Assume that. you are to find the greapest common factor of

36 and 45.

a. Write a comp

all of thg p

r

..
.

ete factorization of .36 ,and.oT 45. (List
.

,

me fac.tor's of 36 and of 45). ' '

Example:' 36 P 2 2 3 3 3 = 22 33

45 . 7 : ? : ? - ? ? -

b. What is the greatest common faCtor of2,,,36 and 45?

c. Compare the list of prime factors of .36 and 45 and the

greatest common factor of 36. and 45. Can you see a.'

shorter way of obta .ping the greatest common factor?

11. Factor completely each umber in the following sets and fi d

the greatest common factor for each set of numbers.

a.

b,

c.

J24;

(36,

72,

60)

90)

1Q8)

d. (24,

(42,

fik: (165,

6o, 84)

105,..-147),

234)
*

'3,12. a. What is the greatest common factor of 0 and 6?

b. What is the smallest colmon factor''Of 0 and 6?

c. What is-the smallest common kaApi' for any two whole

.numbers?

4, 9 2

4
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*13. Youhave 1 arnbd about operations with Whole numberg

,

tiOn, sub action, multiplication, and di /ision.' In this
''s'e'ction u studied the operation of finding the greatest ';

0commonSact.4 This is sometimes abbreviated G.C.F. 'For this
problem only let us use'the iymbol: " A " for the operation

.111--Pot's#nywhuIe numbers, and--b and
6A b= 0.C.F. for a and ,b

or, a A c = c4.10. for
, a' and ,C

,ExaMple 12 A 18 = 6

a.

. :

9 A 15 = 3.

Is Ua'setl.of whole numbers closed'under
b. Is the operation A'

'aAb=bA a?
1

c. Is the, operation

the gperation

commutative; that As; does

J

A associative, that is,
a,6 (VA = A b-) A c?

3 -14'. - Refnainders in Division

does-

41'

A ?

Tire usual way of finding the answer to this divlsionProlem
is shown below:

,

3 Remainder 3

ls

to chec'Othe answer Use the following
r 1.4:

16= (5 x 3) +l.
,c.

In the division problems above, the
I

is c41piil

, ,

s

the 5 is the divisor, the 3 is the
the remainder.

9*3

4.

e

, '

is
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Let's try another example., Divid, 253 by 25.

V.
2 5 Ti TT

25

Does 253 = (25 x 10) 3?

in division:'

ailividend..= (divisor x quotient) + remainder

Using mathematical symbols, Where

,3

"a" represents the dividend,

"b" represents the- divisor,

"4" represents the quotient,'

"R" represents the remainder:

This division relation may be expressed as follows:

= (b .q)AR
Consider the 'following example in division:

4 Remainder 23

25` )7577
50
1 2'3

1 0 0

3

vou can write

62 = (25, x 24) +23:
This follows the gen r 1 form:

dividend (divisor x quotient) + remainder 40

or

a = (b q) + R-

1

94
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re

, Exercises 3-14 ',
*

1. Copy and complete the following table. Do this caref4ly

as you will use the table'in answering_ Question 2.

-EXAMPLE. 9

a. 41

b. 59
c.

--(DIVISOR QU

1

13

5 9
11 6 0

9

2. Use the talein Problem 1 in answering parts and c.

a. .Compare the 'divisor and 'quotient in eap part. Does one

of these always have the greater value/ in a division

b. Compare the quotient and dividend. Which-ode has the

greater value, if the dividend and divisor are both

ockunting numbers?

c. Compare. the divisor and'the remainder,. Which one always

has the greater value in a division problem?

d. Can the dividend be zero? ;f so, give an example.

e. Can the divisor be zero? If so, give arl''exaMple

1'. Can the quotientlpe zero? If Zo, given'example.
g. Can the remainder bezero? If, ,o, give an 'example.

3. Using the table in Problem 1, answ4"ithe following question's.

a. Can any whole number appear as a dividend? Iftnot', gi'e

an example.

b. Can any.whole number appear as a divisor? If hot give

ple.

c.t :n any whole n ber appear as a quotient?' If:not give

n example.

d. at the'rema ner always be seine whole number? 'Explain.

iii
95'
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4. Copy' and complete the rolIbwing table for the division relation.

b.

c.

S
a= (b . q) +

-r
a

100

283

b

° 12

?

17 - 4

011

0

?

d. 630 25

Using the table above,answen the following:

a: Can be greater _than b? If 84 give an.examplef'

CarN be greater4han .h? po, give am:example..
c. .Can JR be greater than the quotients q? If 'so, give anA' ,

'

example. ,

r

.

. Can arty whole number be a boss5ble value of b? Explain.
e. Can'any counting number.tira,possible'ialUe of b? Explain.

r f. 'Can any whole numM6 be a ppssible value of a? Explain.
6. 'Using the divisidn,relatibn,, a = (b q) +

where R < b, aYiswer the following: '

d, If cbt= 11, describethe set of 8).1 possible remainders.

b. If all the possible remainder in a division problem are :
the whole numbers /esplthan 25, what is b? se.4'

b = 1C, Wit.fh,one of the'followingrepr scents the

bar Of all possible remaindere.

( , -' C.,t°1), or ,PC - .1). ,

*7. In 'Section 13, you learned how to find ogreatestco
,

on-
\ . - , ,

factor of twa numbers. By using the di sion'relaliok thelqe
.. . - N .

' is'another method'ror doing.this. s' . .:
) -1

EXAMPLE: Find ,the greateit'common_faCtor'of .3irant 56:. . ,

. ,(1) First, divide the larger number, 56, by the,smaller
1

number, 35.
: ":, ,

k(2)Second, divide thediviso 35, by the remainder pl.

(3) -Next, continue dividing t

,

last divpor by the last'

remainclet 'until th*remainder, 0.

96:.
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The last divisor used is the.-&eatest common factor. '

The 7 is the greatest'common.factor of 35 and 56.

Note that when 14 is divided by 7 the remainder is

0. The 7 is the last divisoxl used.

Using the above method, find the greatest common factor for each

of the following pairs of numbes:
\

a. -124 and 836.

b. 336 and 812

'c. 1207 and 130

*8. Is there a one-to-oneCorrespondence between the following

'set of numbers?. If so, set up the correspondence.
;,

a. The set of counting numbers from 1 through 11 and

the 'set of whole numbers from; 0 through 10.

b. The set of odd numbers between' 50 and '80 and the

set of even numbers between 17 and 47. .

c. The ,set of all .multiples 4i13, which are less than

44 and the set of all multiples of .7 which lies between
.

, 160 and 200.

3-15 Least Common' Multiple

You have already. learned a great deal about multiples of

numbers:

that all whole numbers Are multiples of 1;

that even numbers (0, 2, 4; 6, .4t.,) are, multiples of 2;

that tO, 3, 6, 9; ..,,) are multiples of 3.

Similarly the mUltiples of any counting number can betlisted,

The number 2 is..an even number, and the number 3 is an

odd number. Usually you do not think'of such numbers as having

much in common. Yet if you look at the set of'multiples for 2

and the set4.multiples of 3 you see that they do have some=

thing in'commdn. Some of the multiples of 2 are also muitiple6

of '3. For example, 6 is a multiple ofboth 2 and 3. There

are many such numbeh divisible by both 2 and 3..

The set of these numbers is written as'follows:

(6; 12, 18, 24, 30,

.0

.97
1
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Definition: Numbers which are multiples of more than one number are

called common multiples of those numbers. "Common" means belonging'

to more than ass. :Thus 6 and 12 are common multiples of 2 and 3.

Definition: The least common multiple of a. set of counting

numbers is the Smallestcounting number which is a multiple of

each member of the set of given numbers.

Note that 0 is a common multiple for any'setof whole

numbers. However, in
)

adding or subtracting fractions, 0 cannot

be used as a common denominator. Can you write With a zero

denominator? Because you cannot do so, ?oll will be interested only

in the least common multiple,other.than zero.

Suppose you wish to find the least common multiple of 12 and

18. First,'list the sets of.multiples:of each:

Set of Multiples of 12: (0,'12, 24, 3.6,48,s'60, 72,'84,

Set .of Multiples of 18: u, 18, 36, 54, 72, ...,)

The set of common multiples of 12 and 18 is (0, 36 ti72,

108, The smallest counting number in this set is 36.

Therefore, '36 is the least common multiple of 12 and 18.
4

Exerciises 3-15
-4

1. ;Write the least common 'multlple of the elements of each of

the following sets.

a. 6 and 8 b. 9 and 12

2. Find the least common multiple of the elements of each of

the following sets.

a. (2, 6, 7) b. .08,f

3. Find the leastCommon multiple for each of the following sets:

a. (4, 6) c. (10, 12)

b. (6, 9) d. (10, 15,.30)

4. Answer the following: 1

a. If c and d are composite counting numbers can c

or d be-the least-common multiple? Write In example,'

tp explain your answer.

b. If c' and d are composite counting numbers,, must c

or d be the least common Multiple'? Writean example

to .your answer.

98
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.5. What is the `least common
*

What is the least common multiple of
What it the least "common multiple' of

'
a is any counting numbs?

.a. 'What is the least common multiple of
b. What isFthe least common multlple
c. . , What is the least common Multiple of

multiple of and
29 and
a._ and

a. If
b

If

1 arid

1 and
1 and'

6i
?9?

where -

6?

29?

a-. where
represents a unting number?

.-
,,g and b gie ,diffcrent prime numbers, can a or

2 f 41,-

reiesenE" the least,,,common multiple of ' a and b?
a ind' b.re,,Affei,ent prime n*bers how can you

'4:resent the 'east common multiple of . a and eb?
le 4.. ,

*c." If tea, b, and c are different prime numbers, what
5

4 1 kthe iiest common multiple of g, b, and c?
8. Study thi'f3llowing exatiple." Try. to disCover a

, to detenrdaethe leask common multiple .
, ,EXAMPLE: To rind the least common multiple pf

k ) Fir, t, wizIte acomplete factoibitatd,on
51 - numb*

ak ,.
,: 4 = 22 .0 lo.=% 2':- 3 . 8 = 23.:

(2) The least coinmon mulfikle. is 23, 3 or 24. ;'-

o) Note. that 2 ...3 23 = 192; which'icS4=a '',:,
4;4.

4 common multiple of 40 6 .4.4 Er, but lio t the least.

is

shorter. way

4, 6, and
for, each

....- . .,
.Nctw find tlje4lea-st common multiple of_ eieh_ set. An4tlie_tolloWing

, Ik.,parts. .
-..4.--

a.
74- b.

.

12, 16
.14, 16

a. Is there
writer an

b.. Is these
numb e,rs?

kibt

.%

c, 10, 14
4, 5, 6 .

a great'est common -multiple of
example .4

a greatest common multiple of any set of counting ."*"0 a

3 and 5? If so, 40

V,

,'99
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X10.' a. May 0. be considered as a multiple of zero? (Does

0 X 0.=- 0?)

b. May 0>,be considered as a multiply of six? (Does

6 x 0 .7, 0?)

c. May 0 be considered as a multiple of4A if a is

any whole number?

e d. Assume the least common multiple was defined as "the

smallie'st whole number" instead of "the smallest

counting, number ". Whatwouldbe the least common

multiple for any set of coping numbbrs?

e. Using the correct, definition for least common multiple,

is there a 'test common multiple for any counting number
and D?

Review txerdists

1. Find the 'eatest common factbr ofhe numbers in each of the
following sets of numbers.'

'

a. (23, 43) d. (74, 146)

b. (66, 78) e. (45, 72, 252).

c. (39, 51) ,f. f44, 92, 124)
2.- Find the least4pommon multipllif the numbers.in each of the

sets of numbers in parts 'a. through 'f. in'Problem 1.
3. a. Find the product of the metbers of each set of numbers,

in Problem 1.

b. Find the product of the greatest*common factor and the

least common multiple for each set of numbe in Problem1.
(Refer to your answers for Problem 1 and Problem 2.)

c. How do your anvers for a and b com'pare?

4. Let a and b represent two 'counting numbers. Suppose that

the greatest comMon'factor of a and b' is 1.
,

a. What is the_least common multiple of a and b.? Give

an example to explain your answer.

b. Would your answer for part a. be true if you started with

three counting numbers 'a, b, and c? (Remember, the

greatest common factor is 1.) Give an example to ekplAin

your answer.

1 0 0
O.
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5. a. Can a prime number be even? Give an example to explain

your answer.

b. Can a prime number be odd? Give an example to explain

your answer.

c. How many prime numbers end with the digit 5?

d. With the exception of two prime numbers, all primes

end with one of four' digits. Write.the two primes

which are exceptions.

e. Write the other four digits which occur in the ones

place for all primes other than the exception you

found in part d.

6.\ Suppose the greatest common factor pf two numbers is the

same_,a5_,their4Xeast common multiple. What must be true

about the numbers? Give examples to explain your answer.

.7. 112 tuliP'bulbs are to be planted in a garden. °Destribe °

all possible arrangements (4,thrbulbs if they are to be

planted in.straight roWb with an.equal number of bulbs per

row.

. 8. Two bells are set so that their time interval for striking

is different. Assum e that atAthe beginning bbth of the

bells 'strike at the same time. . A

a. One bell,strikes every three minutes and the second

strikes every cave 11,utes. If both bells strike

together.at 12:t00 otclock noon, when will they

agairi strike together? °.

b- . One bell strikes every six minutes and the second tell

every fifteen minutes. If bOth'strike at y12 :00 o'clock

noon, when will they again strike together?

c. Find the least commoh multiple of '3 and 5; and of

6 and 15. How do- t' WansWers compaie with parts
, 1

a. and 'b.? -4

101'
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9. a. Can the greatest common factor of some Whole numbers ever

be the same number as the least common multiple of those

whole numbers? If so, give au example.

Can the greatest common .factor ocsome whole numbers ever

be greater than the leaSt common pulttple of those numbers?

fso, give an example.
,

c. Can the least conno'n multiple for some whole numbers ever

be less than the greatest common factor .of those Whole
t

numbers? If so, give an example.

*10. a. Is it possible to have exactly four domposile numbers

between two consecutive primes? If so, give an,example.

'b. 'IS it possible to have eXactlx five consecutive composite

numbers between two consecutive primes? If so give an
7

example.
e

*12. Given
c
the numbers 135, 222, 783, 1665. Without dividing

answer the 'following questions. Then check .your:answers by

dividing. '''''

a. . Whic6;numbers are divisible by '.3?
. ,

b/ Which numbers aresdivisibie by 6?

, c., Which numbers are divisible by. 9?

i. d. Which numbers are divisible by 5?

e
i
'Which.numbers we div4ible by 15?

, _ .

f. '-Which.numbers are divi iblety 4?

*12. Ten tulip bulbs are to be lantEd so that there will be

exactly five rows with four bulbs irk each row. Draw a diagram

of this arrangement.

*13, Do you think there is a la gest prime number? Cap you Alild

it: or. can you give a reaso why yd1.1 think there is no.

grey test one?

1

1O2
' --°-1
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clinapte3 4 .

THEtATIONAL NUMBER SYSTEM

ICUP

4-1. History of Fractions
,,-s -

-
. 4

4

Man has not always known about fractions. HistoMbally, he

introduc1ed fractions when he began tp measure as well as count.
4

If.he diiided a lisece Of string into two parts of equal length,
4

. .
1

1
.

.

.

.then each part
, '

as lOng as' the original string.
1

i ir
If he haa to pour 4 cupfuls of water to Bill a container,,

1 4

0

//

then he said that the cup'held 1
the amount of watertin the

container. .

The Egyptians worked with fractions., At first they used

Only unit fractions and
3

the ffactions, and 4. . Unit.

;. t '6
fractions-are fractions with numerators of 1, suchwas 42 1

'. 3,
,

1 .
. c=2 , 1 4

TW.Egyptians used, the notation li III .for that_ . 11.

,..--t- ,.
'_-,

is, Atiel-fameral-for 5 with especial mirk written over it.

When they had to use other fractions, they expressed them in

.-'. terms-of nit ?actions:

1 +

The Rhindl'apyrus (1700 BC),_copied by the scribe Ahmes from

an oiqprdocument now lost, has a set of tables showing how to

,peXpress fractions in.tetms;Of unit.fractions.

e Babylonians usually used fractions with denominator's of

64% 6d2 (3600), and 60 (216;000Y, etd. because the base '8f
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4

thei system of 'notation was .60. Since our units-of time are

borrowed froM the'BabyIonians, an hour isdivided into sixtieths,

ballet minutes,- and a minute is' divided into sixtieths, called

seconds.

Rotan Children primarily learned,about fractions ,with denomi-:

.nators of twelve. They did not have symbols for fractions but
1they did have names for fractions such as IT; -17,

Over the. years many othernotations were used Our present

notation' with the erection bar "" came into general use in

the 16th century.

number may have several names. Several names 0: numerals'

for the same number are.) 6, ) 2. 3, 3' 2.- Some other names68 24are_the_frap .

t"
12

Each

fraction is a name for e.,certa number: The fractions
1 2
7 ,

3 4 5 6 4.

,4,; 113 repregent one number. The fractions 3 6
-i,' 7 ,

9 '12 15 18
represent another number. Such numbers are

' 8 '
. .

billed rational numbers. Numerals for other rational numbers are
:

7 & 3.

' "

How do 3rou 'check ,the division problem:

12 3 = 4? .I
You multiply 3 by 4.,to see if yoll get 12. When you divide 12 by

3 you are finding an answer to the question:
-

3 times what number equals 12?

or

3 ? = 12

It is b'etteeto use a letter such as "x" instead

of n?" for the number, as in

3 x = 12. .

If you replace x by 4, the number sentence,

3 . x = 12
12-

is true,. Mathematicians usually write instead of 12 + 3.

12 bthey-wite, = 4.

10''4\
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With the pew Symbol for division you cam write,

f 12 = 4 because 3 4 = 12, . ,

,,y

6
. . 3 because 2 . 3 = 6

_ .

12 12
;. Because = 4you can replace by in 3 = 12 and write

3 ,

4 T
, 12 .,,,

2 T 7 -"'

6'
Similarly, 2 r = 6 .

If x =

if x =

6

3'
then 2 x = 6,

then 3 x = 7:

Class Discussion problem.

1.. (al If x
!.0

'
2 x is what number?

),

(b). If x'= 9 x is what number?

f(c) If x = 2, x is what number?

2. For each of the following givea frictional name for the

number.4;epiesented.by x.

(a) 2 x =' 10 (c) 9 x =

(b) 2 x = 5 4 x = 13y.

In general, if a and b whole numbers, and b is not zero°,
a is the number x for which b x = Because it is simpler

a symbol such as: b x is usually written bx, and 8 x is
written 8x, The multiplication symbol is still necessary in

writing a symbol such as .8 6. Why?' You have heard that
AP'

.division is the inverse of multiplidation. .Here this is used to
a

chbmge the question - ?,b
to b ? = a.

0 5



A-symbol " " where a and .b are numbers, with b not:.

zer?, is called a fraction. If a and b are whole numbers,

with ab not zero,othe number represented by the fraction, ,

is Called a rational number; any number which can be written in

this from is called a rational number. For example, '0.5

-reprretents a "rationalnumber because the same number can be
1

written
2 A fraction is a name for a' rational number just as

numeral is a name for a number. Different names for the same

number are:

The name's

3 , III 9
P 3 21

I

are fractions. *

Sometimes ra:;- is a whole number. This happens when is

factor of a, and only then.
1

Two fractions which represent the same number are called

equivalent fractions. 4

Exercises 4-1

1. Give an example of,each of the following kinds of numbers.

(a) Counting number.

(b) Whole number.

(a) A whole number which is-not a counting number:.

(d) A rational number which is not a wh'Ole number.

',Which of the folloiqing represent rational nuipbers?

(a) (c) 0.13

; ( d) .

3. eopy andcomplete'the following statements.

(a) If x = then x =

(b) If x =

(c) If x =

3

(d) If x-.=
1 21

, then x =

v
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4. .(:)r, Problem 3, in wen-acases is the number x a whole

humber?!When x is a whdle number, write it with a single

digit.

5. Without dividing or fase..tarin&,- decide which of the following

statements are'true. As an example:to shoal,, that
168

8,

multiply 8 by 21 to aeeif you get 168.

.262,
16

744
(b) Tor = 9 \

152 51
.

*6. 6 For each of the following, write a number sentence which

i describes the problem in mathematical.language- Use x

for the Unknown number, and tell, rn each case,-for what
ol)it strs. s, a.

Example: ,Sam's fathcr issawing a'twelve-foot log into 6

equal lengths. :.How long will each piece be?P%

Answer: If xl is the length or each piece in feet, then
4

6 x.= 12.,

If 12 cookies are,Aivided equally among 3 boys, how

many cookies does each boy receive?

(b) Mr. Carterta'oa:r used 10 gallons Of,gasoline for a

160-mile trip. How many miles did he drive for,each'

gallon orgasoline-used;?-:

.(c) If it takes" 20 bags of cement to-build-a 30 -foot walk,'

how much cement is needed for each foot of the walk?

(d) Thirty-two pupils were divided into 4 groups of the

.same size. How many pupils were in ,each group?,

(e) Ateachel4 has 12 sheets of paper t? distribute, evenly

in a class of.24. How much paper will each pupil

receive?

1 0 7
,Ay.tig";,,C7

A

0

Q
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4-2., Properties of Rational Numbers

You have seen that-the whole number 3 can be written, ,.

Whidh shows that 3 is a rational number.' In a similar way, you
can show that each whole number is a rational number.

.

When you _studied whole numbers you learned that the whole'

numbers had certain properties. Learning about rational numbers
is made easier by knoWing,that the rational numbers have some
of the same properties.

You remember that the sum of two whole numbers is always

a-whole number, and the product of two whole numbers is always a
whole number. That is, if a and b' are whole numbers, there
is a whole number c for which a +,b = c and a whole number d

tforwhich'a b = d. The set of whole numbers has the closure

property for

The set

for addition

is a rational

1 1 5
+, 5

is a rational

.5.. .5.

1 b

0

addition and MultipliOation.
i

of rational numbers a3sc5 has the closure property

arld multiplication. The sum of two rational numbers

12-number. You know that 2 1
+ = , +

2 + = . The product of two rational

number, Notice that 4 *-117F, 13t f

In precise language this can be stated:

1 13
7 =
numbers

12=

1) The set of rational numbers is cloded with'respect to
the operations of addition and multiplicattOn.

You know that 3 + 4 = 4 + 3 and 3 /4 = 4 3 bebause, for

the wholp numbers, addition and multiplication haVe the commutative
property. Tilvese opirations also ire the commutative property

for the rational numbers., ;nu knOithat + i , , and
'5

anpreCise language this.can be stated:

r
2)d The operations of additiv and multiplication for the

rational nu ers have the commutative property, that is:

a+b=b+a and a b=b.,a

108
f. F
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+a.

Xou alsq remember that 5 + (3 + 4) = (5 + 3) + 4, and
5 (3 4) = (5 ' '3) 4, because addition and multiplication`
have the associative property for the stlible numbers. For the
rational numbers also, these operations have the associative
propeifty.* You know thati +T(4 + = 4) + , and4that

36-) = ( .r1) -6: . In precise language, this .can be
3stated

'3) The operatics of addition and miltiplicatiOp for the
rational numbers hav& the associative property, that is:

a + (b + c) = (a +.1)) + c and a(bc) = (ab)c
From the distributive property you

know that you get the same result if you think of 5 t 5 = 25
as you do if yoU:`thll,nic of 5 .2 4- 5 3 = 10'1- 15 = 25. For the
whole numbers,, multiplication is distributive over addition.
The distributive property also holds for the rational numbers.
You have used this property for the rational numbers when you
multiplied 45 by 5. In cour symbols, 5. (4) = 5 (4 +-k) =

1 ((5 4) +(5 ,,,)= 20 + 1-- 21 . In precise language, this can be
stated; - ,

The operation of, multiplication is distributive Over
addition for the rational numbers; that is:

- a(b + c) = ab F, mac

f.! Among the WITOle numbers were two special numbeg,s 1 and " 0. .

These are also' rational nk.unbers.

5.) Along the rationa(l
numbers are special numbers D and 1;

0 is the identity for addition and 1 is the identity for
multiplication..

109

7.-"".
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When it is said that 0 'is the identity fort addition it is'

meant, for instance4 that 0 3 = 3 3; that is, that adding

zero to any 'number does riot change it. This can be expressed in
symbols,as:

0 +a=a+ 0 =a,7c
nc matter what rational number a is. Similarly when it is said
that 1 is the identity for multiplication, it is meant,for

instance, that 1 5 = 5

by 1 'does not change .it

1

You can see

the fraction .1 -re

remember that 0

e
that 1

. To see

divided

1 = 5; that is, multiplying any number

. This can be expressed in symbols as:

.-a = a 1 = a .

is a rational numberoy Writing it as

that 0 is a rational number you should

by any counting number is 0. If

x = 0'
, 1 -x = 0 and x must-equal Zero. In defining a

rational number, f , it was said that b could not be zero.

You can see the reason for this by seeing'what happens to 5
-0- .

If x = , then 0 x = 5. There is no number x for

which 0 x 5 sotefe--is no number

These f ve p perties of the rational numbers furnish the

reasons for so of the rules you state for fractiops, Thesb
3 15properties may be used to establish the fact -2that = Tu .

3If x = 7 , then 2x = 3,

.;Since 2x and 3 are names for the -same number,

5 - (2x)=, 5 3

By the associative property

(5 2)x = 5 : 3

10 ;E != 15

`x '14 .2-

`110
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But' x is a name for.-21 so,

_103

2 10'

If you write the last equation,

- 2_1
2.- 5 . ,2 '

you see that you would have arrived at the, same fraction if you

hathmultiplied the numerator and denominatOr by 5.

Generalizing, you wild get.

Property 1. If the numerator and denominator of a fraction are
--T

multiplied by the same counting number, the number represented,

is not changed. If the numerator and denominator are divided by

the same counting number, the number represented is of changed.

.

You saw that 3- and 24
2

are fractions for the same n ber.

N-

Other names foi,' this number are.
6 9' 18 By what numbers

s

should you Multiply the numerator and denominator of itoget

these fractions? Since in 2. the numerator and denominator have
2

no common factors except 1, this is called the simplest form of

the fraction;
72

To find' the simplest form of
,75 find the greatest

common factor of 72 And 45i which is 9. Then

3±-g.
J

You may prefer to take more steps and do it this way:

24'.:24
45 3 15 .15 3 5 5

To write the fraction 11 in simplest form, find the

greatest common ta:Ctop k of` end b, where a = kc rid

-b = kd; then 122.Property 1,

a kc c

k
23

4
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Exercises 4-2

1.: Which of the following represent rational numbers?

7 (e)

(D) . (f)

(c) (g) 0.0

(d) '2.15
4,

2. Eachof the following is true by one of the properties of

rational numbqr.s._ Name the property in eathcase.

"(a) =

(b ) 5) 2) f

(c)A2 + 3) F 5 2 + "5 3.

11.14 224 + 6) = 2(ip + 146)

(44i
3. What is the difference between 53 of the 67 equal parts of a

rectangle, and one of-,the 67 equal parts,of 53 rectangles,
assuming that all rectangles considered are equal in size?

*4. Find five pairs of counting numbers which can be used as

3
5..2.
5 3

(g)

(h)
2 5 5 2,

(i)
+ . 3.%, 1.47 - /3. a%ky + +

(j) 5(6 7) = (5 6) 7

values for n

true:

and d to make the,following number ,sentence

3n = 2d.

Compute in eabh case. What is the general rule?

*5. Use the number sen ence 2x = 3 to,showthat = .t Hint:

If 2x and' 3 are named'for'the same number thei 1
.(2x)-= 3.

'et
112/



4-3. Reciprocals

,'You know that

1
2 7 = 1, 3

105

s.

a
_1-;

2.

.7 4 - 1-;

(7,

31.
1-

. 1.

Let us recall our definition of a rational number and tee

how thee products are, related to our definition. .

a and b are .1 and 31 are

whole numbers, whole numbers,

0 31 0

iix* a

-1
Let a = 1

Let b = 31 31x = 1

X =
a

X =

Yoliknowthat 1
is the rational number by which you Can multiply

31 to obtain 1:

Now consider the equation'

sbx = 1.

Then X = 1

3

and. b
1

= 1.

1- The nd 1,mber - is called the,.re6iprocal of b.Also, b :is -.

called the reciprocal of i. If the product of two numbers is 1,

the numberS are.cp
.led reciprocals of each other

. 1You have'seen that counting numbensk and numbers like 5, ,

(.b is a counting number.)

, and 47have reciprocals, "Does have., reciprocal? Is
1

,

there a number' by which imay be multiplied to get:1? Yod may

knout the answer from arithmetic.,

You know that, 4 = 3 and 3

)4)..--= (i 4)

= (3 ). §

1
-5,

1 ,

1, so

using the asidciative property.



106

4

You can see that if is multiplied by 4 the product is 1.

But 4- 1 4
=.5.. Hence, the reciprocal of .

What is the product 8? 'Why? You can see why the product

is 1, by recalling that = 8 p

8 (8 = (i 8) + 7 1 l
From your experience in multiplying numbers represented by

,fractions you probably know, without showing all the steps,

that 8 g'= 1. The steps show why this is a true sentence,

making use of the properties of rational numbers that you know.

a bThe examples lead us'to the conclusion that 1-0- a- = 1,

_pro neither a nor b is zerO.

Property 2. The reciprocal of the rational number ris the

rational number 'a , if a / 0 and lol/ 0.
a

Exercises .4 -3 /

1. ,Write the reciprocals of the rational numbe s.

.(a) 11 1 (c)
a

(b) (d) .L, /3
2. In the following, letters represen't rational numbers, all

/

different from zero. Write the_reciprocals.

( a) in 11(1.bi,,, s ( c ) 4-' (d) 71 (e) 1-
\., '

/ - .,

3. Write the following as sentences involving mulfiplication,
/

. .and find n In,cach. / . .

,.

(a) 8 _ 7= n
';I-.

/
ei

(b) 2 ± 11 . n o

( /(c) ,64 4- 36 n
. .

..

4. Write the set of numbers consisting of the reciprocalsof the
/ '' -,members of the set, Q, wnere

2 ,3 4 5 6 7 ,Q (1, 3, 7T, -5, 6'- -7' 13. P 3

1 4
es,
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When is the reciprocal of a number *greater than the

number?

(b) When is the reciprocal of a number less than the number?

(c) When is the reciprocal of a number equal to the number?

(d) If n, is a counting number, can we correctly say that

one of the following is always true?.

.(1)n n, (2)
1.
71-> n, (3).

6. The product of what number and n is 1,

number such that 2n = 19?

n =4111

where n is a

7. (a) Find h. if 8n = 36.

(b) Findr,,>,q if 36q =;8.

(c) What can you say about the numbers n and q? e

8. The population of Cary is 16,000 and of a neighboring citylw

Davis, 30,000.

(a) The population of Davis is'how many times the population
,

of Cary?

(b) the population of Cary is how may times the' population'

of Davis?

(c) What can you say about the answers for (a) and (b)?

'*9. If 144 = 5, then (0(14). = (4)(5). (a) Why? (b) Use

the eqUation in (a) to find the number by which we can

multiply -n (given by 14n'=5) to obtainl.

*10,.' If ax = b and by = a, and a and b are notzero,

x and y are reciprocals. Why is this true?

7

itt.



,4-4. Using The Number Line
C .

Recall' how, the number lineiras constructed in a previous chapter'

You started with a line and selected a point which you calleen0".
..,..

0

'Aft,er selecting a: ilnitoflength, you marked offthis dis-
tance on the ray,sta4king at 0' end expending to the right.

After doing'this.again and again youcan'label the endi5ointsof

the segments 1, 2, 3,'and so on, and have"the picture shown

below:

0 I 4s 5 6 7 8 9 10

The counting numb r at each point shows how many segfrients of

.unit length are measured off from 0 to. that pint . ,

To add 3 and 2Wt e number line, st- with 0 and

lay off a distance of 3 equal units. -n measure ff 2 :

more equal units to the p union of these two,,segments
t

is that whose left end at 0 and whose right end is at 5; ,

the_length of this se -nt is the sum of the lengths of the other

tiro segments. Thus yo h. e a picture on 4the line which showee

the sum: 30+ 2= 5.

To multiply 3 by 4 on t number'line'you can start from 0
and lay off four segments of/Ilentth 3 as shown below:

1,1 l 1 «.
0 3 9 12

This also giyes a means of division. If you divide the segment

with endpoints 0 -ancP12 into four equal parts, each part will

be"of length 3. Hence the same picture can represent both

12 x 3 and
12_

= 3.

116
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If you think of 12 as designating 12 feet, the line shows that

there are fOur yards in twelve feet and hence

12
= 4, or, twelve-thirds is equal to four.

In words: "Twelve feet is equal to four yards" mayalso be

written "twelve thirdS-of-a-yard is equal to four yards," since

one foot is one-third-of=ayard.

So far you have shown on the number line only,segments

whose lengths are whole numbers of units. You could just As well

have considered fractions-by labeling the points differently.

'For instance, you might have: ,

.3

I 2 3 4 5 6 T 6 9 ^ 10 II 12 13ITITIT 3 3 3 3 -I 1,7 3

,

You could_see'from this Mist as well as from the previous number

line that .12.. (4) = 4. Also you can see that 13 = 4 +.1
3 3

from the same number llne.

Recall theft Property 1, expressed the fact that you can

'multiply the numerator and denominator of a fraction by a cbunting

number without changing the number which it represents. If the "

denominator is small, you cam show this on the number-line. For
1 2

instance, 7 = can be seen from the fbllowingb

0 2
1

3 4
7 7

Property 1 gives us a way o simplify certain- fractions.

It can also be used to show whether or not the numbers represented

tiro frattions are equal.

117 k
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Example 1. Suppose you have' the question:

6 8

...

lli
A.

.
,

Is 7 if '. -

This can be answered by, finding the simplest form of eaeil
.4e

t,of the fractions as follows:

6 2 3 2

3 3 3
and 2 -4

-7
2

---
12 377

2
theSince each number is equal to 5. , the given numbers are equal to'

.
.

each other. .
-.. ,

4

14
ExaMple 2. Is equal to -0 ? Now, z

.

2,,.

Is 5 equal to

=5. and

Whatever

14*14' 7
-

rf '11 2 7 T.T
e,

e
R

your answer is, can,you give areaqon?

You found that it is easier to compare fractions if they have thg
.

same denominator. This suggests another method which you,may. :'.'''

.

3 . 0
use to answer the question, "Is,

5
- equal to TT7 ? it You can rewrite

the two fractions with a common denominator, that is, having the

same dendminator. This denominator must be a.multiple of both 5 ,5

and 11. The least such denominator`is 55, since this is the:

least common multlikArOf 5 and 11. Then

?5,_.5r.

shows that since you multiplied the denominator by 11 to get

5 11,, you must also multipky the n erato'r.by Al, that yoU

must4a1sPrfiil in tfre'questiCir-mark-wjith- Thus
a-

and similarly

Therefore
4

p.

3.11
5 1 55

A

is not equal to

4

118

tl



IP

Exercises 4-4

1. , (a) .Consider the points labeled B, C, D, -E, and F on

"the number line: .

0
9 F

D E" I.

Give 3different fraction names for each of the points
A, B, C,D, E, and F'as:

A 1 2
-r etc.

(b) Is the rational numbilocated.at'point B lest than or
greater than the one located at A? Explain your

answer.

(c) Is the rational.numbe located at C less than or

,greater than tdat at A? Expla4n your andwer.

2 Interpret op the number line the following:

(a) = = 4 (b) . 5 (c --5 ='142.

3. Express each of the following as a whole number added to a
.

.

rational number less than 1:
,. .

(a) a (b) W
C7,

39

the 2.4. Show,on the number-line the equaiitY; -n-0 7 la

5. .ShOw how to subtract on the number' line for each of the

following:

(a) ',3 - 2 (b) 9 - 5

*6. Sri the Example, you found whether two fractions represented the

same number'by writing each of them as equivalent fractions

with equal denominators. Could you also have found whether

they represented the same number by writing each of them as

equivalent fraions with equal numerators? Remember that

two fractions were called "equiValentnitf they represented the
number.

=
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4-5. Multiplication and Division of Rational Numbers

2
You'recall that 3 1 .and 3 _ = 2. In ,general if ,

3
e and b -are whole numbers, where b isnot zero,

b 1 ,and. b -1 = a.
o

What does Pr.- 2 equal? You can,find an answer if you can

4.nd a number x for which

But then,

that

x ^- c.

x and 2 are names for the same' - number, so
7

7x = 7i 2).

Using the associative property for multiplication

.7x = '2 = 5- 2 = 10

5 2 10
7 77;

You 'st,arted with ,x = ;?- 2, and you have shown tht x_=-7+1 so

/ .

a_5
2

In general, if ,a, b, an c are Whole numbers and 'b is not

zero,
.a. cs. a
b

Ai Similarly, you can find a number x for which

g-

Since x and g- arR names for the same number,

.,Using the associative property.,

OB.

4

3x = (3

3x a

3x . 2+2

12 0 )
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N
But 3x and are names for the same number': Thus

'7 (3x)
A

q (3x)-p 5

Using the associative property for multiplication,

(7 3)x =2 5.

2_1_5 2 - 10
'3 Z.

You started with x , and you have shown that k = 2-14
3 '

SO

5
2 . , 2 5

3

This- example shows,that:

To multiply two rational: numbers writtenaaoTraotions, you

_ find atraction whose numerator is the product of the numerators

And whose denominator is theiproduct of the denominators.

In symbols, ifil and ff are rational numb'ers,_

a . c a 4* c ac ,
Fi Cr =b d= bd

12You can use this property to reduce IT to,simplest form,
. .

insteadof Property -

.

1, in this, way
a

. - .. i .-- 1.. *--= . i
12 11

°
.

- i

You can;Oven
,..

show Property 1 frir the rational number- it this way
if k ;is ,not zero: -

,
-

a a k a ka ka
V 1 17 17 TE:' E-77 IX ,*
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In this chapter you learned that you could write 5 3 as

If a and b ye any two numbers where b is not zero,3

you'can write - instead of a + b. If a and b are rational

numbers, and 2 , for example, you can write

2
Notice that the bar between

2
and 2 is longer than the other

two bars.

When you studied inverse operations you learned that multi-

plication and division were inverse operations. This means that

8
-- 4 if 2 4 = 8-

and only then.40This same relation holds between multiplication

and division if a, b, and x are rational numbers, and b is

not zero. That is,

/ .
13 =.x if bx

,,,

a

. . 4.4kk-

and only,, then For example - ..z.- * -
r

1
i= ')c if

2
x = \

and only then. Here x A 3,makes.both statements'true. Other
6names for x are

1
fand .

As another example, look at

0

I

How--do zga find x? You can find x ,without using rules for

division...

e, ,

x = t
if

.122.
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and only then. In the right hand equality andand ifare both

names for the same number. Now-mu)t
5

iply this number by -I- , the

reciprocal of 2
'

and use the associative property to get
7

'.5'7'l' x =5'
1 x,.-=

x =1. °5 2

But at the beginning of the example you had

x =

=i7
3 4,

0

Using only rules you have had earlier it was shown in the
example the reason for-the following statement.,

To findthe Quotient of two rational number's written as

fractions_you find the product of the numerator _and the

reciprocal of the denominator. In symbols:

a
F a d

F 7
d

It is not even necessary to remember this statement about

dividing one rational number by another if you divide in the

following way.

9.

You merely have to look at the denominator and decide what

number you must multiply it by to get the number 1, then multiply

numerator and denominator by that number.
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In an earlier chapter you learned,that the whole numbers

were not closed for the operation of division. In this section

a method was shown for finding the qUotient of any-two rational

numbers, a and b/ b not, zero. The operation of division does

not allow dividing by zero. Is the set.ofrational numbers, with

zero omitted, closed for the operation of dlyision?

Exercises 4-5

Find each product as a fraction in simplest torm. Before

you multiply,- express each part,of the Product as a single

fraction. For example (4) 2 ti

(a) 8 (4) (b) (31%) ( )

3

(c) 12 (52') (d)' (iik) (33),

ce) (A) (f) (f) :(4)

1*.

2. Find the number r for which the following statement is

true.

1 i) = (I, 4)

3. On a road map 1 inch represents 10 miles. If the distance

on this map from your house to school measures 1 inches,

hoW many miled de you live from school?

4. Write each of the following quotients in simplest form.

Factor numbers when Ver it is .to your advantage.

( a ) 126- (d) 14

T , ..

V To'
........ ....

(f.), i6
----r 1

T
--,

124
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5. Find the following quotients. Express each answer as a

whole number, or as a whole number plug a write? smaller

than 1.

1.. 1
(a) --g--

- 8

(b) 442

(c).

. (d) 5T ;

6. Find the following quotients in simplest form. tart by

putting each fraction in simplest form before dividing.

1

(a) -s- (e)
6.

.(b) 1.37:

. I

*7. Do you think division is commutative? Find each quotient

to see if you are right.-

(a) L.3f

1

2
(a)

(b)

48. Do-yoU think that division is associative' Find each quo-

. tient to,see if you are right.

(a) (3. 4, irT) (b).

*9 (a) 115 is how many timed as large as
10
6

(b(b)

4
) is how many times as large as ?

.4 125

*g,
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4-6. Addition and Subtraction of Rational Numbers .

You have examined the elements of the set of rational numbers.

You know that there are many names for the same rational number.

You have used the operationi of multipligation and division. Only

two operations remain to be considered: .addition and its-inverse

operation subtraction. Let us look at the addition operation
_-

first.
1 I

3
1 2

You are all familiar with the idea that
3

+ = 2

4 1 1

3
also 5. = it

33
Continuing with other

rational numbers, let us find a single fraction for:

2

+

"4.

3 5
Using what you already know let us write this as:

2_ 1_ 1 1

3 3 3 3

and
4,

4 1.1+1+1+15 3 3 3 3 3

Then (

2 4 1 1 1% c I 6+ = 11 (1 5 + 5v ' ' 5 5.3 4A 3 3 3

or you may write

3
+3 . (2 (4

34
1

= (2 + 4) . 6
6

=-3
using the distributive property,to get the second line.

What is the result of adding Ta:-: to , where a, b, and c

Eare whole numbers and b is not 0?
a + Fmay be written

1
a E. + c .GBy the distributive property this is equal to

(a + c) .

a + c

12 80
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If a, b, and c are whole numbers and b is not 0, then
a c_a+ c
1-7 + T7.- This may be read in words: The sum of

numbers whose fractions have the same denominator,is the sum of

the.humerators divided by the common denominator.

Let us look at a more difficult addition example:

11-6

The least common multiple of the denominators 4 and 10 is 20.

You can write each fraction with a denominatbr 20. You recall

that and j
7

0-_
10

1k

Then

Also

3.4

10 20 20 20 20

1. 3 3 7 2 .9_
10 15' 10 3 15 2 30 30 30

The sui of any two, rational numbers a and may be found

similarly. A common multiple of b and d is bd.

a a d ad c b c be
b b d d

, using' what you -know about adding rational numbers who /fractions
have the same denoMinator you wik.11 have:

a.A.

ad * be,
b4-/

Thus you'may say:

If a, b, a, and d are whble numbers and bd and d'

are not zero, Ulan'
1

a ad + bc
b ,bd 0

at,

In the following set of exercises you,will sae again that

the commutative and associative properties of addition as well

as the distributive property hold in the rational number system.

i27
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Exercises 4-6a

1. Find each of the /following sums.

(a)

(b),

4 (d)

(e)

+

(c)

c-,-
2.. Does it appear that the,addition operation for rational

. numbers is commutative? .

3. Find each of the following sums.

(a) (.1. +
5 +, 2 3

(b) + +

(c)
X12 + +

( d ) + ( + 141

01t.

4. Does it appear that the addition operation for rational

'numbers is associative?

c
*5. (0 a +

c a
Is it true that . . ,+ r for all rational numbers

ar and 7 ?

(b) What property of addition is shown in. Part (a)?

(a) Is it true tha a =
(g. ;) for all

c e
?

...

rational numbers
a

. , 3 r .
, . N
\ , (b) What principle of addition is shown in Part (a)?

128
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- _ Keeping in mind both the commutative and associative

p'roperties'of addition you can find the sum of 2T and 3.2 quite-
8

easily.

+ = (2 + 4) + (3 +

= (2 + 3) + (-tr. + by by commutative d

= (2 + 3) + (13-1. associative pro erties.

5 7= 4.

You could also work the preceding problem this way.

7. Find each of,the following sums in two different ways:

1 4 12 423(a) 45 + 315 (b) 1.1+ 4 (c) 27g t+ .1)1

8. Find-the n ers:

(a) 3+ (b) (3 + 5) + (k + ) (c) +
1 b d

9. In each of the following examples, see if you can do the

work in your head first.' Then Check by working out each

example on paper.,

(a) 1 + + .k) (b)' (1 + +.2'5

.
10,

F
Based on your results in 9(a) and 9(b) would you say that

division is a sociative?
,

o

129
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,01

11. in the magic squL,e below, add the numbers in each column.

Then, adding across, find the sum of the numbers-in each

row. Now add the numbers in each diagonal. (Top left-

corner to lower right c$rner, etc.)

Lis

.
11,--

y.

5 72 10

16T 1%
12E

'3
3,17

Since subtraction is.so closely related to addition it is not

necessary to go through all the steps in developing the ideas again.

As with addition, if the fractions have the same denominators,

then you can simply subtract the numerators and place this difference

over the common denominator. For example:

12 2 12 - 9,
7 7 -7

Since stfbtrac on is the inverse operation of addition,

means the same as

-3 \I
9 -3 12

, 7 + 7 T
ch symbols this relation of two rational numbers may be

written
c a_ c- a /

II b
when b is not 0 and c is

.

larger than or equal to a.

--N")

Remember that the rational numbers of this chapter, ,are not

,closed under subtraction. . ,

130



oral. .1 4s

123

If two fractions have different denominators, you can rewrite

each of
5

tjaem with a common denominator. Let ueuse this

example: - - .

5
4

7

et

(.1
5'

1) _
7 5

)

28 .21

35 35

28 - 25
35

Check your
I

answer joy addition.

35.

5 4

+ 7
As, in the operation of addition of rational numbert this same

procedure may be applied to the general case -

4

(I (b 4)
cb ad
bd' bd

cb - ad
bd

c a cb - adtHence F - TD- 1 if (cb) is greater tharor equal to (ad)

and b, and d are not,zerd.

Yo now know how to subtract any two rational numbers when

the result is a-rational number. Look-at this probleM:

4 , 2. 1
5- - 2-

2

2 15-
3
and 2-2 may be writtrin fractional form:

0ee O

1.

r
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a _ 5
3 2

= : 3)

3:6

= 2-2.

Os.

. You probably learned a little different way of subtracting

and would do this same problem in this way:

2 4

3

2
= - 2

In the subtraction problem below it will be convenient for us to

rewrite rational numbers in fracti al form. You have written

the rational number a as .?- Now et us write it, in still
3 3

another way. BYusing the associative law you may write

81 = 8 17. = (7 + 1 ) + = 7 + (1 + ) = 7 + . Can you write
, 3 3 3 3

out the reasoning, as is done above, for wr.ting 7.3g-, as 6 +
. -

Fdr. 12i as 11 +
11

? For 14 as 12 4- ?

In the following problem:

3

MO

you will find it convenient to write 5as 77 since . is greater than5.

1
5. 5Bat, is not greatei than 14

X32
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_ 2 . (8. + 4) (2 +

4
= (7 +-5) (?:+t)

+ 13-/-4) (2 +)

(7 g) - (2

= 5 +

You may have written tfils,

r

8_1

3

2i .=

711

3

2. = 2
t.

=

Exercises 4-6b

1. Subtract. Express answers in simplest forms.

14 11

(b) (4 1.3)

(e) 163 -':
3.

-22 -La
(d) 100 '1000

-(e) 4 4)1

4r

(f)

(g)

5
2 1

v
5 16:'

'61

N

-Compare your

results for'e-'

and f.

(h) `From your work i

in e, f, and g;

do:youthink

/ multiplAdation

ia(distributive

over subtrac-

1 33
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2*2. Vic, Mel, and 113ob built a club house.' Vic lives
3

of a

mile(from the club house. Mel lives u of a mile from the5

7club house. Bob-lives 7 of a mile from the club'house. In

the diagram below, A .represents the home of the boy nearest

the club riouae, B , the next and C, the farthest. Which

lives -at A? at C? at B? How much, farther is B

from the clu use than A? How much farther is C than

v

S. The ilength-of a feld is 302 rods. The width of the same

field is 15i. rods. Find the difference between the length

and width-of the field.

4. Mary is making a chintz apron that requires 14 yds. of

material, She has 4 yds. of chintz. How much qaterial will

she have left? /

5. 'mr.Twiggs changed the price of potatoes in his store from

a pound to 3 pounds for 145d. '

(a) Did 'he raise or lower the price?

(b) How muchwas the increase or decrease per pound?

6. (a) Is the difference of 177 and more or less than 11?

. (b) How can you tell without wQrking,out the example?

7: Is the number represented by a fraction changed if you sub-
, 4
iza.-dt the same number from both numerator and denominator?

Give an example._

134.,
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*8. Fill in the blanks in the magic square below sb

of the ambers in each row is the same. Then

the nuMbers of each column and both diagonals.

Ti. 2

5a '7
12

3 6

that the sum

nd the sum of

1 -7. Ordering

You have had methods of finding whether two fraction's repre-

sent the same number. It is often important to know which-of

two given unequal fractions represents the larger number. If,

in one store you can get three apples for a dime, and in another

two apples ror a dime, it is easy to see that apples are

cheaper in the first store since you get more for a dime there.

This can also be seen by noticing that in the first

I'L10 of anlipple for a cent, and at the second you get

of an apple for a cent Yoijknow that 0 is greater
.-

b, which can e written .10 , .

.1.: > 2
10 TO

, Oh the number line .r.

°

.-1 2 3 4
to ip 10 10

16 occurs to the right of -0 .

2

The problemjaould be-harder, If in the first store, you .

could get 3 apples for five cents and in the second store 8

apples ror 13 cents.Then you would hai.re to Answer the que,stion:

store yow-get
2 i

only 10
than

14
IO

*

Is 1 > 8
13

9
5

135 0
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would require careful drawing to ahsvmr this by use of the

number line. There is a better method of finding the answer.

It is the method of the example of section 4; that is, two

fractions are found with utual denominators which represent the

given numbers. Since the denominators are 5 and 13, the

smallest/denominator which can be used for both fractions will bc."

the least common multiple of 5 and 13,. which is 65 Then

13 and
8 8 - 5 40

.5 5 1 bo5. 13 13 5

k.

11.a'
8

Since 675,>' it is also true that r5 > .

_Either method shows that if a number line is divided into 65
8 4o

equal, divisions, the point representing ra = -65 lies to the right

3 '39of the point representing 5 .65 .

A fraction in which the numerator is greater than the

denominator is often-called an improper fractioh. The number

which Such a fraction represents must be greater than 1. To

see why this is so, consider the fraction
13Tr. .This is greater

than 1-r
11
-, which is equal to 1. Thus is greater than 1.

Similarly is greater than 1 since it is greater than18 3452

3 52 3452

which is equal to 1.

Exercises 4-7

For each of the following pairs of fractions, tell which

represents the 14pger number:

_(a) and (b)- 4 and H. (c l 114rand/ 15

2 If the numerator of a fraction is greater than twice its

denominator, ,show that the number which the fraction

represenis is greater than 2.

4

136
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. 0.If two fractions have-equal denominators and if the numerator

of the first is greater than the numerator of the second,

then the number represented by the. first is greater than the

number representgdcby thesecond. 'Suppose two fractions

have equal numerators; how Can you tell by comparing the

denominators whioh fraction represents the larger number?

(Try a few pairs of fractions first5to bee how it goes.)

4-8. Ratios

A ratio is a comparison of two numbers by divis ion. The

numbers may be measures of physical quantities:\ Thee word, "per,"

indicates division. It is used to express the ratio of the

measures of two physical quantities, such as miles and hours.

Store prices provide additional examples. Prices relate value to

amount suob as $1.00 pgr pound, or $.59 per dozen. In each case

the per indicates, a ratio, geneftlly between two diftierent kinds

T

of quantities. This is sometimes cIled a rate. Notice further'

that 'the second quantity in each case represents the standard of

----comparison. A store charges "l0 X per comb"; one comb is the

standard °X comparison, and they want 10 X in theycadftegister

fpy each comb sold. Of course, this standard-does not'always

=represent a quantity of one. F6r example, cents per dozen, dollars

._pey pair (for shoes), dollars per 1000 (tor.brickh).

Definition. The ratio of a number a to a number b

(b ji 04
a

is the quotient . (Sometimes this ratio,, is

written a:b.)

In.4some examples yatios are all equal to Dne another. In such a

situation,' it, can be said that the physical quantities measured by
. -

the numbers are proportional to one another. A proportion is a

statement of equality of two ratios.

Then the statement
14 2

I is "a proportion.

7

137
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You knoW ftom the first part of this chapter that

(a) .3 (b)
- 1;i; (e) (c) =

In (a) = ;you see that 2.9 = 18 and 3. 6 =s18; thus

2. 9 = 3-6. In (b) ; you see that 3 .32h. 96 and

4 24' = 96; thus 3. 32 = 4- 24. Similarly, in (°d) .13 =

you see that 3.1000 . 8. 375, since 8.375 = 3000. Check this

property for (c) =

If A = I§ and b 0 and d 0, then

a d c bTZ=ZT .§ is multiplied by which equals

and is.multiplied'by

ad cb

These products are obtained so that
ad be

the two rational numbers ,s
a
and /

will be expressed as fractions with

a common denominator.

Thus ad = bc. .If two fractions with the same denominator

are names for the same, rational number,

their numerators are equal.

You have seen:

Property 1.

If = and b 0 and d 0, then ad = bc.

_This property may be useful to yoU in solving problems
involving pr6portion. It is also true that if ad = bc, then

provided b 0 and d 0. The proof of thi's property,

is left as a problem. (See Problem *9.)
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Exercises 4-8

Some objects were measured and the data are recorded here.

Copy and complete the table.

Shadow length Height Ratio

Garage 3 feet 8 feet

Clothes pole 36 inches 3

B.

Tree
17-
2

feet 20 feet

Flag pole 144 inches 3
B

Fence 117 inches 30 inches

2. In a class there are 30 students of whom 12 are girls.

(a) 'What is the'ratio of the number of girls to the'total

number of students in the class?

(b) What 'is the ratio of the number of boys to the total

number of students in the 'qlass?

(,c) What is the ratio of the number of girls to the

number of boys? ,

3. In Problem *9 you are asked to show that B.,=a c
, if ad = be

and b -0 and d t O. Use,this property to find which of-
the following pairs of ratioware equal.

(a) 4 IF,

(

6 16
1?' -7'

48 42-

(c) Tri 4 ,

139
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. In each ofthe following, find x_iia_that_these will be

true st'atements. .

(a) 2g-

, 14 x
(b) 7D .-95

( c)

5. A cookie recfpe calls for the,following items,.

1 cups flour'.

1 teaspoon vanilla

1 cup butter

27 cup sugar

2 eggs

This recipe will make 30 cookies.

(a) 'Rewrite the recipe by enlarging it in the ratio_i .

(b) How many cookies will the new recipe make now?

(c) Suppose you wanted to make 45 cookies, how much.would

you need of each of the items listed above?

6. Use a proportion to solve these problems. Check your work

by solving, the problems by another method.

(a) What is the cost of 3 dozen doughnuts at $.55 per

dozen?

What is the cost of 12 candy bars at 4 for .15? (How

could,you state this price using the word "per"?)

What is the cost of 8500 bricks at $14 per thousand?

A road has a grade of-6%; which means that it flees

6ifeet per 100-feet of road. How much does it rise'

in a,mile? Find the answer to the nearest foot.
OP .

-7.- Common units to express speed are "miles per hotir" and

"feet per second." .A motor scooter can go 30 miles per

hour. How many felet per second is this? (The danger of

of high speed uhdek, various 'conditions often can be realized

better when the speed is given in feet per second.) .

140.
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8. The following table lists pairs of numbers, 'A and B. In
eachpair the ratio- of A to B is the number 167

Complete the table.

) A ARatio .r 'Ratio in simplest forts

(a) 12 14 . 12
IV

6

7 .

(b) 2;

(c) 30 . ,

(a) no'
.

.

ce) 100
( ,

.

*9. Prove the property,

if ad = be and b 0 and d 0, then § = .g

When you have- proved this statement, you can now say
0 if I = -& and b 0 and d 0,, then ad = bc,

and only then.

bc(Hint: IS ad = be, then a You can expres s.

4-9. percent'''

The word ""percent" comes from the latin phrase "per centum",
which means "by the hundred". If a paper with 90 of the answers'
correct has 100 answers, then 90 answers out.of the.100 are correct.
The ratio T90' 'could be used instead of the phrase "90 percent" to

O7-5

describe the part. of the an wers which are correct. The word
"percent" js used when a ratio is expressed with a denominator of
100.

90 190 percent = To . 90 rso. .
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For convenience the symbol, % , is used for the word: "percent"

This symbol is a short way of saying
100

126,76 16 oo1.--1 = 16%
, 77 . 7 ?%

? =13 T55 13,6.
The number 2 can be 'written

2 200 ?Jo

In other words 200%means 200 x 1
200= Tuo = 2.

A class of 25 pupils is made up of 11 glrls and 14, boys. The

ratio of the number of girls to the number of pupils in the class
can be expressed many ways. For instance:

11 = 22 33 44 66

If you wish to indi ate the percent of the class that is girls,
which fraction gives the information most easily? Why?' -The

ratio of-the number of boys to the total number in tllg clasi may ,

by written

'14 c d_56. e f
-2-5 = 7 = = = 1-93

What numbers are represented by the letters c, d, e, f?'
11 / 1413Notice the two ratios, (girls) and (boys). What is the

sum of -the two ratios? Find the sum of the two.ratios.

Tun and 4 Express the two ratios and their sum as percents
44

using the symbol,%. The entire class is considered to be 10010

of the class because

100,= Inn*,=

number § can be expressed aA a percent 12 finding the

number c such that

a c

= = C c %

1.42.
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Exercises 4-9a
I

1. Write each of the following numbers as a percent.

(a) .g" (b) ,,(c) (d)

2. Consider the following class.

Student Hair polor

Robert 'blond
Joan . brown
Mary blond
John

, red
Joe brown
Betty brown
Ray blond
Don brown'
Margaret red
David brown

(a)- What percent are boys?

(b) What percent are blonds?

(c), What percent are redheads?

(d) What percent are not redheads?

(e) What percentare brown-haired .girls?

(f) What percent areredheaded boys?

3. The monthly income for a family $400. The family budget

for the month is shown.

Payment on the mortgage for the home $ 80

Taxes 20

'Payment on the car , 36

Food

Clothing

Operating expenses

Health, Re.creation, etc.

Savings, and Insurance

120

48

32

24

40

(a) What percept of the income is assigned to each item of

the budget?

(b) What is one check on the accuracy of the 8"answers?

14.3

z.
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Data'about business, school,-- are sometimes given in

percent. It is often more convenient to refer toithe data at some

ater time if they are given in percent than if they are giien
o herwise.

A few years ago the director.of a camp kept some records for

fu re use. Some information was given in percent, and some was
not. The records gave the following items of information.

( ) There were 200 boys in camp.

(2 One hundred percent of the boys were hungry for the

first dinner in 'camp.

(3) n the second day in camp.44 boys caught fish.

(1), 0 e boy wanted to go home the first night. -4

(5) A neighboring camp director said "forty percent of the

boys. in my camp will lea* .to swim this summer. We shall

teach 32 boys-to swim."

From (1) and (2),.how many hungry boys came to dinner the

first day?
.

, 100175 200 =-200

Of course yOu should know without computation that,100%of

200 is 200.

From (3), you 'can find the percent 91 boys who caught fish on

the second day. The ratio of the number of boys who caught fish
44to the number of boys in camp is .. If you qa1.l x% the

percent of the boys who caugh fish, den

x 44
1775 7R5

200x 100 44
(Pi100 44 (Property 1.) .

x =
200

x = 22

Twenty-two%of the boys caugri4 fish.

144
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From (4), you can find the percent of the boys who were

homesick. If this is

e

%

x%, then':

x
1-615

200x .

x

1

1755

100

1-00
(Property 1.)

1

Of the boys, 470werehomesick. This may be read "one-half

percent" or "one.half of one percent." You rilaY prefer:tip say

"one half of one percent," since this emphasizes the smallness of

it. -

From the information in Item 5, the total number of boys in

the second camp can be foUnd. Call this number of boys x.

44 means Tr40 of the group, and also refers to 32 boys.

40 32You want to find x such that.
T5Z5 5E

40 32
1Z5Z5

'14.0x = 3200

3200x Tr
x = 80

t

(Property 1.)

Exercises 4-9b

1! There are 600 seventh -grade pupils in a junior high chool.

The principal hopes to divide'the pupils into 20 secti of

equal size.

(a) How many pupils would b0Fin'each section?

(b) What percent of the pupils would be in each section?

(c) What number of pupils'is 170of the number of pupils in

. the seventh grade?

(d) What number of pupils is 1070of the number of pupils

the seventh grade?

1 4 a
4
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.2. One hundred fifty seventh-gragle pupils come to school on the
school bus.

(a)' What percent of the seventh-grade pupils come by

school bus?

(b) What percent..:of the seventh-grade pupils dome "'school
by some other means?

3. In a section of 0,30 pupils, 3 were tardy one day.

(a) .What fractional part of that section was tardy?
(b) What percent, of that section was tardy ?' .

'4: One day a seventh-grade pupil heard the principal say,

"Four" percent of the ninth graders are absent today." A

list of absentees for that day had 22 names of ninth-grade ,

pupils,on it. From these two pieces of information, thp

seventh-grade pupil discovered the number of.ninth-grade

pupils in'the school. How many ninth-grade pupils are

there?

Decimal /t3tation

You recall 6om a previous chapter that abase ten numeral,

such as 3284, written as 3(103)'+ 2(102) + 8(101) +f4 wb.s said

to be in expanded form. Written as '3284 ,the numeral As said to .

....

be in positionaa,notation.
,

_In base ten thlipform...is.also 'called -
_

decimal notation'. Each digit represents (certaincertain value acoording

to its place in the numeral.
.

In the above example:' the fis' in'..4.
.thousands place, the 2' is in hundreds place.and,soRon:0, Therform
-for place value in base ten shows that the Value of each%4Ue. A4's

A 4C .

immediately to the left of a given place is ten times the vOue of':,:
,., - 4

the given place. Each plaCe value immediately to.th oe rig t fa. ex.

.441be'given place is one tenth of the. place value of the given Place"

Looking back to the number 984 written -in expanded form youeill

notice that reading from left to right the exponents of ten decrlase..,

T
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a

Suppose you want to write 5634;728 in expanded form. You could
write

5(103) + 6(102) ± 3(101) + 4 + 7( ? ) + 2( ?-) + 13( ? The
4

4 is in unit's (or onecs) 'place. The value of this place is
10

of the value of the place before it. If 'you extend the numeral

to the right of one's place and still keep this pattern, what will
be the value of the next place? Of the next place after, .that one? t

To write this in expanded form'to the right of unit's place as well
as to the left of unit's place y will have :,

5(103) 6(102)'+ 3(101,)_+ 4 + 7(7) +
2

+ a( where
10 10 -

the first place to the right of One's place io the one-tenth's
place or simply tenth's place.

The following chart show the place values both to the

left and to the right of the un t's place.

Place Value Chart

'Cy

V C
W Oi
;.. m

IV
L.../ C '

W
W

V
C
W

- W

V
W-
;4

.

W
C
0

F-

o
4

4
4.)
V
a)

;-4

4
4.)

V
C
m
m

4
4.)

V
C
m
m

4
4.) -I V

..0 C
w m
;4 W

co c6 0 C C +i C C 0 co coZ 4
M 4-)

' tl) 4
El 4.)

4
El

0
', M

t1)

El
C w

EI
0= 4

El
W 4
el 4-)

0 4
M4A.

.

100,000 10,000 1.,000 100 10 1 0.1 0.01 0.601 0:0001 0.00001

10 5 10
,103

102 101 t 1
Ts

12 1
-1 r

1'
'---510-#7

N 10 10 10

The places to the right of one's place are u5ualq.y referred to

as the'decimal places.

1 4'7_
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5

-
When the number 3284.56941s written in decimal notation

the declnel point locates the one's place. The number is read

"Three thousand two hundred eighty -four and'five hun red sixty-

'nine thousandths" or "Three two eight four -- poi --: five

six nine.
.

6
Example 1.

, Write 5(102) + 7(101) 43(6) in decimal notation.

Notice that the fine's place was not written:, Could one's place

be written 0(10
1

) ? Your answer, 57.3 will help you answer

this question.

I Exercises 4-10

1. Write each of the following in decimal notation:

..(a) 6(10):4-5(1) +8(4) +7(7,It)
to

(b) 4(102) + 3(,10) + 6(1) + 1(.4) + 9(--.17)

10

(c) 5(10) + 2(4) +
10'

(d) 4 (1.15)' + 3(717)---) +.8(3-

(e)
'

.7---s
1() 1

+-6(-7) -
10 io

2. Write each of the Following in expanded form:
ti

(a) 3.01 .

(b) 0.0102

'(c) 0.10001

(d) 30.03-

.re

148
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3. Write each of the folloWing-in words: For example,

3.001 is written three and one thousandth.

(a) 7.236, (c) 1.0101

(b) 0.0O4 (d) 909.009

. Write in decimal numeral form: k

(a) Three hundred and fifty-two hundredths
(b). Five hundred'' even ten-thousandths
(c) Fourteen thousapdths

(d) Sixty and 7 hundredths

(e) Thirty-two hundred-thousandths

(0 Eight and nineteen thousandths

*5. Write 0.1
two in base ten.

1*6. Write'T in the duodecimal system.

*7. Write 'in the dubdecimal system.

Change 10.011two to base.ten.

4-11. Operations with Decimals

Suppose you wish to add two numbers in decimal form) for
example, 0.73+ 0.84. You knowhowto add: ,73 + 84 = 157.
How $o you handle the decimal places? You may proceed as follows:

1..

0.73= 73 x 1756 and 0.84 = 84 x nt5.
;

l!lerefore,

.0.73 + 0.84 =. (73.x 740)'+ ( 614 x aza)
- (73 + 84):x Tit
= 157 x -rut, = 1.57.

Notice that the distributive property has been used here.

woo

1

it14 9 '
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Suppose You-wish to'find the sum, 0.73 +0.95.

rewrite the numbers as fractions:

0.73 = 73 x 75.5 = 73o x Tucz and 0.,125 = 125x5.

.

First.

Use the laSt form of 0:73, since then 1000
appears in both

products.

0.73 + 0.125 = (730 x 1000) '(125417x
100)

= (730 + 125) x

= 855, x -rum = 0.855.

Thhse examples can be handled more conveniently

one number below the other as follows.

1O

.73
+ .84
737

0.73

±221?1

.;

by writing

Notice that the decimal points are written, directly under one

another. This. is because,you,mill want to add

place in the first'addend to the number in the

second addend, and...el* number in the 45. Place

addend to the number in the -no place in the s

7 3 8 4
0.73 = + ,r55 and 0.84 = +

and therefore

7 + 8 + 4
0.73 + 0.84 .

3

100

=

=1.541 I

Subtraction-can be bandied )51.1 the same way.

0.84 o.8
0.7 - 0.74

0.09

A

the number in the
175 place in the

in the first

ecOnd, etc. Thus,

1.

S.

1570 9

For example,

1

ro
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9

. Exercises 4-11a

1. There are 16 ounces in 1 pound. Which is heavier, 7 ounces

or 0.45 lb.?
1 A

2. -In most of Europe, distances are measured in kilometers

(r ?ember that a kilometer is about 5/8 of a mile). The

distance from city A to Paris is 37.5 kilometers and the

distance from city B to Paris is 113.2 kilometers. How- '

far in kilometers is it from city A to city B by way of

Paris?

3. Suppose the three cities, A, B and Paris in the previous

problem are on the same road and city A is between Faris

and city B. Then how far in kilometers is it between.cities'

A and B along this road? .

*4. Find the value of the sum, in the4'decimal system, of the

numbers'w10.01two
and 1.01two. First change into the

decimal system and then add.

Suppose you wish to multiply two numbers in decimal form.

For example, 0.3 x10,25. You know how to multiply these numbers:

3 x 25 = 75., Just as..before, you will write

\ 1 1
0.3 x 0.25 = 3 x x 25 x`-

= 3 x 25,x-r; x

= 75 X.
1

10Q0

= 0.075

(1) How many digits are there to the right of thideoimal-
-..%- , _

pointin 0.3?
,: ...4-

(2).H9w,many digits are there to the right of,-the decimal
, .

point in 0.25? - . i :,,

(3) What is the lum of the answers to.(1). and (2)?

---..(4) How many digits are there to the right of the decimal, 1

,.. , - point in 0(075?
,

(5)- Compare the answers to (3) and.,(4)-

NOW multiply 0.4 X 0.25. What is your answer? Answer the

five-questions above, (1), (2), (3), (4), (5) for these numbers.

Do the answers to (3) and (4) still athe?'
. .

.

:.-

15.1

_
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Property,2: To find the number of decimal places in the

pro duct .when two numbers are multiplied, add the number of decimal

places in the two numerals.
._

You can consider now the problem of di4iding one in decimal

form by another, for example,, 0.254- 0.5. ,
t.

it.-

t
The first step i usually to find a fraction Whose denominator14,

is a whole number and so that the new fraction is also a name

fOr 0.125 -4-0.5. In this case, start with e0.125

Then; in order to replace the denominator. by a whole number,6
1.25'

multiply numerator and denominator by 16\ to get 5-- . Using

fractions you could work it out like this:

, (

1:25 _ 1 x 1.25 =1 x( 1 g. 125) =45' x (t x 125)
17315

1
w

1 .

= 775 X 25 = 0.25 <
. .

(
But,a much shorter way is to use the usual form for diTiisiori.

,

V

Then:

. 0,25
5 )1.25-

1 0
-773

)

/
(divisor) (qdotient ) (diiiidend)

5 , x. 025 1.25

*10

r
-4-

and you can see that in the equalitythe number of decimal places
, -

,two) ln the product is the sum of the number o.f decimal places -

r
in the members of the Rrodtict ( 0 + 2 ) uat as is said in N..,

Property 2. Whenever the divisorTs a whole number, the dividend

and the quotient have the same number of deCiMil places. By

placing the decimal point of the quotient direcTly above that

of the dividend, you locate the decimal point.of the quotient

(automatically in the correct place.

152
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It is ver j0,easy to make a mistake in placing the decimal

point off the answer and hence it is always a good plan to chec

by estimating e answer. For this example you can see that

0.
5

(1'1 0_?_5-- = =
125

is about
0.

whichis reasonably close to our quotient.
5.313Try a more complicated fraction: . If you multiplied

the' denominator by 10 you would have 25.3 which still is not a

whole number. But if'you multiply by 100, it becomes 253, .which

is a whole number. The given fraction then is equal to 2-
53153

and the division is per'ormed in 412_usual way.

253
3o6 ,

25 3

O

. : 25 3
.

.
. , ' :

..

Then 253 x 2.1 = 531.3 and you see again that the number of

decimal places in 253 (which is .zero) plus the nicker of .decimal

places ip- 2,1 ,(Which is 1), is equal, to the numbef of deCimal

paces in ,531.3 (which is 1)..

You should check the following:
#

b.75 7.5 7.
- ?.75 .

. .

..

ibt)
Of course you cannotlexpedt your divisions to "come put:

A -

exactly" in all cases. *Suppose you try to find the tlecital '' .

- aexpression for 7 . If you want the quotient to, three decimal

places;; you will diitide 2.000 by 7r If it .were to be six places ,..,,,,,,

you would divide, 2;000000 19y 7, and s6 forth. Suppose you find

it to.six places:
01 / o.287

.
14-...

7 )2.000000
i . 1 4

t60

A.
.

i 540 4.-

, 6

(.

28

153
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Exercises,4-11b

1. Find the following products.

(a) 0.009,x 0.09

(b) 0.0025 x2.5

2. Find the following 'quOtients.

(a). 0.575 4- 0.11,

lb) 2.04,4- 0.,008
4

-3. Express the following numbers as decimals'.

(a) 3000 (b) 300 (c) 30 3 (e) 3
kc) --8

(d)
73 ke) .175

4.
.015 x .0025 x 2r5

.05 x .03
, .

5, About how many miles is a distance of 3.8 kilometers?

$
(One kilometer is about t3. of a mile.)

*6. Find the following pgAduct:

1.14
seven x 2.4 seven

ti

3,

(f). 17575

Decimal Expansion e

Let us look more closely at rational numbers In decital Ita71.
1

.You recall that 73 is the quotient of 1 divided by.8.

8444. So -land 0.125 are names for the same

rational ntimber.

Consider the rational number-7. You all know the- decimal
1

numeral Which names -7.- It_isfound by dividing 1 by 3. .
. 4'

0.333...
Without performing: the division do you'3)1-.000
know what digits wi'll-aPpear in each
of the next 6 places? At some-stage;

a in the division 'do we get a remainder
of zero?

The 3 dots indicate that the decimal numeral never ends:

. e

154

I
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Look again at the decimal numeral for i. Retail that

it was obtained by dividing 1 by 8.

0.1250...
4 8y1.000oo

8 (311,
773

16
To
4o

After the first subtraction the remain, A.

der is 2.
The second remainder is 4.

--5 The third remainder is 0.
0

The fourth remainder is 0. Can you
predict the fifth and sixth,remainders?

The divisiOn process usuallY'ends at the stage where a zero
remainder is obtained. However,you could just As well continue

dividing, gettingat each new stage a remainder of zero, and a
quotient of zero.

It is clear that once you get a remainder of zero every.

remainder thereafter' will be zero. You coUld4write

1
-8- 70.125000... just as you wrote, 0.333..., but this is seldom

done. Therefore 0.125000.... is a repeating decimal with 0

repeating over and over again. Likewise 0.333... is a repeating

decimal withrthe digit 3 repeating,

The phrase decimal expansion gleans that there is a digit fo

every, decimal. pl. cue; Note thathat the decimal eXpansion'of -81 and

the decimal expansion of 7 ambdth.repeating.

2

%Class Discussion Exercises

Let us look at the decimal which' name's the rational

1number 7 . .L110.2.112.§.514.4
7)1°°°°°°()°°°°P

1. .Can you tell, without performing the:division, the digits

that should appe in each of the next six places?

2. Is there a blo ofe digits which continues to repeat,

endlessly?. Le us place a horizontal, bar over the_block.of-
.,

digits which4r eats. Thus 0.143857142857.4,1uses the bar

to mean that the same drigits repeat in the same order and, the

dots to mean,that the decimal neverends.

1 0

155 ,, ,

1 ol
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3, Name Tr by a decimal numeral.

. 4. -Iow soon can you recognize -a pattern?

5. Will thus ,be a zero remainder if you continue dividing:

6. Does this decimal repeat? How should you indicate this?

7. Observe that the 'decimal repeats as the remainder repeats,

Look at the procedure by which you found a decimal numeral
\I.

forTr.
.

0.142857142857. . )\
.

7)1.op0000000000

--4
After the first subtraction the remainder is 3.

4 28 , .

7P The second remainder is 2. .

14
60 ... The third remainder is 6.
66 -

-T0 The fourth remainder-is 4.

0'--50 The fifth remainder is 5.

,

1'0 The sixth remainder is 1.
. 7.
-70 The seventh remainder is 3.. Is'the
28 seventh digit to the right of the decimal
--"ab point the Same -ws the first?

.

r

14
bo ,

The-eighth remainder is the same as

5§
'second. Is the eighth digit to the

0 right of the decimalpoint-the same =,

as the second?
'35
70,

Notice that the digits in this quotient begin to repeat

' whenever a, number appears as,the_remainder for. the second time,
3

8. Make similar, observations when you divide 1 by 37 to find ,

a'decimal'nUmeral naming 1.

You may conclude that every rational number can be named by .

adecimal numeral which ether repeats a single digit or a block of

lUigits over and over again.

1 5
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Exercises 4-11c^4'

1. Write a decimal numeral (or decimal) for 4..
(al How soon, can you recognize a pattern?
(b) DOes this decimal end?

(c) How should you indicate that,:it does not end?
(d) Is there a set of digits wh3.ch repeats periodically?
(e) How should you indicate this?

Write the 'decimals for:

See how soon you can recognize a
-pattern in each case. In performing
the division watch the remainders.
They may give you a clue about when
to expect the decipial numeral to
begin to repeat.

3. Write.the.decimals for:

(a) It,
(c)

14

4. Is it true that the number 0.63...' is seven times the

number ?

5. Find the decimal numeral for the first number in each group
and calcUlate the others without dividing.

a 2 4

`al 3' -3' 3
'.(b) ' 0' Or.

1 111 920
(.0 70. um, r06,

4-12., Rounding_

Suppose,you wish only an approilmate decimal value for

You migipt, for instance, want to represent this on the number line
where each segment represents 0.1 as below:

2<7\
.

.1 .2 .3 .4 .5 .6 .7 .8 .9 -1.0 -

157
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Where'would
2

be on this line? You know its decimal form is

0.285714: . Perhaps you can see immediately from this'that

must lie between 0.20 and 0.30. if this is not clear, look at

it ,a little more closely. First:

0.285714... = 0.2 + 0.08 + 0;005 + (other decimals), and hence

it is certainly greater than 0.2, the.first number in the sum.

Second, 0.2 is less than 0.3; 0.28 is less than 0.30; 0.285,

is less than 0.300 and so forth. No matter how far the decimal

4computed, what yoU get is always less than 0.3000000... Also

can see that 4 is closer to 00 than to 0.20 since 0.25

is halfway between 0.20 and 0.30 and the number 0.285714.-01.s

between 0.25 and 0.30. So goes on the number line in about
.

the place indicated by the arrow.
2

You could represent 7 more closely on the number line* if you

divided each of the segments into ten parts. Then you would see
2that 7 is between 0.28 and 0.29 but a little closer to 0.29.

(You may want to write the reasons out in more detail than is done

above, in order to make it clearer.) You would say*
2

that is
2

0.29 *to the nearest hundredth. This is called "rounding 7 to

two places"-., WhatFwould be, rounded to three places?

The answer is: 0.286.

This rounding is useful in estimating results. For instance,

suppose you have to find the product: 1.34 x 3,56. This Would be

approximately l'x 4 = 4 or, it you wanted a little closer estimate,'.

you could .compute: 1.3 x 3.6 = 4'.7 approximately.

Rounding is also useful when you are considering approximations

in percents. For. instance, ifoti.t turned out to be true that about

2 .out of 7 families have dogs, it would be foolish to carry this

out to manydecimal places in order,to get an answer in percent.

you would usubily just use two places and say that about 29 % of

all families have dogs, or you could round this still further and

refer to 30 %
4

158
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Exercises 4-12
1.' Round the tollowing number to two places.

(a) 0.0351

(b) -0.0449,

2. Round the following numbers to three places.

(a) 0.1599

(p) 0.00009

(c) 023249

3. Express the following numbers as decimals correct to one
place.

(a) 4
(0)

6
(b)

4

4. (a) A piece'of land is measured and

rounded to the nearest tenth of

the measures are rounded to one

length! after rounding is 11.1

rods. Find the arearounded to
- square rod.

the measurements are

a rod (in othewords,

decimal place.) The

rods and width is 3.9

the nearest tenth of,a.'

(b) Suppose that the length is 11.14 rods and the width is
3.94 rods rounded to the nearest hundredth of a rod.
Fidd the area rounded to the nearest-hundredth ofa
square rod, Wh9.t is the difference between this ,answer
and the previous one?

o

4-13. Percents and Decimals
51You have learned that he number I. can be written as 51%

and also as 0.51. Actually you can read bdth 0.51 and I4 as
"fift-Y-one hundredths". Here are.three different expressions for-
the same number:

'51
Tud = 5170. 0.51 ,

which are read: "fifty-one hundredths is equal to fifty-one
percent is equal to fifty-one hundredths".

'59 4



152

Similarly
4

1 50 '0.50 . 50%. 0.5
IUZ5

n
65

Also 6570 = . -175 =
13

,

and 3
a

= l
6o,

oo 0.60 = 6o1;= 0.6 .

I

'Class Exercises 4-13

1. Express as percents:

3
c=p, a )

(b) 0.4

2. Express as decimals:

(a) .745- A

(b) 3°70
It

1
.

'It is a little more difficult to express 73 as a percent .

since 8 is not al factor of 100. You know that its decimal forM

is 0,125. Other ways of writing this number are:
12.

or 12.570;

1
\

I
also 2

la or la
2,
-970 . Similarly, 0.375 is the same as 37.5% or

In

372 70 and may also be
eltoo

written as:

_375 _ 2 115 = 15 =11
Tiouo

1 3Thus 0.375 is equal to both 371-k mand .

3. Express as Percents:
- 1-- .-

1

(a) 372.5

,4. Express as decimals:

(a) 14 To '(b)

(b)

1
How.do 7you.find the percent equivalent of whose

deciMal, repeats endlessly? If you wish an

'approximate value you can round the decimal to two places`
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and flave: j

1.7 is Approximately-equal to 0.33 or 3373.

An accurate name in percent for one-thirdcan be found ae follows:

1 1 looi 33;
0,= r. 100 Tao = 337 A,

40*,
a,so that an accurate expression for -s is:33l770 .

5. Express approximately as percents:

10 2
(a) (b) 7

6. Express the above accurately as percents.

4 7How can 20A 7 be expressed as a fraction?0

4. 200..

2a
,4.7 28 7
7 - no

(.24? 4

*7.- ExpreSs the following as fractions:
,

ti(a) 24 07.
.

-(b)" 12470

8. Copy the tollowing chart and fill in the missing names of

numbers. 'The, completed chart will `be helpful -to you in

future lessons.

I

o
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4

' Fraction
Simplest form

HUAdred
as denominator

%viz:74

,

-Decimal
.

Percent
.

(a) 4

(b,)
00
TM

(c)
. 0.375

( a) 150%

(e) __62._
,100

(f)
_ 0.01

,(g)
. .

(h) , -
.

100% *

(0
164

1

"175

.

.

O.)
-

(k) 4
.

.

.

(1-)

602 l's)
2

TO15

.

. -

<SO
0.005

oa.

9., Draw a number line and name pOints on it with the perCents in

Problem

11

`r"-

P .162
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4-14. Applications of. Percent
Percent is used to express ratios of numerical quantities in

everyday experidnce. It is _important for you to understand the
notation, of percent, and also, to. be accurate in computing with
numbers -written as percents. Let us look at some 'examples in the
use of percent.

Example 1. Suppose the annual incOine of a family is 4450
and 32 % of the budget is allowed for food for the year. .Then if
x stands for the number of dollars allowed for food,

/
x 32

TM
Using Property 1,

100x = 32(4560) = 145,920. 7

Hence x = 1459.20

and the amount spent for food would be 41459.20.

Example 2. The number 900 is what percent o'f 1500? Can you`'
find the answer to this example Withdut use of pencil? *If x %
,stands for the percent which 900 N of 1500, .

x
175 lggo°

Agabf using Property 1,
1500 x = 100(900) = 90000.

Hence
90,0000

and 900 is 66 % 1500.
.

Example,3. SupRose ,a ,family with an annual income of 44560
rents a house for 477.00 per month. What percent of the family-
incpine will be spent 'for rent? First, the rent for the year will
be twelve times the monthly rent, that is 4924.00. If x ak.is
the percent that 924 is of 4560,

x
,

924P1
TO 4 560

and, using Property 1, again,

) 63

. 0
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4560x. 1o0924)

446ox = 92,400

x = 92, koo

Hence x % is about 20 % ; that is, about 20 % of the family income
is spent for rent. L

Exercises 4-14a
In the following problems it may be necessary to round some answers.
Round the money answers to the nearest cent, and round percent
answers to the nearest whole percent.
1. If the sales tax in a certain state is 4 °A of the purchase

price, what taxi would be collected on the follovrng purchases? \.
(a) A dress selling for $17.50 "-
(b) A bicycle selling for $49.50

2. In a junior high school there are' 380 sevepth-grade. pupils,
385 eighth-grade p4ils, and 352 ninth-grade ptipTls.
( a) What is the total enrollment of the school?t(b) What percent, of the enrollment is in the seventh grade?

111: (c) *What percent of the enrollment' is in the eighth grade?
(d) What percent of the enrollment is in the ninth grade?
(e), What is the sum of the numbers represented by the

answers tojb), (c),, and (d)?
3. Mr. Martin keeps afrecord of .the mounts of money his family

pays in sales tax. At the end of one year hp- frwrid that the
total was 496.00 for the year. oIf the sales tax rate is 4 %I*_what was the total' amount of taxable purchases made by
Martin family &ring the year?

-
I

r.

11,64
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*4. A certain,stol'e gives a 10%distount for cash and `a 5%dis-
-

count for purchases made on Mondays. ,That is, if a customer

purchased an articlepriced at. $100 and paid cash it would

cost him $100 - $10 = $90 . Then if the day of his purchase

were Monday he would get a futther 51;discount, which would

make the net price $85.50 since 5%of 90 is 4.50 and

90 - 4.50

Suppose the 5Toiscount on $100 had been computed first and

the 10% second, would the Final net price be the same?

Would these two ways of compUting the final net price give

the same result for an article priced at $200? Why?

*5 In a certain store each customer,pay6 asales tax of 2% .and

is given a 10%discount for cash. That is, if a/customer

purchaded an,article priced at $100 and paid cash it wduld

cost him $90 plus the sales tax or $91.80, since 2% of $90

is $1.80 . Suppose the sale6 tax were computed on $100 and

then tne 10% discount allowed, would the resulting, net cost

be the same? Why or why mot?
0

*6. A customer iri the store of Problem *4 added the discounts and

thought, that since he was paying_ cash for an article on

Monday, he should receive 15%diecounX. If this were the

case he would have paid $85. Toi. the article :iced at $100;

instead of the $85.500. How should the shopkeeper have

worded his notice of-discounts to make it clear that he had
,

in mind the ca4culation 10.4en in Problem *in.

Percents of Increase andiDecrease

' Percent is Used to indicate an increase or a decrease in!some

quantity. Suppose-that Central City had a population of 32,000

(rounded to the nearest thOpsand) in 1950. If the population

.16 a,

o
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.

increased to.40,000 by 1960, what was the percent of increase?

8 000 x
32;o00 1'7d

X - 800,000
32,000

x = 25

There was an-increase of 25%.

40,000

- 32 000

... 8,000 (actual increase)

Notice-th* the. percent of increase is found by comparing, the

actual increase with the earlier population figure.

32,000

-100% 25 T.

40,000

The 40,000 wilimiwie up of the 32,000 (10 oplus the increase

of 8,000 (25%) . So the population'orf40,000 in 1960 was 125% of

the population of 32,000 in 190.

Supp e that Hill City had a population of 15,000 in 1950..

'If the pop lation in 1960 was 12,000, what, was the Percent of
-decrease? jf x represents the percent of decrease,'7:then

,

3,000 x15,000 -

15,000 7075i,.._
<-'77.--12 oo

3,00' : 3,000..actual decrease x . 100
15, 000

Q x = 20

There was a decrease of %.
Notice that the population 'decrease also is found by comparing he

actual decr ase.with the earlier population figure.

15,000

807.

12 ,000

0,

166
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.2o%

<-3,060
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*1\The 12,000 is the difference between 15,000 (16074 and the

decrease of 3,000 (2074. So the population in 19604tf 12,000

was 8017c, of the population of 15,000 in 1950.

Exercises 4-14b

In each problbm, 1 through 5, cOmpute.the percent of increase or

decrease. If necessary, round percents to tne nearestitenth of a

percent.

1. In a junior high school the lists of seventh-grade 4absentees

for a week numbered 29, 31, 32, 28, 30. The next week the

five lists numbered 22, 26, 24, 25, 23.

(a) What was the total number of pupil-days of absence for

the first meek?

(b) Wiiat,was the total for the second week?

(c) Compute the percent of 'increase or decrease in the

number of pupil-days of absence. .

2. On the first day of school a junior high school had an enroll-

ment of 1050 pupils. One month later the enrollment -was

Whatwas the percent of'increase?

3. One week the school lunchroom took in $450: The following

week the amount was $425. What was the percent of decrease?

4. -During 1958 a fatily spent $1490 on food. In,1959 the same

'.family spent $1950 on food. That was the percent of increase

in the money spent fOr fcrodT--

*5, During 1958 the owner of a business found that sales were below

normal. The owner'announced IP,hia employees that all wages

for 1959 would be cut 20%. By the end of 1959 the 'Owner noted

that sales had returned to the1957 levels. The owner then 400-

announced to the employees that the 1960 wages would be ±n-
i.4

.creased 20% over those of 1959.

(a)j Which of ,the following. statements is true?

' (1) .The 1960 wages are the'same as the 1958 wages.

(2) The.1960 wages are less than the 1958 wages.

(3) `The 1960 wages are more than the 1958 wages.

(b) If,y,imra.swer to part (a) i6(1), ,justify your answer.

If your answer to part (a) is 12) or (3) express the

1960 wages as a percent pf 1958 wages.

1 67-
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*6. _ In an automobile factory the number of ears Coming pff the

assembly line in one day is supposed to be 500. One week the

plant operated normally on Monday. On Tuesday there was a

breakdown decreased the nUmber of completed cars to 425

for the day. On Wednesday operations were back to normal.

(a) What was the percent of decrease in production on Tuesday

compared with Monday?

(b) What was the percent of 'increase in produotionon

Wednesday'combared,with Tuesday?

7. (a) A salesman gets a GA commission on an article which he

'sells for $1000. How much, commission does he get?

(b) A bank gets 6%intere0 per year on a loan of $1000.

.) likw Much interest does Vie bank, get?

(c) The tax on some jewelry is 6%. 'How much tax would one

have to pay on a pearl necklace worth $1000.?

(d) Can you find any relationship among (a), lb), and (c) ?

8. (a) An article is sold at a 5 %discount. If the stated

price i $510, what did it sell for?

(b) A small town had a population of 510 people on January

first;, 1958.- The population decreased 5%X.Iring the

following twelve months,- What was its population on

'January first, 1959?

(C) On a loan of $510, .instead of charging interest, a bank

loaned it on a discount of 5°,1); that is, gave the

customer $510 minus 50/0of $510 at the beginning of the

year with the understanding that the amount of $510 would

be paid back at the end .of the year. How mfiti did the
.

customer receive at the beginning of the year?

(d) Can you find any relationship among (a), (b),- and (c) ?

9. That was the interest "rate in problem 8 (0,above?

16S
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10. (a) Mr. Brown paid $210 in gasoline taxes during a year.

If the tax on gasoline is 31%, how much did he spend,

on gasoline?

("b) Mr. Smith made a down payment of $210 on a washing

machine. If this was 31% of the total- cost, what did

the washing machine cost?
,-

(c) In a certain town 31 %, of the population was children.

If there were 210 children, what was the population of

f the town?

(d)4 On an article priced at $210, a merchant made a profit

of 31%. What was the amount of his profit in dollars?

,(e) Can you find any relationship among (a), (b), (c),

and (d)r?

*11. The income tax collector looked at the income tax return of

!,1/,. Brown mentioned in Problem 10 (a). He inquired to find

ghat Mr. Brown drove a Volkswagen which would go about 30*

miles on a gallon of gasoline. He also found that Mr. Brown

could walk to work.

(a) If gasoline cost $.30 a gallon- (including tax),how many

gallons did Mr. Brpwn buy? Use information from

Problem 10 (a).)

(b) How' far could he drive with this amount of gasoline?

(c) 'What would be the average per day?'

(d) Why did the tax_collector question Mr. Brownts return?

4-15. Large Numbers

The population of a city of over a million inhabitants might

have been given as 1,576,961, but this just happened to be the

sum of the various numbers compiled by the census takers. It is

certain that the number changed while the census was being taken,

and it is probable that 1,577,000 would be correct to the nearest

thousand. For this reason there is no harm in rounding the original,

number to 1,577,000. In fact, .for most purposes, you would merely

16Q
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Say that the population/of the,city is "about one and one-half

million ", which could be written also:

Population'of,oity a., 1,500,000.

The.symbal Al is used to mean "is approximately eqUal

Ther,,,,ard other ways of writing this number. One million can ,

be written: 1,000,000 or (10 x 10 x 10 x 10 x 10 x 10) Ork 10
6

.

0

The notation 10 x 10 x 10 x 10 x 10 x 10 is sowtilliOs read "-the

odtzct of six tens". The exponent 6 indicates the number of tens

used as factors in the product. 'ou could also get the exponent by

counting the number of zeros in the numeral 1;000,000.

The number 1500 can be expressed in several ways, 150 x 10

or 15 x 100 or 1. x 1000 = 1.5 x 103. Similarly, 325 can be

written as 32.5 x 10 or 3.25 x 10
2

. Di-each of these two examples

the last numeral is of this form:

(a number between 1 and 10) 'x (a power of 10)7;"

In thp first case it is 1.5 x 10 3
and in the second case it is

v1,-*

'. 3,725 x 10
2
, Write each of the fpllowing gh this fogm.

Example: 4037 ._4.037 x 103

(al 859

. (b) 7623

(c) 4832.59

(d) 9783.6

When 1,500,000 is written as 1.5 x 106, is aid to be,

written in scientific notation.

(a) Is 15 x 105 In scientific, notation? Why, why not?
. .

(b) Is 3.4 x 107 'in Scientific notation? Why, or why not?

(c) Is 0.12 x 105 in scientific notation? 'Why, or why not?

_Definition. A number is expressed in-scientific notation if it

is Written as .the product of 'a number between, 1 and 10. and

properproper power of ten0. Also a number is expressed in scientific

notation when it-is written just as a power of ten.

Both 1.,7 x 103 and 104 are in scientific

Note that 146,000 ='1.46 x 105 could also be written as

1.460 x 105 or '1.4600 x 105.,

4,r
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Exercises 4-15a

1. Write the following in -scientific notation:

(a) 1,000

(b)' 101x 101x 101x 107

(c) 10.x_10x 10 x 10

(d) 102 x 107

(e) '10 x 105

(f) 10,000,000

2. Write, the following in scientific notation:

(a 6,000 (d) 78,000

(b) 678 (e) 600 x lo

(c) 459,000,000 (f) 781 x 107

3. Write a numeral for each of the following in a form which

does,not use an exponent\or indicate a product:

.(a) 3 x 104 (c) 436 X 106

(b) 5.00 x 167% (d) 17.324 x 105

4. Round off each of the following to the'nearest hundred.

Express the rounded number in scientific notation. '

(a) 645'

(9. 93
(c) 1233.

(d) 7Q,863 .

(e) 600,000

(f) 5,362,449

Calculating. with Large Numbers

Not only is scientific notation shorter in many eves but it

makes certain calculations easier. Suppose you want to find the

value of the product: 100 x 1,000. The first factor is the produCt

of two tens. The second is a product of three tens, soydu havet

100 =.10
2t

and 1000 = 10
3

.

Then-,

100 x 1000 = 102 x 10
3

4

= (10 x 10) x.(10 x 10 x 10)

= 10 X 10 x 10 x 10 x 10

. 105/ 7

Hence 10 2
x 103 = 105., Notice that the exponent 5 isthe'

sum of the exponents, 2 and 3.
4.0
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Suppose yOU wish to find the product of 93,000,000 and 0,./
10,000. In scientific notation, this would be:

(9.3 x 107) x 10 -29:3 x (107 x 104) By which property?

= 9.3 x 1011

Now try a more difficult example:

93,000,000 x 11,060 =

= (9.3 x 107) x (1.1 x 104)

1= (9.3 x 1.1) X (107 x 10')

= 10.23 x 1011

,-

1.03 x 101?
-sat

Note: The order
--6Y the factors
has been changed
by using the
associative and
commutative
properties of
multiplication.

Y ,

Distances, totthe stars are usually measured in "1

A light year is thOistaneNihat light travels in one
is a'go d way to measure such distances. If they were

miles,- he numbers would be So, large that-it would be
write

42 p.
em, much less understand what they mean.

Exercises 4-15b.
'1. It has been determined that light travels about 186,000 miles

per.,'cond. In Parts. (a) to (d) below, do not perform the

multiplication, just indicate the Product (an example of an
indicated product is 2.4'x 10 x 56 x 104):

Using 186;000 miles:per second as the speed of light,
(a) How far would light travel in 1 Minute?

(b) How0Far would light travel in I hour?

(c) How far would light travel in 1 day?

(d) HowrfarNwotad light travel in 1 year?

(e) Find the number nitten in Part (d) and show

`that when "rounded off" it is 6.3 x 1012.

(f) The number"!kitten in Part (e) is about

? .

fight

year. This

expressed in -

difficult to

(g) 'Why is the number itten in Part (d) not theA ,

exact number of es that light travels in o e
year? Try give two reasons.

let 172
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2. Multiply, and express your answer in scientific notation:

(a) 10k x 3.5 x 10 9 (c) 7 x 3 x 105

(b) 300 x 105 x 20 (d) 1)9.3 x 107 x 10 x 106

3. Multiply,. and write your answer in scientific notation:,

(a). 9,000,000 x 70 ;000 (c) 25,000 x 184000

(b) 125 x 8,000,000 (d) 1100_x 5 x 200,000

4. The distance around the earth at the equator is about 25,000

miles. In one seconrelectrici4 travels a distance equal.to

about 8 times that around the earth at the equator. About

yow far will electricity travel in 10 hours?

5. The earth's speed in its orbit around the sun is a little

less than seventy thousand miles per hour. About how far

does the earth travel in its yearly journey around the sun?

s444444;

E4

4

o
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Chapter 5

COORDINATES AND EQUATIONS-

5-1 The Number tine

. "The ,idea ofnumber is an abstract one. The development of d

good number system required centuries in the civilization.of man.

To help understand numbers and their uses, many sdhemes have been

used. One of the anost successful of these wags to picture numbers

is the use of the number line.

You can'thinI4 of the line In the drawing below

>

0 1 2 3/ 4 5 6

r.
as extending indefinne1y in each direction. You can choose any

point of the litre lInd label it O. Next, choose anothep point to

the right of 0 and label it 1 Thi-really determines a unit of

:length from 0 to 1. Starting at 0,, lay off this unit length-

repeatedly iowaind the right on the number line. This determines

the location Of the points corresponding to the counting numbers

2, 3, 4, 5, ....

1The number 7 is associated witp the point midway between

0 and 1 By layihg off this segment of leng;h one-half unit over
1 3 5-and* ever again, -the additional points corresponding to 7, 7, ..

are determined. Next, by Lsing a length which is one-third of the

unit segment and measuring this length successively to the right of
1 2 4zero, the points 7, 7, 1r, 75 , are located. Similarly, points

0are located to the right of 0 ot the number line corresponding to

fractions having denominators 4, 5, 6, 7, Some of these are

shown in the following figure.

174
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I ,3 5 t7 9
4 4 4 T

.0 I 12 2 3 4 A323 2 2 2 2 (.
nr"

By this,natural process there is associated with each rational

number's. point on the line. Oust one point of the line is associated

With each rational number. There is thus a one-to-one correspond-

ence between these rational numbers and some of the points Op;the

line. You can speak of the point on the number line corresponding

to the number 2 as the point 2. Because-of this one-to-one 'corre-

spondence,between number and point, each point can be-named by the

number which labels it. This is dne of the great advantages oy.

the number'line. It allowsus to identify points and nutbers and

helps us use geometic points to picture relations among numbers:

Remark: You might think that- thfrone-to-one corresponaence* .

assigns a number to every point on the line, to the right of 0.

This is far from true. In fact, there are many, many more points,

unlabeled than labeled by this prdces6. These unlabeled points

correspond to numbers like r,12, %/S01/5, which are not rational

numbers. Later you shall study more about such numbers.

Properties of the Number Line

The number line locates numbers by means of points in a very

natural way. The construction of the number line locates the

rational numbers in order of increasing size. Hence you can always

tell where &number belongs on the line. The larger of two numbers

always lies to the right on,a number line. Thus: 5 >3 (5 is greater

than 3), and'on the numbiF line' 5 lies to the right of 3. A number

greater than 3 corresponds to a point located to the right of 3./

Since 2 < 4, 2 lies to the left'Of 4. You can easily check the

175
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4 7relative positions of numbers-such as 3, 0, 7, . Once'you

have located the corresponding points on the line is easy to

tell at a glance;whether one.number is greater than another or

less than another.. -1.)

The point corresponding to 0 is chosen as a point of refer-

e and called the origin. The half-line extending to the right
. =

from the origin along the number line is called the pbsitive half-

line. 'Any number which is greater thah zero lies on this positive

half-line and is Called a positive number. In Particular, the

Cdunting Taimbers , 1, 2, 3, 4 are called the -positive integers.

Addition:on the Number Line

- Addition of two numbers can easily be pictured on the number

line. To add 2to 3, start at -3 and move 2 units to the

right. In this way the operation- + 2 = 5 is represented by a

motion along the numb line. The motion ends at the point corre- °

'spondinIK to the sum.

3
I

2

0 I 2 3 4 5

'Youpayalso thinklof the number 3 as determining an arrow (or

directed line _sggmdrit) starting at 0 and ending at 3. To

represent the addition of 2 to 3, simply ,draw an'arrow of length

2 to begin at 3 instead of at 0. The arroW.(directed line
A

segment) representing 3 + 2 thus'begins at 0 and ends at 5:

To avoid confusion,.these arrows are frequently indicated slightly

above the number line

, 4T. ?6

s ,r

I
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Exercises 5-1

1. For each of the following numbers draw a number line. Use one
inch as the unit of length. Locate a point of origin on the

line, and then locate the point corresponding to the number..---//

Just above the number line, draw the corresponding arrow.

(a) It (b)

(c) (d)

2. Represent each of the following sums by means of.three arroWs

on a number line.

(a) 1 +" 6

(b)
1 .3

3 4 9
-+

(d) 3 1.5

3. Locate the lowing numbexit 9n a Timber line and, determin6).

which iskthe largest in each set.

4.79 3
(.)

.
.f..!(b) , fp

8
7 0.875 :.

kg _ kv-

,4;..

. Locate on a number line the midpoints of thel:following
_. 4

{segments.

`- 7(a) From 0 to . (c) Ffom to 7 .

5(b) From
g' (d) From 2 to' 6.5.

5. Use a iagram representing addition by means of arrows on the
number line to show that 2 + 3 = 3 + 2. Apt property of
'addition does this illustrate? ,

V
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Using arrows to represent addition on the number line, show

that

(2 + 3) + 1 . 2 + (3 + 1) .

What property of addition does this illustrate?

7. Thibk,of a way to represent the product 3..2 by means of'
arrows on the number line. Try it also for '5 ,2, and 6

8. Hdw would you show ti %t 2. 3 = 3. 2. by means of arrows on the

number, line? What property of multiplication does this

'illustrate

5-2 Negative Rational Numbers

In the preceding discussion of number line there is a very,

serious"gap. 4 The ,points to th'e left of zero were not labeled.

Only the half-line from the origin in the positive direction waste

used. To suggest how to label these points (and why you want to!),

let us look at the familiar example of temperature.

.A number line, representing temperature, such as you find on a

permometer, often looks like this.
\ .

'50 -40 -30 '20 10 0 +10 120 +30 +40 '50 +60 +70

Temperature in Degrees Fahrenheit

Here tem eratures less than zero are represented by numbers td the

left of the origin and designated by the symbol n Tempera-

tures ntures greater than zero are identifiedwith the sign " . Thus,

10 refers a temperature of 10 degrees below zero (tothe_left

.0,f zero),

zeirorto t

seem mor

10 refers to a temperature of 10 degrees abcive

e right of zero). Actually, above zero and below zero

natural terms to use when the scale is vertical.

17
S.s

4
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This idea oidistance <or of points) along a line on opposite

sides of a fixed point occurs_ frequently in our ordinary tasks.

Think .how often you speak of distances to the left or to the right,
7

locations north or south of a given ,point, altitudes above or

below sea level, longitudes east/or west, or the time before or

after a certain event. In ea" of these.situations, there it a

suggestion of points locattedpn opposite'sides of a given point

(or number), or distances measured in opposite directions from a

given* point,(or nUmber)..cAllof them suggest the need for a num-

ber line which uses points to the left of the origin as well as

points to the right of the origin.

The natural way to desCribe such a number line is easy-to see.

You will start with the number line for positive rationals. whkch you

have already used. Using the same unit lengths, measure off dis-
\

tances to the left of zero as shown telow:

. ,

0 +1 +2 +3

. -_

40.

Locate r as opposite to +1 in the sense that it is 1 unit to the

left of zero. Similarly 2 is opposites to +2, -(10 is located

71
-k,5 +5qpposite to +,

74!) ip opposite to 1, etc. These "opposite"

numbers, corresponding to points tb the le'ft of zero,.are called

negative numbers. Each negative umber liet to the left of zero

on the numbe line an correspond to the&fposite pos ti've number.

vThis directi 6 "to th left" is.called the negative di ection. -

...I 9%
/ .

Negative numbers are- denoted as -1, -2; '14); ( -(g, etc.,,

by use of the raised, yphen. You can read (2) as "negative two." ,
_ . . ,...

This symbol " ." tel s
;

us that the number is lets than-zero (lies

to/theleft of zero). Sometimes to emphasize that anumteris

positive (greater than zero), the symbol ". 4- " is written/in a

)
,3%raised posit on as, in. +

2,
+k-

12, etc.
.

t

.'
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The new numbers that have been introduced by this process are

negative rational numbers. The set consisting of positive

°nal' numbers, negative rational numbers, and zero, is called

rational numbers..

The special set of rational numbers which consists of the

positive integers, the negative integers and zero is called the ,

set.of integers. This set is frequently denoted as:

I = -4,-3, -2, -1, 0, 1, 2, 3, 4,).

Note that the-set of integers consists of only the counting num-

bers and their opposites together with zero.

Examples of-thee of Negative Numbers

The negative numbers are real and as

tive numbers youhave used before.

timy's without calling them negropve numbers;

fulness is in denoting the idea of "opposite"

useful as theposi-

In fact you have used theM many

Their special use-

or "oppositely

directed"

Let

Chicago:

Chicago.

Which was ment/bned.
16 .

us use positive numbers1to denote distance east of
.

The negative numbers will denote distances west of

A number line like the one below

-300 -200 -100 0 MOO *200. +300

Distance from Chicago in miles

MOO

.

.
' .

can therefore be_used to plot'the poigtion of4an airliller flying

an East-West course passing over Chicago. For an airliner flying
f.,

a Vorth-South course over ChlCago, how could you interpret this

'..

re and after` the launching of a satellite can be
,..-

.
.

number line?

° The time b

180
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indicated on a number line like the following:

-5 14 -3 -2 0 +I +2 4.3 44 *5 +6

(Seconds bafore launchlng) (-Seconds after launching)

o
tote that tne number line you use need not be placed horizon-

tally. If you speak' of altitude above sea level as positive and

altitude below sea level as negative, it may seem more natural to

usea number line in thevrtical position.

frorepr'esentbusiness profits and losses, a vertical line
is more convenient. A higher position in the line seems naturally
to correspOnd to greater prof t.

0
J
xercises 5-2

.
.

-:---"---'-- 4

1 . Locate on the number line points corresporiding to the foilowr.
.

ing numbers-6. ,.

....,:::-

(a) 8 .,.: -.. (d) 8

(b) () (e) 1.5
4

- 1

.1 [ 41; ) 15
(f) (01

111_
Are there any pairs of-opposites" on till's list?

1

.4,

2. Sketort the arrows determined by the following rational numbers.

(a) 6

(b)

-5.5 ".

?.t

3

181
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3. Arrange the following numbers in the order in which they

appear on the pumber line: 4, .34', ;, 6, (4),g:

Which is the largest? Which is the smallest?

10 -

4. How could you represent the following wentities by means of
ositive and negative numbers?

(a) A profit of, $2000; '2a loss of $6600.

(b) An altitude of 100 ft. above sea level; an altitude of
50 ft..lielow sea. level..

(c) A distance oT 2J-milesEast, a distance o,f 4 miles West.

5. The elevator control bcaxd of a department storelists the
floors as B 2, B 1, G, 1, 2,3. Here G refers to ground
level and B 1, B 2 denote basement levels. How could you

use positivaAnd negative.nuMbers to label these floorS?

6. -D;aw a number'line indicating altitudes from 1,000
+10,000 ft. Ube intervals of 1,000 Locate altitudes of
-800 ft., +100 ft., -%00 ft., -500 ft.

5-3 'Addition of Rational Numbers 4..w

0

,.you' saw that the addition of two Tositive'numbers is easily
,represented on the number line. 04.4e number line, the sum
4 4. 2 is' represented by the point 2 units beyond 4. Noe that ,

units
#tIn adding a_psa.alt-iire number to another posit ve n her,!you always

move to the right'(in the positive direction alo g the number line.
.So tIlis Proc'ess'of addition can be described by saying that in__
adding 2 to 4,- you start at 4 and 'move 2, Units to the. right,
or 2 'limits in the'Positivedirection. You saw that a,convenient
way, to represent this proces6 is by'means of arrows (directed line
se ents) of'aPpropriate length. Thus; the sum 4 t 2 corresponds
to this picture, , 4+2 , ..

.1 -li
.

b.

IIII 11`-1111,.0 1 2 3 4 5 6 7 8 9 10

I

i82
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Think now of our construction for the negative numbers in the

number line. Remember.that -2' is the opposite of 2. T say

that 2 is the Apposite of 2 means that 2 is the ate dis-
tance from 0 as 2 but in the negative direction as shown hei.ei

2 0 2

.0"

The arrow associated with 2 is 2 units in length and specifies
., .

the negative direction as indicated in the skptch. How would you

' sketch -4; -(;); --3; -( )?
t

e14

What would the sum 5 -1-' (-Q) mean? Using , airected

arrows, you can find ,the poinfi corresponding to 5 + (-3i by start-

ing at 0, moving 5 units in the positive direction and then

units in the negative (opposite) directon. Thus, 5 + (3)

as shown in the folloWing sketdh:
%

1 "3

r

5

1 1

,

. 4. r

0
. 1

I I : I I `I i 11 I 1 I

-4 1 -3 j -2 -I O. I 2 ( 3 4 5 6

,

0

3

Here, 3, ,is associated with an arrow'pf length 3 units directed
in .y. tle pegat;.fe direotion., In adding (-3) to 5, you simply draw

- '
thp arr6./-Tor 3 as originating at 5 (that is, beginning at ,.the

end of the arrow,,corresponding 'to 5).

I

4

it
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To add 3 and -4, draw a sketch lfke,the fo3owing:

-4 -

3

-41

J3
I I I I 1

0 I 2 3 4 5 6

Thus, 3 + (4) = 1. Find the sum 2 + (5) in the same way.

-Cons ider/the sum (2) + (-4) . Here the arrows-:are both in

negative-il:4ctIon. You can see from a sketch that (-2) + (;6).0V

4

.-6

2

-12 0 + 2

In the'sdite way, find the sums: fp)
+ (+2) .

One property of special interest is illustrated by the sum
, , ,

(-2) + (+2) . .

+12^ t

44t

-2

,
zf

.
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a.

Here 2 corresponds to an arrow of length 2 units in the nega-

tive direction. Adding (-2) and 2) corresponds to moving

2 units to the left from '0 and then 27units back to 0. Thus

.(-2) + (2) 0.-- Check that Cl) + 1- = 0; (3) = 0,

(-8) = O.

You can see by the use of the number line that the addition of

numbers, whether positive Or-negative, is really Very simple. You

need only keep in mind the location of the numbers on the number :a,

line to carry out the operation. It is seen that:

and,.
e

When both numbers are positive the sum is positive,

as in : 4 + 2 = 6;
t

when both numbers are negative the sum' is negative,

as in (-4)1 F21 . -6. 01

- When one number is positive and one number is negative.,

it is the number farther from the origin which deter-

.,mines whether the sum is positive or negatiye%

- .

-A/,
Andther way of saying this-is, the of greater length:

determines whether the s-um is positive/or negative. In fact, thi

'one Ade also. works in the case when,bothnumbers are positive or
.

For'examPle:

In (4 )..1- 2_ 2, .
.

the sum is negative because the 4, which is
. .

*/

s, .
farther from zero than 2,I is negative.

InJ,/'4 + ( ) ..2,
1

I

',

., /'
4

,t
_17

the sum is positive, because the*4, mh h is
i

farther frOm zero than 2, is poSit e.
..

.

/7'''

I

,

1-8 5
0

ti
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-\when both numbers are negative. Notice that in cases.like

(2)4+ 2 ,and 3 + (3), the arrows are.of equal lengths -gut

opposite in dirOction. In these cases,the sum will be zero.

.Exercises 5-3
, .

1. Find the followint g sums and sketch, using.arrows on the number
line.

0

(a) 9 + (-5)

(b) 10 + (-7)

(c). 5 + (-10),...

(d) ('1.2) +

2. Supply the missing numbers in each of the following statementg-
,

so that each statement wily r
be true. .

( a ) , , ' 3 + (3) =

(b) (. ) + (-41 0

.

3.
, .

Obtain the sum in each of the folloying probiOls.

addition by means -of arrows on the number liqe.

fr ,,

,.,
(a). 25 + (76) (c) (78):+ 'll

[
I, (b) T-5) + (7),i (d) (6)- '4.

41

(c) (-75) 4. 74 =,

(d)' 14 + (2)- .

t.

,

4. S pply a negative number in each blaA nIc space -s
w 11 be corriact.

) , fi + )

P ( ) 10 ( )

= 2

,

=

/

Sketch the

that each sum

'?

A
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5. A company rep its income for the first six months of a year

as follows:
ONO

o
January 45000 profit

,.

February' 42000 profit

March $6000 :loss

.April '410 'profit

May 44000 oss

June
IP
..,43000 lo s

g(a) How could,you represent' these ine'omefigures in terms of

positive andnegative numbers?

(b) What is the total income for the sp-month' period?

(c) What is the total income for the fillet three months of the'

year?

(d) What is the total incoir for the four -month. period,

March, April, May and June?
31,

6. In four successive plays from scrimmage, starting at its own

20 yard line, Franklin Higb makes

a gain af

loss of

a gain of

loss of

17 yards, then

6yards, next

11 yards, and

3 yards.

finally,

(a) Represent the gains and losses im terms of positive and 4'

negative numbers

(b) Where is the all
!
after the f urth play?,

I(c) What is the n t gain after th four.-plays?

7. (a) Think of a way to repres,ent the product 3(2) by
/'
uf4arrt5wson th.e number .line.. Try it alsa'for:

. . fi' s I

(b) 5(-1).

( c ) 2 .'
-

not -

(

1-87-
4 i

means
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Inverse Elements under Addition

Recall that (TO = O. ThiS->sentence.asays that (-2) is
the number which when added to +, 2 yields 0. You saw previously
that 0 is the identity element under the operation of addition.
Any two mimbers wilkk-sum 0 ./ are said to be inverse elements under

addition. Hence (2) is/the inverse emen t dorresponding to +2

under the operation of addition. Therettre 0) shall be called the

additive inverse oP +2. Likewise +2 is the additive inverse of (2")

Taken together, the elements '2 art (-2) are called additive
inverses.

7- '
o-

Class Exercises 5-3a
A

1. Find the additpe inverse of each of the following number.q.

7, ( 9),

7
)1(Br

11,

30a

. (-12), (-6),, 15, ( 20), 0, (1),,

t e

. Which of the following pairs art additive inverses?
-.

(a)- +20; +20 ' (c) : .5, (i)

(b) (5), (5) (0` 2,
, Tr

On the number line you can see that any number and its

tive inverse will be represented by .arrows of the same length and
opposite diredtion. When added, these, "opposite", arFoifs of eq. ual

Id.-length always give 0.
.

k

4

,

T
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e .-

,...1n..th addition of a positive and a negative number, it was
A

noted that the larger arrow determines the sum is positive
.
Lor negati e. The length of the arrow forf.the sum can be obtained by

the picture of additive inverses. For example, in the -sum z.3
5 + (-a) . 3 . you may write

. ..
. -

r
i - 1 '

by introducing the additive. inverse of the, number represented by

' the smaller arrow. , Then, i

since 2 4. (2) 0 you have
.

5+ (2) = 3 + 2 + (-2) = 3 0 = ,3..

J

Note that the other arrow of the two into which 5- ig-separated

w represents the sum 3.

t

?
i I "+5 . 1

e I 4 . '': 4 '-w 4- i4
"-4 .72 +0 I 2 3 .4 5

,:.
..,

+2.-

2P

9 is procedure is a g neral one, as 'he fallowing

.illustrate.

.;

8 + (-7) =, 1 + 7 + (-7) = 1 + d".4-61:1:#

(-8) + 7 ..(.3) + (-7) + 7 = 1 + 0 'S1".to: ,._,

° a

. . .

. 4 ;
.

. : , 1

,
. .

'r "..° I ea6h-case, the additive inverses add up to zero, .and.1/4, ./,' remain-
'

..;
sing number is the sum.

4 .

.0
of

a

'

: .' '4 4
..

,.

19 + ( 26) = 19 + (-19) *

xamples

3



Class Exercises 5.131)

1. Sketch*tbe arrows corresponding to the numbers in the above

/
thAe examplf .In each case, determine the arrow correspond-

.

. .

ing to the sum-.

2. 1Serform the following additions,by introducing the additive

inverse'for the smaller arrow,-and sketch the operation on the

,number line.

la) +lo + (-5) (c) (4) + 3

(b) + (d) (13) + 9

5-4 Coordinates and Graphs

Cobrdinates on a Line
_ _ _ _ , _

Let us consider the number line rom'a: different point of view.

As you have seen, a rational number Can always be associated with a.

point on the number line: The number associated in this way with a

port of the line is calledTa coordinate of the point. In the draw

ing below, the number zero is associated with the reference point_

called the origin.

A

Point 4 is denoted by,the number (+3) . PointE is dented by (-2) .

A( +3) is written to mean that A is the point with coordinate 13.'

likewise 10.( 2) Means that B is the paint W1,11-Coordinate (-2) on
the line.

.

', ,

19 10
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Recall that every.positive rational number is associated with
. -

a point on the poiitive half -line. Every negative rational number
0

corresponds ta a point on the negative halkf-line., The coordinate

that is assigned to a point in this way tells us two things. It

tells us the distance from the origin to the,point. It also tellS

us the direction from the origin to the point,

*Di

'Exercises 5-T4a

1. Draw a segment of a number line 6, inches in lepgth and place

the origin at its mid-point. Mark, off segments Q 1 length one

inch.- On the line locate the following points:

°

ArY), ..13(i), 0(1), T(0), .L(1), P(2)...tV

2. (a) In Problem 1, howibir is it in indihs between the point

labeled T and the point labeled' L?

(b) between P and B?

(c). between L and

(q1 from the origin to A?

3. Using. a 'number line with 1 inch, as, the .unit of length, mark

the following points:

+
R(;), S(;), D( 4), i), E( ).

4 I 4: If the line segment in Problem 3_were a highway and it was

II

/

drawn to a scale where 1 inch *presents 1 mile, how far in
4, milei- is it between these points on the highway :'

( a) F and R?

r D and E?

4 Draw a number line in a yertical instead of horizontal po.sition.

Mark your number sca1e with p sit,ive numbers above the origin

and. negative numbers below th origin. Label points to corre-

spond
, 4

spond with the xational numbe s 0;-1, 2, 3, 1, -2, 3,A-*:

r .191 .r"
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-

Coordinates in the Plane .

1...

Recall from your previputwork in this chapterthtt number

lines can be drawn verticalky-as wellras horizontally.
. .,

1 w .:

You have learned that a single coordinate,locates a point on
the number line. A point like S below is not on the num)De4 kine

and cannot be ideated by a single coorpinate. Howeven,.you can seer
that

S

e .

%

l %
.

S is direc ly\above the point Ak
+3/ To locatt paint 5,1 draw

a 1.,tiCal uMber line -perpendicular torthe:hOrizohtal number.line

and intersecting it at the origin. Your dgwing ihdlild look like

this:7-. .--

O

horizontal number" line is called the 'X -axis d the ertical

ber line is called the Y-aXis.' When both number line are

referred to, they are called the axes.

192

!
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To determine the coordinates of point S look at the diagram

above. Draw a line segment from point S perpendicular to the

X -ais. It intersects the X-axis at - ( +3). Now dray a perpendicu-
.

lar from point S to the Y-axis at (+2). Point S has an x-coor-

dinate of ( +3) and a y-coordinate of (+2), which is written as

(4"3, +2). 'Parentheses are used and the X-coordinate is alway;S-Written,

before the y- coordinate.

In the diagram below, observe hoW the coordinates of poihts

A, B, C, and D were located.

A

t w

Thus,'in. general, P(x, y) represents ihe point P in terms of
its coordinates. This may be done for any point P in the coordi-
nate planep*Thie system of coordinates is called a rectangular,,)

system because the axes are at right angles to each other and

distances o,f points from the, axes are measured along perpendiculars
..
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from the points to the axes. Each ordered pair .of rational numbers

is assigned to a pdint in the coordinate plane. Locating And mark-

ing the pqint with respect to the X-axis and the Y-axis is called

plotting the point. ,

The idea of a coordinate system is.not new to you. When you.

locatq a point on the earthts surface, you do so by identifying the

longitude and latitude of the point.

Note that the order in which you write these numbers is

important- SUppose you were giving directions to helll'a friend
/

locate a certain place in a city laid out in rectangular blocks

'(streets at right angles to each other). You tell him to start at .

the center of the city, go 3 blocks -east and two blocks north.

Would this be the same as telling. him to go 2 blocks east and 3

blocks north? Of course not: Do you -see -why it is important to

be careful with the order when writing a pair Of coordinates?

Exercises 5-4b

V/1. Given the following set of ordered pairs of rational,numbers,

lobate the points in th prane associated with these pairs.

f(4,1), 00), (Q,1)e. (2,4), (4,4),

(-1,1), (3,3), (4,3), ,(-5,3), (0, 5), '

2. (a) Plot 'the coordinate pairs inthe(followigg set:

= ((0,0), (1,o), (+1,o), .(2,o), (+2,0), (3,0),(+3,0)

*(b) Do all of the points named by Set A seem to lie on the

same line?

(c). Does thecondition"4 y = 0 describe the line containing

the points of Set A?
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3. (a) plot the coordinate pairs in the following set:

B ((0,0), (0;-1),*(0,1-1), (0,-2), (0,1-2),A0,-3), (0,+3))

(b) Da all of the points named by Set B.seem to lie on the
same line?,

(cY Does the Condition x 0 describe 'the line containing 4
,

the points of Set B?

Did yOu notice that the half W.anesabove.and below the X-axis

intersect the half planes to the right and to the left of the
Y-axis? These intersections are called quadrants and are numbered
in' a counter-clockwise direction with Quadrant I being, the inter-

section OIC she half plane above the X-axis and the half plane to
the right of the Y-axi,.s. This quadrant. does not include the points

on the pdalt.ive'X-aXis,Ox positive Y-axis, nor does it include the
origin..

i
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. .\
Points in th"e intersection set of these°two halliplaned are

. .

in the.first quadrant or Quadrant I. The intersection of the half

plane above thq X-axis and half plane to the left og the Y-axis is

Quadrant II. Quadrant III is the intersection of the half plane,

below the X-axis and the'half plane to the left of the Y-axis.
.

Quadrant IV is the intersection of theehalf plane to the right of

it

the Y-axis d the half plane'below the X-axis. Note that the
....

T-. coorlinate. alp are not a part of, .any quadrant.

The numbers in an ordered pair may be' positive, negative, or

zero, as you have noticed in the 4aercises. Both numbez,s of the

pair may be positive. Both numbers may be negative. One may be-

positive and the other negative. One may be zero, or both may be

zero.
1

'Where are all the pointd for which both numbers in the ordered

paii: are positive? Will they all be in the same quadrant? How-call

(: ---' I
, )

you tell?

Where are all the points for which both numbers of the ordered
,

pair are negative? Show this by plotting some points. Learn'to

predict.in.uhiph quadrant the point lies if you know its coordinates.

Class Exercises 5-4a
.

a

1. Given,the following orderedlpairs,of numbers, write' the number

ot the quadrant in which you find the point represented by each

. of these ordered pairs.

Ordered Pair

(a) (3, 5) (b) (1, -4) (c) 4) (d) (-3, -1)

(e) (8, 6) (f) (7, 1) (g) (3, .5)

.
.

.
. .

..

2. 0.0 Both numbers of the ordered pair of coordinates are %

.

. positive. The point is in Quadrant

(b) Both numbers of the ordered pair of coordinates are':

0p
_41./0
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negative. The point is in Quadrant

(c). The x-coordinate ofan ordered pair is negative and the

y-coordinate is.positive. The point is in Quadrant

(d) The x-coordinate of an ordered pair is positive and the

y-coordinate is negative. The point is in Quadrant

3. (a) The x-coordinate of an ordered pair is zero and the

y-coordinate is not zero. The point lies on which axis?

(b) The x-coordinate of an ordered pair is-not zero and the

y-coordinate is 'zero. The point lies on which axis?

(d) Both coordinates of an ordered pair are zero. The point

is located where?

I
Exercises 5-4c

1. (a) Plot the points of'set = (A(+2, + ,..B(+24 +3)1.

(b) Use a.straight edge to join A to B. Extend line segment

AB.

(c) Line AB seems to be parallel to 141,ich axis?

2. (a) Plot, the points of set M = (A(+2',. .4'3),B(+5, +3) ).

(b) Use a straight edge to\join A to B. Extend line .segment

3.,

AB.

(c)',Line AB seems to be parallel to which axis?

(a) Plot the poitits set N = (A(0,0), B(+3, +3))

p)) Join. A to B. Extend line segment AB.

(c) Is line AB parallel to either axis?
'''',, .

\,.-/ /,,f. (a) Plot the points of set P = (A(+4, +4),' B(+2, 0)) ',1,

(b) 'Join A to.B. Extend line segMtent AB. '" t
Irf-m, (c) Plot the points of set Q = (6( +6;4'3), D(0, 4.1)1

(d) Join 'C to °D. Extend line segment CD:

0

o

as

,(e) What is the intersection set? .' ..
4 A

/ ..

.

J
(a) 'Plot the points of set '.1i"= (A(6,0), B(1,0); C(+31+.114

. .,.,

oft the coordinate plane. '.
. ''

tb) Use a straight edge:to'join A.ii.:*B; '33 -to C; C to A.,

(c) Is the triangle (1)' .scalene, .(2) ligosceles or

(3) equilateral?

49'7
O
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6. (a) Plot the points of set S (A(+p, +2)), E5( 2, 2

C(2, 3), D(+2,

(b) Use a straight edge to join A to B, C to D

and. D to A.
4,,,,

(c) %is-the figurie a square?/ .

(d) .Draw the diagonals of'the figure.

(e) The coordinates of the point of intersectiQn at the

diagonals seem to be

7. (a) Plot the points of set .T (A(+2;'+1), B(+3, 4-3)t

c(-2, +3), p(3,

(b) *Use a straight edge to join A to B, B te!C,. C to D

. and p

(c) -What is the name o the quadrilateral formed?
%.

(c3) Draw the diagona s of quadrilateral ABdD.'

(4) The coordinates of the point df'intersection of the

diagonals seem to be

.*

t ) I. .4

Graphs

Consder the following statement:

y 11. .

,Dral&a pair of coordinate axes and label.them. Locate a poi
. _ L

(6,4) ql-the plane. LOcate the five other points: ( (e,11)

(2,4) (5,4), and (7;4). rThe statement = 4..dSscribes these

ordere pairs of numbers since the y-cool4dinate in each pain is 4.

. pp t ere Other pciints,,in,the plane with a y-coordinate of 4t.

Draw a line contaihing the het of points.deScribed by this stater

.7 .ment' y.,=)4. Are the x'-codrdinates of'all thise Pointe pitali

- -0

,

y.

t
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4

They graph ofi the set of points .described by the statement

y-s. 4 lies on the like' 4 units above and parallel to the X-axis.

Class Exercise 5-4b
. .

1. What statement describes the following set otlpointe in the .. -

/

( /
coordinate_plane?'

4. .

.(a). The,set of points withsy-coordinate '3.

-*,(b) The(s4 of points with .y- coordinate -3.
. .

) 'the set,pflpoints with y-000rdinate -4,
4

) -.The set:of points with 1-coordinate
.

1
. *

.,9ketich-the graph.ofthe set of points described by each of t--e

'statements listed alache. .

1
:

2. ISketa the graph 6f the set' of points\descriped by
--.

4 0.- ment listed: 1 ;4-
v-

x= 2

(b)* y = 6

(c) x = ,
--

(d) y

(e) .y =

. (f). =

Now let us consilipr:these statements:4

(a) y > 4 (b)' y < 4

1, D9,

.

each4tate-
ir
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!'"a
I

In diagram (a) linpi,P , you recall, is the graph of the set of

points described by the statement y '..4. Choose a point '(2,6).

Does, the statement y = ii describe this ordered pair? Since, the

;_y-coordinate in,'his ordered pair is greater than 4, the statement

y > 4 descrites it. Ar4 there other point& in the plane with

y-coordinates greater than 4? Locate two other points, k and m,-

with y7do4r4lnates greater than 4. Are these points above the

line 449-, Yes, they are in the shaded region which is one of 'title

0 p nes determinedby-the line y = 4.

, . ; .0

The graph of th'e,:set of pointsdescribed by the statement

y >, 4 lies in the half-plane above-the line q units above and

_parallel to the X-axis. .

In the shaded part of diagram (b) are located points for

which the coordinates satisfy the statement y < 4. LoCate point

(2,1) in this region. Since, the y-coordinate is less than 4, the

statement y <'4 describes it. Locate other poirits in the plane

with.y-coordinateS less than Ir. Are these points in the half

plane below lina? Try ether points in the half plane below lime

.,P to see if they satisfy the statement y < 4.-

'The graph of the set of points'described by the statement

y.< It lies in the half plane below the line It units above and

parallel -to the X-axid..

2'0 Zi
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Exercises 5 -4d .
_

( 1, Sketch the graph of the set of points selected by each state.;
ment below. Mit different cobrdinate axes for each graph.

(a) y = +2

(11) S Y > +2,

,(c) Y < +2

(d)-. x,=,3

(e) x j3

(,f) x

(g) x= -3

(h) x > -3

(i) x < -3

(.1) y = -2 J.

(k) y > 2

'(1) y < -2

'_14t,us look at the statement y = x;

by the 'coordinate pairs of set Q, sketch
$

Q = ((0,0), (1,1), (-1,1), (2,2), (

Does it seemtobe true for every point on

y-coordinate is equal to the x- coordinate

y = x

7
Y

6

6

4

3

5 -4 3 -2
-1

0 2 3 $
X

-2

-3

5

-6

Using the points named

the graph of y = x,

2,q), (3,3), (7313))

the sketch that the

of the same point?

y > x

MEMENMEMEMEMEW
MMEMEMEMENNEW
AMMMEMEMENNEMM
MEMEMEMEMMUME
MEMEMEMMEN2
,MMENNEMEM
MMEMMEMMEM
MEMMEMEM
INMEMEMOMMiMMO
1111111

M
"

HiNMI NM MMUM PM M
Pr

2014
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How does the graph of y > x differ from 'the graph of Y = x?

'Is it true that the set containing coordinate pairs with the
g

yiv7coordinate greater than the corresponding x-coordinate is thp set

,described by.thetbtatement y > x?

Exercises 5-4e

Use a different set of coordinate axes for each graph.

d. (a) Find four pchnts different from the points'in Q, des-

cribed by the statement y = x.

(b) Draw the graph of 'y = x.

2. (a) Sketch the graph of y < x.

(b) Construct a set R'containing the coordinate pairs of fOur

points descrilbed by the statement y < x.

3. Describe the differences between the graphs of y = x, y > x,
andsy < x.

5-5 pultiplicati!on, Division and Subtraction of Ration*. Numbers

Some of the cells in the table below have been frilled from oul.

knowledge of arithietic. Also thefproperty that the product of a

negative number and 0 is 0 has beer used.

2

0

1

2

-3

-2 -1 0 1 2

>

0

0 0 0 0 0

,

,

4

,

0

* .....

to,

1

.

0

, -

-2 4 6,

-

.
0 3

.-

6.
-

9.

9.0 2
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\

,Now to complete thrtZle, observe, for example, as.,You go up in
A

the right hand column that .each number is 3 less than the number
below it. This column shall be referred to as the "3 column."

Thus, the "3 column" would become

-3

0

6

9

Similarly the "3 row" would become

%

1 6 I 3 0 4 3 1. 6 I

Applyinethis notion to the remainder of thii cells, the table

, would be completed as shown below.

2

0

1

2

3

I

2 -1 0 2 3

q 4 4 2 0. -2
4-

-4 -6

2 1 0 -1 -2 -3

i
0 0 b 0 0

.

-2 -1
.

0 1
/

. 2 3

-4 0 2 4

.
4 6

..

-6

i

3 L 6 . 9

203
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In particular, you can see that the top row, which is the ",2

row is completed as shown here:

4 2 0 -6

In other words, if you are to keep the property of multiplication of

counting numbers, which you recalled earlier for multiples of 2 ana

7, you must accept the following products:

1(-2) (1.2) 4 and (-2) .3 -6.

You should notice similar results in other parts off the table. Fol.

each ,column and each rolethe difference between two consecutive

entries is a fixed amount. As far'as this table is concerned, the

product of two negative numbers is a positive number, andthe pro-4 .

duct of a negative and a positive number (in either order) is a

-negative number.. These conclusions are actually correct for all

positive and negative rational numbers.' It should be clear, hoW-

ever,, that this result has not been proved;` nor ha6 it been given as

part of a definition.

cluslens are plausibl

In theAexereises

which should make our

negative numbers seem

Only one,retacion'has been shown.why the con-
t. : * -

e.
.

your attenpon.will be called to other:ways

leonclusidhs}abotkt products,,of Positive and

appropriate.
r.

ExeNises 5E:5a

1. Look a the large multiplication table which was completed in

this Section. In which sch ro do the products increase as you

move to the right?

a.

2,0
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.

2. Using the same table, in which columns do the products decrease

,
as you move down?

.Give,Give: in correct order, the products pf

'from .74= 'to 6.

4 Give, in correot order, the products of

frolt -5 to 5.

Complete the following table.'

add appropriate columns on the

at the bOttom of the table.'

5:

-5

-4

-3

-2

-1,

,

7 and the integers

k and the integers

,I1-1:t helps you sfe the pattern,

right, 4or add aPProprlte rows

e -1 0 1 2

J

0

6. Illustrate the

(a) 2 and 1

7. Illustrate the

numbers: -2,

0

.r

commutative property of, multiplication for

(b) -3 and 0 (c) , -4 and 5 (d) 15 'and -6.'

associative proeetty of multiplication 'for;

-1, and 5.

9 0 5
3
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8. Illustrate the' distributive property of mul'tipiication over

'addition for ,.the sets"of numbersusing the last tWO numbers

in each set as a sum.

(a) 4, (3+8). (b) 2,

Find the products:

( -;+ 6) ,.(c) (-8 .-1)

(a) -4 /0 (f)

(b) . -4 2 (g)

(c) -4 5 (h)

(d) 8 -3 (i)

(e) 17* -2 (i)

10. Find the products:

- (a) (1) 4 (b) (I) 5 (c) (1) 11 (d) 8 ( (e) 77 (1

49 -5

-6 -9

-6 - 8 -12

-10 -8 -(4)

(14) (16) (4)

11. Show the use of then number line in finding the products:

(a) b) 5 *-2 (6) 4 -3.

12.,,ifter o ng 2 yards on each of 3 successive plays, a

football team is on its own 30-yard line.

(a) At what popition was the team before these losses?

(b) If you express a loss of 2 -yards with the number 2,

the-Tosition-af-the-team before the 3 lasses is giVenk

by -30-.....3(2). Whg..dolvou subtract 3(2)?

13. Interpret the following exprdeelans in terms 'of losses or
gains of a football team.

(a) 47 4( -5)4.-5)4.

(b) 15(7.- 2( 3).
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14. Find n in each of the following equations:

(a) 3n = -36, (d) -3n

(b) 5r. =6 -75 ''(e) =

(c) -21.1 (f) -6n-. -12

15. In the following problems in multiplication put a numbei, in

the parentheses so that the statements will be correct.

(a) ( ) 6 = 12 (e) (L5) ( ) = -20

(b) '1' 5 (4) = 715 (f) '']* ( ) =-,-.110
i

(c) (-10)( ) = 160 (g) (-1) ,( ) = 1 G

(d) (5) '( ) = 20 ,(h) (7).'( ) 0
P.

1
.

1o. Find the` products:

(a) (76) / (-10) (e).

(b) (-3) (4) (f)

(c) 6 (g)

(d) (4-1 -6

Division cif 'ational Numbers

You know that if 3 n = 29, then n = 13, since 3 .13 = 39.

A163*, in the definition of rational numbers you call (or 39 + 3)

the national number n for which 3 n .,29:

3-..'n:= 39.

Lei us apply these methods-in division of rational numbers

involving positive and negative numbers.

$

20'7
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Find n if 2n = -18.

We know 2 (-9) = 18-

- -18
Hence, n = 9 or ( 1.57)

Also -18 2 = -9.

- 41

In this section, 'division will be discussed only as the opera-

tion which is the inverse of milltiplication.l° To find -8 4. -Z

you can -think

8 n or -2 n = -8

n = 4, since -2.-4 76%

-8 4. -2 4.

The question, "What is 16 divided by 4?",.is the same as

the questioh, "By what number can 4 be multiplied to obtain 16?

You know, 4 = 16. Hencd

16 4.. -4 =

Which of the following are true statements? ,

(a) -63 4- -9 = 7

(b) 45 = 9

(c) -8 j . 104

(a)* -(41) = '3

(e) -24- 3 (4)

(f) 3 + -2

.

You should be able to show that all of thes'e a4 -true stater,.

ments except (b) and (e). .

Before starting to do the exercises; study the following and

be sure that you know why they are tikle statements.

.20g
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7

7

7

., `-5

-(;')

5-
7

(;)

=

=

=

=

'35

5

5

-5

35

5

-5

7

4. 7

+ 7

4.

= -5

= -35

= °-(2)
7

'35 +

5
7

_

=.

=

-7

7

7

.%

4What is the reciprocal of (7)? You know that (7) and

a'e reciprocals if

Since .

' and',

we have

therefore, (q.)

n = -(4)

thereciprocal of (.7).

ExeiAcise's .:512

-(.?0 4

_1, Find the products:

(a) -4 7 (0

(b) -4 -3 (e)

(c) 2 6 (f)

209



2. ,Find the quotients:

203

2864-

12 4.

-12 4.

7

3

2

(d)

(e)

()

73 4-

It

2 .

It

1%
vs;

3. Find 'X' so that these sentences will be true statements.

(a)

(b)

5 r = -10 (d) 2'r =

2 r = 6 (e) 3_r =

3 r = 21 (f) .(-6)r

_
3

8

-(4)

4. Write the reciprocals of each number ip P:,

P = (6, .4, 1, -1, -(4),

5. Divide in each of the following:

CO
-18 (e)

. -9

(b)
55

(f)

.
(0)

30 (g)
-66 ,

(d)
30

-6
..,

30

-6
30

0

6. Find n if:

(a) 1/4-2 4- 3 = n (b) 2 4- -3 = n

210
4

4

Ca,
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1,4 -
7. Write. () as a quotient in two ways.

8. Find n if

(a) 7 h -6 -(b) -7 n . 6

9. Write two sentences,,using n, in which n = -() w
6

the sentence a true statement.

.10. Find n for each of these equations.

(a) (25)n = 92 (c) 4 n =

4(b) (92) 4 (-25) = n (d) 4- (-4) n

11. . Complete the statements:

(a) If a and b are positive or negative int gers, then

a
r,,is the rational number x for which

uld make

a
(b) If is a rational number then b is positive if a and

b are

a a(c) If F is a rational number then -.- is,n gative, if

either' a or b is d the other

is

Subtraction of Rational Numbers

In arithmetic you.lea"rned, for example, that if 7 4 = 11,
then 11 - 7 = 4 and 11 - 4 = 7. Or if 23 + 17 = 40, then

40'- 17 = 23 and 40 - 23 = 17. Uslngletters for positive num-

* bers you make use in arithmetic of the property:

y/, If a + b = b, .then c - a = b and c - b a.

2 1 1

fi
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This, property will be used for negative numbers as well. For

example, it will be said-;
41'

If 8 + -5 3, then 3 - 8 and *3 - -5 . 8.

ft maniefioyou to understand this if you 'refer again to the number
.

4

O

' I I f 4 i 4 i
-6 -5 74 -2 -I 0 14 2 3

.7))'

. 6 7 8 9

The arrows above the ber line 'show 8 + -5 = 3: The arrows

below the number line show 3 - 8'. 5. In the exercises yoU will

' be asked to suggest 4 of showing 3 - (r5) = 8, using the

number line. This sho d be easier to do after you have had a

little practice with sub* action of negative numbers; using the

.flaaditiven point of view.

To find (7) - 4,'yollan. think of the number which added to

4 gives (-7). Since 4 +.(11) =.-7, you know that (7) - 4
= 11. Let us consider some other examples.

3 + and 1 - 3 = y2 and 1. - (-2) = 3

4 + -5 = 9 and -9 - (4) = 5 and -9,= (-5) = -4.

Again, to find 4715) - 8, ,think of the number which added

8 gives 15. The sum of 8 and 23 is 15. Thus

. (-15) 7 8 = -2

212 .

b4.
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Suppose two boys had been playing.a game and at 9:10 P.M. the

scores were

Henry Jack .

5 , 2

1 0

3 4

-4 _1

2 2

5 71

Then they recalled that they had agreed to atop playing at 9

o'clock-. In order talceep this agreement the boys decided not to

Count the gcores on the last round. Thus,

Henryts.spore would be 5 - 2 =,3, and,

Jackls score would74 .1 - -2 =

In order to subtract (2). from JackIs score the boys thought of

the number which added to -2 ip 1. This number is I.

[ 2 +.1 = 1.] You can check this result by noticing that the 'Oum

of all of Jack's scores, except th last iqs 1.'

Exercises 5-5c
.....

1. Add the numbers in each set.

2. Find the sum of (4) and (Y) and write two equations

involving subtraction which can be obtained frqm this sum.

(a)

(b)

(c)

2,

7,7
-5,

5

2

(d)

(e)

(f)

-4)

2,

21,

1,

3,

6,

8' ''

15

7

..,(g)

(h)

(i)

. 78,

77,

-23,

1.3,

50,
.1.

-19;

-24

310

11.

,
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3. Find x in the 41lowing:

(a) (5) + 2' = x

(b) (-3) +. x = 8

(c) '8 + x = -3

.
207 .

,
.

t
,,,

2.11i 3::

a

(e) -.(.5) + -(.g)- = x

t
-(d) x + (-4).= la . (h) X

4., Supply the missing number in each case.

(a)" 8 + 5 + ( )

(b)14 6 + (-3) + ( ) =

(c). ("II) +-. 6 + ( =

(d) ("u.) + (-6) 4( ) =

(e) (-3) ( ) + =

(f) (- 3) + (7) + (. ) =

+

41

+

x

X

4

7

=

=

(131
,6./

(11) o

<

'5. Suggest a way of subtracting (-8) from 3 making use of the
number line.'

6. What are the ,a.dAtiVe inverses of
.4:-

(a) 10 (b) -100 (c) (d) (e) -5) (f) -(2-15!) :51

Explo.in 1474 subtracting 2i is the same as adding the .additivp

inverse- of 2.

4

A

O
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8. Perform the following subtractions.

(at) (710) (3)
(b) 4 - 6

(c) 16 - 12

(d) 8 - (2)'

.(e) sc 8) - 2

(f) ( 8) - (2)

(g) (9) -4 2

(h)

(1)

(.1)

9 - (-3)

7 - (5)

7 (5r

=

=

=

(k) 2- 9 =/-
(1) 2 - ( 9)

(n) 'd - 10 .
(n) 3 - ",10) =

9. Complete the table for y = 2 x - 3.

x -1 0 1, 2
.
3 4

Y

.

10. Complete the table for ly = -2 x - (-1

<

)!

x 72

1

0 2

2 1 5

St

SID
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Graphs of Other Relations

You now haire had experience with the four operations on the

positive, negative and zero rational numbers. You have had an .%

introduCtion to sets of ordered pairs of rational numbers and

graphs of a few simple conditions. Some other relatiOns and theirt

graphs will now be investigated.

The 5 points Marked on the graph (a) at the left, above, have

as coordinates elements of the set:

T'=.((0,0), (-1,72),, (-2;-4), (1,2), (2,4)). ,

The condition, y = 2 x, dtscribes the,ordered pairs of numbers

whiCh aribelements of the Set, T. This is true since the y-

coordinate two time the x-coordinate in each pair.

A In set U the y- ootdinate is also two times the x-coordinate

in.each pair. A.

U = ((-3,-6), (-0.5,-1), (0.5,' 1), (1..5,-3), (2.5, p)..

216
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Without.marking in your book, locate these points on the graph (a)

You wild -fing that these 5points'also are on the-Moe drawn in

the graph. The.graRh could be said to contain the union of the

set of pointsgivenalby the" number paiis in sets T and U. Can you

say that a point will be on this line, if its coordig5:tes satisfy

the condition, or relation, y 2 x? :

In the shaded part of graph (b),above, are located'the points

for which the coordinates'satisfy the condition y > 2 x. The

shaded.region.is one of the half-p1 Anes determinpd by the line

designated'by y = 2 x: Let us select a point in this region, for

example, K. The coordinates of K are (2,3). If you substitute

these numbers.in y > 2 x, you will have

3 > 2( -2) ,:os -3 > -4. 1.!

This is a true Statement-and thus the poipt (2,3) satisfies

the condition y > 2 X. Try other points in the half plane above

the graphof y xitand see if the coordinates of these points

satisfy the condition, y > 2 x.

Graph (c) abOve is the graph of ,the other half plane deter-

minep by y i,2 x. The coordinates of points in the half lane

satisfy the condition y < 2 x. Check a few of these points to

see if the condition is satisfied.

Consider the following condition:

0. y = 3 x + 2%

If x = 0, then y = (3) (0) + 2- or 2

//7
If x = 1, then y = (3)(1), + 2 On y = 5

If x = 71, then y = (3)(-1) + 2 or y = 1 (Check this)

If x = 2, then y = (3)(2) 2 or y =, 8

If x = -2, then y = (3)(2) + 2 or y -4 (Check this)

Set T beloW contains some of the ordered pairs of rational

numbers described by .y = 3 x + 2. .

T = ((0,2), (1,), (-1,-1), (2,8), (-2f-4)).
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The ordered pairs in T are plotted in graph (0,. y = 2 x + 3,
below. Do thee ikints all seem to lie on the ,same line?

(a) y = 3 x + 2 (b) y > (3'x + 2)

0

I.
, .

The graphs, (b) y >3x + 2 and -(c) cy < 3 x + 2, (3 are graphs-of
the two half planes determined by the line given by y = 3x + ?.
In Problems 6 and 7 you wil-1 be'asked questions about these graphs.

(c) y < (3 x + 2)

f

218
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Corisider the following condition:

- If x,. 2, then

If x = -1, then

. If x = 0; then

444

2, x +

y = (-2)(-) + + (-3) or ys. 1

y-=.-(-2)(-1) + (-3) = 2 + (-2)., or y

y = (-2) (0)'+ (-3) = 0 + (-3) or. y = -3

If x = 1,' then y (-2) (1) + (73) .-24 (-3) or y = -5

If x = 2, then y = (-2) (2) + (-3) .-4 + (-3) or r. -7

Set P below contains some of the ordered pairs of rational

numbers described by y = -2 x0+ (3).
0

((72, I); (1,1), (0,3), (1,)e (2,7))

The nutbeg pairs,in P are plihted on the graph 2 x +(-3)

below.

Sometimes coordinates of points, which satisfy a relation, as

a table are displayed. In this example the table would be 1 °

x
-

y = -.2x + -3

4

2 1 0 1

1 -1 -3'

11.

As with the other examples in this section, the graph of the

condition y = -2 x + -3 is displayed with the graphs of the half

planes determined by the line associated with y = 72 x +-3.

219
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(a) y = 2x+ (3) (b) y? [2x+

X

(3)]

1111111Ell111 MENEM
11111 MEM=

MIME01 MUM=1111M1111111110 11111111111e62.

Exercises 5-5d

(c) y <( gx+ (3))

X

1. Given the relation, y = 3 x, find five ordered pairs of
14

numbers which satisfy this condition.

.2. Plot the ordered number pairs found in Problem 1 and draw a
straight line through the points.

3. Draw the graph of the reltion y > 3 x.

220



4. 'Sketch the graph of y < 3 x.

5. Do the gr:aphs of4 y = 3 x, y > 3 x, and, y < 3 x seem 'to

include ail the points in the coordinate plane? Why?

6. Give the coordinates-or 5 pointsin the graph of the condition

y > 3x+ 2. (See this aph in this section.)

7. On which of the two graph , y > 3 x + 2 or y < 3 x + 2,

are the following points?

.(a) (1,10) (b) (-5,6) (c) (-2,0) (d) (0,0) (e) (-6,-6)

8, Draw careful graphs of the following conditions:

(a) x = 5 (d) y = -(4) x

(b) y = 2 x - 1 (e) y > x

9. , Plot the following set of ordered pairs

S = ((0,0), (1,1), (1,1),(2,4), (2,4)e (3,9

(+4,16), (-4,16)

(a) Do they all seem to lie on a straight line?

-3,9))

(b) Lightly sketch a curve containing the points plotted.

(c) Is'it true that the y-coordinate of each point.is the

square of the x-coordinate of the corresponding_ point?

(d) Does the Condition y = x2 describe the pc:Ante named by

Set S?

(e) Construct 'a set T containing ordered pairs described by

y,= x
2

which are not'contained in "set S.

(f) Does the curve sketched in answer to (b) contain the '

graph of y = x2?

Study carefully the diagrams below. They contain the graphs

of (a) y = x2 (b) y > x2 (c) y < x2.

. . I 221
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x

215

(c) Y < x2

(b) q >x2

-4 -3' -2 I 2 3 4

ii

-4 -3 -2 o I 2 3 4

le 2 2
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5-6 Finding the Unknown

Suppose you are, trying to find.a certain number. Let us

call the number x. Mathematicians often use letters like

"x," "y," "v," and so on to represent unknown numbers. You are'

given the follow4mg clue:

x + 5 7.-

In words you may say that 7 is 5 more than the unknown number.

In this example can you find the unknown number?

Sometimes the unknown number is not so easy to find. For

example suppose you were given this problem:

. :pm bought a ticket for a football game. Altogether -'he

paid $1.10 (or 110 cents), including the tax. IP the cost

of the ticket is $1.00 more than the amount of the tax,

what is' the amount of tax on the ticket?

Again, you are given certain clues. You must use the clues

'carefully if you are to find the correct answers. To help you

find the amount of the tax you may use the clues to wrie a

number sentence. If x\ represents the amount of the ta4 a

correct number sentencels,

X -1:(X 100) = 110. 1

In words the number sentence states that the amount of the tax,

x (in cents), added to the'number of cents in the cost of the

ticket; X + 110, is appal to the total charge in cents for the
1

,ticket, 110. The correct answer is 5 cents, or x = 5.

The correct price of the ticket is $1.05. The amount of the

-tax is $.05, and $1.05 - $: ©5 = $1.00.

Th.both of the problems above the clues were used to Aite

number sentences. Each clue was a statement about numbers. Some

of thesenuMbers were known and some unknown. Since the verb'in

each of these Sentences was the "equals'Isign, such number sen-
t

tences are called equations. When you are Finding what number x

represents, it is said that you are solving an equation for the

unknown x (or whatever letter you are using to represent'the

unknown). '
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Equations are used in many ways in many different fields. You

can solve equations to find the currents in an electrical network

when you know the yoltaged and the resistances. You can solve

equations in order to design airplanes' or space ships. You can solve

equations norder to find out what is happening in' a cancer cell.

You c n also,use-equations to predict the weather. Now

methods for predicting the weather very accurately are known. The

only trouble is that these methods require the solution of about

a thousand equations with the same number of unknowns. Even-

with the best of the modern high speed computers, it would take

two weeks to compute the prediction of tomorrowts weather.

Therefore, the meterologists make many approximations., They

.simplify the equations intuch a way that they can compute the

prediction in a short enough time. They will be a le to make

--better predictions when there are more efficient a to solve

---,many equations with many unknowns.

Our progress in many fields of knowledge de ends on finding

better methods for 'solving equations. Many leading mathematicians

are working o, such problems. Whentyou finish this chapter You

should see that equationssolving is'not a luCky hit-or-miss

activity which depends on trial and error.

,

Exercises 5-6

In Problems 1-4 below, use your knowledge of arithmetic to find

the value of the Unknown in each of the equations so that the

equations will be tpae statements.

1. Pipd the valuiof the unknoWn in each of the following

equations:

(a) x + 3 = 5 (d) m + 25 = 31

( b ) y + 5 12 (e) s + 17 = 42

t

(c ) k + 13 = 15 ( f ) t + 10 = 5 1
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/2. Find the value of the unknOwn in each of the folloWing,

JJ
equations.

(a) x - 7 . 2 (d) x - 3 = 6.

(b) -'5 = 5 (e) p 15 = 1

(c) n - 9 = 2 (f) x 5 = 3

3. Find the value of the unknown in each of the following

equations.

(a) 4b =12 (d) 9m = 72

/

(b)' 3a = 9 (e) 13x 7 -13-

(c) 5w =-35 (f) 7y = "56

4. Find the value of the unknown in each of the following

equations.

(a) n = 2 (d). d 2
5

ib) a = 4 (e) =

3

(c)
8_ (f)

3
= 7

as

5. *A: formula for findIng the perimeter of a rectangle is

p = 2,e 24vs. Find the perimeter of'a rectangle whose

length is 7" feet and whose width is 4

6. Use the formula A bh to find the

number of square units of area in the

'triangle Chown it the right.

225
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What:117T! area of a

Arlie' A s2 as the

8. A formula used in fir!

219

square whose length is 15 inches?

formula for the area.

ding simple interest is

i = prt, where

i is the interest in dollars,

p is the principal (or:amount borrowed),

r is the rate (or per cent),of interest per year,

t is the time in years.

Find the

written

simple interest for a bank loan of $750 for 3-years

at 6% interest.

9. To find the circumference of a circle, the formula

c = 27Tr may be used. Find the circumference of a.

circle whose radius is 10 inches. (
22Use -7 or 3.14

fort/. ).

10. Find the area of the floor of a circular room whose radius

is 13 feet. The formula is A = iTr2. (Use
22
--p, or

3.14 for

5-7 Numbe

In t

- In mAthe

about

such a

Phrases and Number Sentences

king to people or when writing, you use sentences.

tics sentences are written about numbers. A sentence

umbers is often written in the form of an equation,

x + 7 9.

This sentence ebout numbers says,

"If seven is added to a certain number

is nine.

x the result

You are familiar'with numbers, such as 9. The number 9 is

a part of the number sentence above. Another part of'the

sentence is x These expressions, x + 7 and 9, are

not sentences. They are part's of sentences. Such, expressions

are called phrases.

226
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Phrases are not sentences., A phrase does not make a,

statement. In a sentence about numbers a phrase represents

a number. A phrase that describes or represents a number,

is called a number phrase.

A numberiphrase may represent one specific number. For

example, the number phrases

3 +.5, 9, &, III + V, and 10

represent specific numbers. In each of these examples, the

value of the number phrase is known, or it can be determled.

What'number is reptesented by x - 4? you cannot determine

the number represented by x - 4 unless you know the value of x.

Thus x - 4 may have many different-values. Number phrqses which

do not represent a specific number'are called open phrases. You

May think of an open phrase,as one whose value is "open" to many

possibilities. Examples of open phrases ate, -
Bx - 4, -7y,- 2 + z, .

- To solve problems by using equations you must be able

to translate t lues given in the problem into an equation.

To do.this you mus express the numbers in the problems as

number phrases. Inthe previous section, you used the number
,sentence,

x 4- 5

Is the value of known? What about x + 5? Is 7 an open

phrase. What about x + 5?,

To work with numbe' phrases you must also be able to''

'translate the phrase into words. The phrase x + 5'- may be

translated as "the number x increased by five." Can 7x

be translated as "seven times the numbe'r x?".
/

Sometimes pupils are confused because an open phrase

such as x + 7 may have many different translations. For

example, other translations 'are:

"The number x added to seven,"

or 'lithe number x increased by seven,1-,

or "the sum of x and seven,"

or "seven more than the number x"

s.
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, .

However,'all of the' translations have the same mathematical

meaning. Furthermore, all of the English translations mean
the same as "X + 7." With pr ctice you will learn to under,

stand the different ways of exp essing a number1/4 phrase.

I

, Exercises 5-7a

1. Translate eachoof the following number phrases

into symbols.

(a) The sum 'of x and, 5.

(b) The number x decreased by 3.

(c) The product of 8 and x.

(q) One fourth of the number
,x.

(e) The number x incr by

,(f) The number T multiplied by X:

4,,g/' The number which is 11 subtracted from x.

(h) The number x divided by 2..

Ny2. For each one of the.number hrases in 157Oblem 1,

find the number represented b
L

the phrase if (
?

x = 12 in each part-.

3. Translate each of the following number phrases into

words:

(a) x + 1 (d)

(bi) x - 3. ' (e) 4x

(c) 2x (f) "6 + x

4. Find the nuer represented by each of the number

Phrases in Problem 3 if x = 6.

5. Find the number represented by each of the number'

phrases in Problem 3 if x= 2.

228
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6. 'The unknown number is not always represented as x.
Trnslate each of the following number phrases into
'symbols using the letter of each part as the unknown
- number. For example, in Part(a) use "a" as the
'unknOwn number.

(a) Vhe klm.of six and a number.

Ab) Eight times a number.

- (c) Eight times a number and that amount increased
by,l.

(d) Three subtracted from eight tlmes'a number.
(e)' The amount represented by eight times a number

divided,by 4.

Two times a number; then increase that amount
by 3.

(g) Five multiplied by the sum'of a number and 2.
(h) Ten less than sY,T,en times a number.

Find \the number represented by eacp of number
phrases in problem 6 if the unknown number is 3.

8. Translate each of the following number phrases
intg 'words. Write the word "number" o represent
the unknown number in each phrase.

Example: y + 3 . A number increased:by three.
(a) 2n +'5

(b) 6 - 3g

(c) (b-l) 7

(d) 5-d-r
( e) 15+ 2w

9. Find the number represented by 2n-+ 5 for each of
the following values: *-

(a) n = 5 (c) n = 0
( b ) n - 5 ( d ) n = 71

11

10. Find the n umber\Pepresented 6 - 3q for each of
the following values:

( a) q = 0 (c) q= +1
( b) q = (d) q = 5

229
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Number Sentences

'Consider the following sentences:

"Tlr sum of 8 and 7 is 15."

- Ni /he number twelve has six factors."

113c + 3 = 8."

"4 -1.: 5 = 3.3."

"3 < 2 + 4."

"22 > 2."

J

,Do you agree that these are all sentences? IThey'are examples

of number sentences. Each of them consists of two number

phrasts connected int a verb. What are the verbs in these

sentences? The first two are easy to find. The word "1st'

is the verb in the first sentence, and the word "has is the

verb in the second. What is the verb in the sentehce

"x + 3 = 8"?- Perhaps you have never thought of i'=" as a

verb in a sentence. What are the verbs in the ralaining.

sentences?

-The three most common verbs in number sentences are "=",
4'

"<", and ">", but there are others. 4"Six is a factor of

,,twelve" is a number sentence, and it is sometimes written

"6 [ 12." The.s ymbol "1 " is another "number verb" meaning

"is a factor of".

One worjl of caution: You wodl&not use the name - "number

sentence" for such vague statements as,

"100,000,000 isa'very large number,"

or

"123,456 x 654,321 is hard to finp."

These sentence's involve more than statements about numbers.

They involve our reactions to numbers.' You will be interested

Only in sentences which are purely_about numbers and their reliriion

shtp
414.T

with other numbers.

4
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Some sentences are true sentences. Fqt: ample,

"4 + 5 = 3 3, " and

. "The sun sets in the west,"

are true. A sentence need not be true, however. The sentences

"3 > 2'+ 4," and

"Abraham Lincoln was the first president of

the United States,"

are. not true sentences. Consider the sentences,

"Jimmy was at Camp Holly all day yesterday," and
Hx + 3 8."

Are'they true? Are they false ?, You may answer, "I don't know.

Which Jimmy do you mean? To What number does'"x" refer? These
sentences are neither true nor false; because they contain words

or symbols which do not refer to only one thing: l'Jimmy" can

mean any boy with that name, and "x" can stand for any number.

You might look at the camp records and say that if "Jimmy" means

Jimmy Mills of Denver, the first sentence is true, but if it

means Jimmy Shultz of Cincinnati, then it is false. , The second

sentence is true if x = 5, but.it is false if x = 6 or if x is

any 'number other than 5.

What can you say about the truth of the following sentences?

"13 x = 7."

Georg was the first president of the United States."

"3 + x = x + 3."-

"If Jirry. was at Camp HoJily all day yesterday, then he

was not at,home' at that time."

These sentences are similar in that each contains a word or symbol

which can refer to any one of many objects. -Doyou see any

difference between the first two sentences and th second two?

can the first two sentences be true? Can the'first two sentences

be false? Can either of the last two sentences ever be false?'''

Suppose a number sentence involves a symbol like "x" or

"y." If the symbol can refer to anyone of many ,nuMbers the

sentence'is called an open sentence. It is ndt necessarily a

true sentence. ]t is not necessarily a false sentence. It

2,31



G

225

leaves the matter open for further consideration. Look at this

open sentence,:

x + 7 =

It is composed of thr parts: a verb, "=", and two open phiases,

" x + 7" an d
"10 7 The open sentence states that "for a7-7

certain number x these two open phrases represent the same

number. Can you discover such a number )c ? Can you find

more than one? Try some number6. After working for a while

you might say, The sentence is true if x = 3 or x = 8,

1but it is false if x J. any other number. ) The numbers 3.

and '8 are called solutions of the open sentence.' The set

t3,..,-8) is called the set of solutions (or solution set).of the

open sentence. ,'
,p

When you find the entire set of solutions of an open

sentence, you can say that you have solved the sentence. An equation.

is a particular-kind of number sentence. It is a numller sentence

which involvesthe verb "=". Hence to solve an equation means
.",l^

to find its entire set of solutions. The set of solutions of an
. .

equation may contain one member or, it may contain several members.

It might even be the empty set.
.

Is this-sentence an equation?7 ,

11x - 4 > 7."

What-is the verb in the sentence above?, Is,it "="? Since the'

verb is not "=", the sentence is not an equation. You might

say that the sentence indicates that the'two phrases, x-4 and

7 are not equal. Such a sentence is caiked'i'llequality.'

Ca* yodeterminl the set of'solutions for the inequality-

x - 4 >'7? How lahe must the number x . ben 9rder for ,the
,Af,

inequality to be true? Is 5-4 > 7.? Is 7 --4 7? Is ,12,-4>7?

Do you see that "x-4 > 7" is true if x *is any number greater

than 11? Also, "x,4 >7" is false for any.other value of x.

Thus the,set of solutions of the nequality is the set of all

numbers which are greater than 11.
%
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Exercises 5-7b

1. Translate each one of the following number sentences

into symbols.

(a) The number x increased4y 5 is equal to 13.

(b) The number, s3 subtrack6a' om x is Aqual'to 7.

(c) The product of 8 and x is equal O 24.

(d) When x is divided by 4 the quotient is 9.

(0: Ten more-than the number x is 21.

(f) The number 7 multiplied'hyx is equal to 35.

(g) The number 11 subtracted fr6M-'x is 5.
o

(h) The number. 6 less than x is 15.

2. For each one of theequations you wrote in Problem I,

find the set 4of solutions'hy using your knowledge of

arithmetic.

3. Translate each, one of-the following number sentences

into symbols.

(a) The number x increased by '2 is greater than 4.

(°b) The number 5. multiplied by x is'less than 10.

(c) The result of dividing x by 7 is greater

than 2.

(d) Three less than the number x is greater than 6.

(e- The number x decreased by 5 is less than 13.

(f7 The product of 3 and the number x is greater

than 9.

4. Foreach one of the inequalities you wrote in.PrOblem 2,

1,1se7our knowledge of arithmetic,tb and the set of

solutions.

; 3 3

ti



5. Translate each one of

into wordp. Use the

number" to represent

4
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the following number sentences

term "a number" or, La certain

the unknown number.

(a) y + 2 = 5 f .(e)

z + (-3) = 7 (g)

(c) 2a = -10 (h)

(d) h - 5 > 9 (1)

(e) 5m < 15

,6. Using 'your knowledge

of solutions for each

Problem 5.

7 k =c2

d - 3 < 4

> 9

k = 2

4.6-= 6

of arithmetic, find the set

of the number sentences in

A picture of a solution set using,the number line can be

drawn. Consider the following example for the open sentence,

x + 3 =

This open sentence has only one solution, 5. The set of

solution is 15)4- On the number line this set ogiosolutions

can be represented as shown below: .

4 44C..

-2 0 +I +2 41 +4 +5 +6 >.

Since the only solution for this equation is 5, a solid "dot,"

or circle, is marked on the number line to correspond with the

point for 5. No other mark is put on the drawing.

Row can you draw a picture of the set of solutions for this
4 . .

sentence,'' x + 3 = 3 + x ?

First, find the s4cof solutions.; Try x = 6. Does 6 + 3 = 3 + 6?

Try x = 13. Doers 13 + 3 = 3 + 13? 'Try any other nuMber. Wha.

property of additioote4t: lls us that this sentence is true:no

matter what number we use for .x? The set of solutions for this

equation isrthe set of all numbers. This solution set is

represented on the number line by drawing a heavy dark line
,

234
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along the entire number line as shown below.

-2 0 +1 +2 +3 +4 +5 +6

Earlier in this chapter the inequality x - 4 > 7 was
discussed. The set of solutions for this inequality is the set
,pf all numbers which are greater than 11. This. set of solutions
is represented on the number line as shown below:

-2 -1 "0 +I +2 +3 +4 +5 +6 4'7 +8 +9 +10 +11 +12 +13 +14 +15
.< I 1 I I I I i 4-'1 I I i i

The number "/1" is not in the set. This is indicated by
an_open circle on the point corresponding to 11 on the number,
line. The part of the number line to the right of the 11 isi
shaded showing that all points to the right-pf 11 Aire in the
Vet of solutibns.

Consider the equation '11 + x = 4. What is the set of
solutions? Try some numbers. Recall what you have learned
-about negative numbers. 1 What is 11 + (7)? Is (-7) a solution?

,

Can you find any other solutioi? You,shou/d not be able to do

>
so, The,set of solutions for this equation is (-7). This is
dpresented on the number line as shown here:

-9 -8 -5 -4 -3 -2 -1. 0 +1 +2

Why is a "solid" circle drawn at the point corresponding to
7? Why is no other point indicated on the number line?

For what numbers is the inequality written below a true

sentence?

- x - 4 < 1
, 4

Try some numbers. Yqu shOuld find that the-Set of solutions

is the set of all numbers less than +5. On the number line

this it represented as an "open" circle at the point corre-
sponding to +5 and a heavy black line drawn along all

points of the number line whichliq t6 the left of +5.

935
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-4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6 +7 *8
4 I 1 I a) I I I )

r

The sets of solutions for different number seltences may be

different. Some of the solution sets contain only'bne member.

SuCh sets may be represented by a single filled circle on .a

drawing of the number line. The circle drawn at the point which

corresponds to the number in-the set of solutions. If the set

of solutions is. the set of,°a11-numberp, you may draw 4 heavy,

dark line along the entire number line. In this case, the

solution set is represented by the entire number line. The sets

of solutions for inequalities are represented by a part of the

number line. The inequalities that were discussed were all

repre6ented by half lines on the number line. An open, or empty,

circle was used to indicate a point not included in the set of

solutions. .°

Exercises 5-7c

1. Using your knowledge of arithmetic, find the set
.

of solutions for each'one-of the following number

sentences

(a) x,+ 2 = 6 (e) x*- 4 > 1

4 + x = 0 . (f) = 1

'(c) 2x = 6 (g) 2x < 10

(d) Sic <3 (h) 4 x > 1

2. For each one of the number sentences in Problem
4
represent the set of solutions on a number line.

3. Using your knowledge of arithmetic,'find-theset--
of- solutions for each one of the following number

sentence.

(a) x +1 = 1 + x

(b). y - 1 > 0

(c). 1 - b > 0

(d), 'a + 2 = 1 If- a

(e) b3w = 15

(f) 14 +x =13
(g) 13 x,==t-T1-1,17,,

(h) c..=

2 O
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For each one of tre number aentences in Problem 3

_show the set of solutions on a,number line.

5. Sometimes an equation or an inequality is only part of

a sentence. Just as you can build longer sentences out

of shorter ones by using such words as "and," "or,"

and "but," you can join number sentences together to

make longer ones. Such sentences are called compound

sentences..

Consider the compound number sentence

- < 7 and x - 1r > O."

In order to be a solution of this sentence, a number
x must be a solution of both the sentence " x 4 < 7"
and the sentence "x-1 > O."

The elements of the solution set of the sentence are
the numbers which are in both the solution set of

"x -4 < 7" and the solutiOn set of "x - 1 > 0."

The set of solutions of "x - 4 < 7" is the set

of all numbers less than 11.

The set of solutions of."x -1 > 0" is the set of all

numbers greater than 1.

What is the set of solutions of the compound sentence?
Show'this set on a number line.

6. IaYthe set of solutions for the compound sentence in :
Problem 5 the intersectiT of the sets of. solutions

for the two inequalities or -Is it the union of the

two sets of solutions ?,

7. For each of the following compound sentences find

the set of solutions.

'(a) x - 2 < 7 and x 4 > 6

(b) x - 3 = 6 and x 3 > 6

(c) 2x.> 6 and < 3

8. For each of the compound sentences in Problem 7

represent the set of solutions on the number line.,_

37.
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9. (a) Find the set of solutions for

x
2
= . (There are two pOsql.*'le

solutions).

(b) Represent the. set of solutions for Part (a)

on the'number line.

10. (a) Find the set of solutions for

x
2

< 9

(b) Represent the set of solutions for Part (a)

on the number line.

11. ("a) Find the set of solutionsfor. the following

compound sentence:

x + 7 6 or 2 x - 1,= 5.

(Note:, in mathematics "or" means either the first

cp pthe second or the first and the

second):-

(b) Represent the set of solutions for Part (a)

on the number line.

12. (a.) Find the set' of solutions for

nx - 1 = 4 or x - 1 >4"

(This compolind sentence is sometimes abreviated

x 1 Z 4") .

,(b) Show the set of solutions for Part (a) on

the number line.

13.' Find the set of solutions for

< 10 or x - 9 > 0:"
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In writing sentences in mathematical language,you will

be using letters to represent the unknown numbers. You should
first decide what the letter will represent. Then yoU should
write your sentence. For example, write in symbols the

following sentence:

Mar, who is 14 years old, is five years older than her
brother. 2 .

Let "y"represent the number of years in Mary's brother's
age.

Then,since Mary is five years older, y + 5 is Mary's
age.

The'sentence'in symbols is, 14 = y + 5.

Remember, you should always explain what the letter represent4
before you write your sentence-in symbols. By solving 'the

equation for y,-you can determine the brother's age.

Exercises 5 -7d S

1. You-areto write each of the following sentences in
symbols. First describe whatumber the letter
,represents. Then write the sentence.

(a) John, who is10, is fouikears younger than

his sister who is y years old. ,

(b) Steve bought m model plane kits costing

25 cents each and paid 75 cents.

(c) Sam's age seven years from now will be 20

since his age now is b.

(d) the number of inches,in f° feet is 72.
ti (e) The number of yards in f feet is 5.

(f) Ann, who is n years old, was 3 years old

ten years ago. ,

(g) The-number or cents in4,d dollars is 450.

(1)- A baby sitter charges x cents per hour before

midnight and y cents per hour after midnight.

She earned 350,, cents while sitting from

8 P. M. -- 2 A. M..

9 3
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2. Translate each o the following sentences into an

equation or in quality. -First describe what number

the letter repre.sents.

(a) If 3 dollars is added to twice the money

Dick has, the result is less than 23.

(b) At a certain speed the plane will travel more
than 500 ml,les in 2 hours.

(c) If a is ,added to twice Susie's age the

result is 19.

(d) Janet's father drove fi.om Mill city to Do'ver,

a distance of 240 miles,. at an average speed

of 40 miles per hour. How long did it take

for the drive?

(e) If Sally earns 65 cents per hour for baby sitting,

how much will she earn in 5 hours?

3. In 4ach of the following: .v

(I) Describe the number represented by the letter

you select. 4

(II) Translate the problem into an equation.

(III). Solve the equation.

(a) In ten years Mr. Smith will be forty year old.

How old is he now? o

(b) If I give yot $5.00, you will have $12.,00. -How

much do you have now?

(c) Vera is two times as tall as her brother. She

<is 64 inches tall: How tall is,hp?

(d) Paul was-I4 years old in 1958.. In what year

was he Porn?

(e) The area of a certain triangle is '35 square
4

Inches. The length Of the base is 7 inches.

What is the'length of the altitude?

(0 Twenty percent of antImber is 10. What is

the number?

/eV
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(g) A store sells bicycles at a 20%. discount.

If a bicycle sells for. $28,' what was the

0 original price?

(h) After traveling 120 miles a driver still had

to g9 df his journey. How many miles were

therein his complete journey?

5-8,. Finding Solution Sets

You have seen that often' you wish*to find the solution set

of an equation or an inequality. In most of the problems you

have met, the set of solutions may be discovered by inspection

or by trial.

Perhaps a method Scan be found which will make equations

easier to solve. An easy equation will be used to illustrate the

method, and then the method will be tried out on a harder one.

How. did you solve the equation

x + 3 = 7?

Perhaps you thought, "if I add 3 to x + 3,1 get x, so I must

add,3 to 7. If I do, I get 4, so x must be 4." If you

thought that, you were already using this method, a d you were

using a very important property of "equals."

c Suppose "a". and "b" represent ,the same n ber. For

instance, a might be 5 + 4 and b might be 3 + 6 . What

can you 'say about the numbers a + 5 and lb + 5? ld they

be different frOm each other, or must they be the same? f

"a" and "b" both represent 9 then a + 5 and b + 5 must

both be 14:

S

The general principle can be expressed like this:

'Addition Property: If you have two equal numbers and add

third number to each of them,

/
e resulting-numbers are e

1
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In symbols,,if a, b, and c ate numbers, and a F. b, then

a + c = b + c and c + a = c + b.

Can yod discover a subtraction property of "equals"?

- How can you use the addition property to solve the equation

x + 3 = 7?

The solution would be easy to find if the "3" were not there.

If you use the addition property, adding the number 73, you
bave:

If x =

a + c b + c
then

kX 3
")

+ 3 = 7 + 3

By the associative property and the fact that 3 + "3 = 0,

You can see that (7,+ 3) + 73 = 7 + (3 + 73) and .x + (3 + 73) = x.-
Therefore,

if .(x +3) = 7 +

then x = 7+ 73.

Since 7 + "3 = 4, you see that

\y- 4.

You have found, using the addition property,'that,if;the

equation X = 7 has a solution,sthen'the solution mast

be. 4. you still do not, know that '44 is solution.: Let us s4e.
9,

If x 4,
,

then 7 + 3 = 4 + 3,

so x t 3 = 7.

Thus 4 is a solution. 0,Sirice you saw fiist that%tfffte

cannot be any other solution,, it follows that 4 is tqs`only -'

solution of the equation. In other words, the solution (§e '.

q t:
', :

:.,.

.

Notice thatin
*
the process of solving the equation .bu

'done two things-. Ybu)ijrst proved a uniqueness statement;

showing that there is only one.possi e, number for a so;ution."/
,

Then you proVed an exist'ence stateme showing,thatthis number
1) .

is a solutioi.
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In a previous section you learned how to find 3 + (4). It
is 1. Also, 3 -4 is 1. 1Tbus,s3 t'(-4) = 3 - 4. Perhaps
this is the way you find 3 + (-4) in your head; by thinking of
-3 - 4. Similarly 7 + ("5) = 2, and 7 - 5 = 2, so

+.(5) = 7 - 5. What is -3 + What is -3-2? Do they
bOth'equal 5? What do you add-to 4 to obtain 4 - 2? You
add -2. This is,true for any number: To obtain a - b you may
add .-b to ,a.

area and b. are numbers, then a - b = a + (b).

Using this fact you can solve the equation
x 3 = 8

by writingit as

x + (-3) = 8.

`Then you can apply the addition property as you h e in the
-preceding examples. Wiat number would you add to ve this

last equation? Why?

Exercises -8a

1. (I) Use the addition property to find the only

possibilities for solutions of the following

equaticins. (II) Then show that the number is

a solution.

Example: x.+ (-3) = 11'

I) (x + (3))+ 3 = 11 + 3 by the addition

property, adding 3.

(x'+ (3 + 3)). 14 by the associative

property of addition.
x = 14

since -3 + 3 = 0.

II) If x = 14 then x + (-3) = 14 + (-3) = 11, so
4

. 14 is a solution.

( a ) x + 5= 6 ( g ) 2 = -4 + x

(b) x + 6 = 5 (h)' k = 10

(c) x-+ -7=.7 (I) =

(1) x 7 = 7

( e ) t + '6' = -13

(f) 4 s + 3

(j). u + 14 =

(k) 4.1+x
,(1) x+.-q)=-43)

2 4 3
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2. Apply the addition property to these evations, adding
the indicated, number, and write the resulting equation.

3

Example: 3x + 4 = 5

(3x + It) + 4= +

32; + (4 + -4) =

(add -4)

by the ad ition

property.

6 by the associlti,ye

property.

The resulting equation is: 3x = 1.

(a) 2x + 5 . 10 (add -5),
(by '3x + 10 = 5 (add 10)

(c) 5x + 2 . -2 (add 2)

(a) lox (add 1)

(?) 2u + 1 =11 (add 1)

*what number do you add (using the addition
property) to solve x + 3 = 2?

What number do-you add (using the addition
property) to solve x + (-7) 4?

What-is the relation between 3 and 3
relative to addition?

What is the relation between. 7 and 7

relative to addition?
. lfr

4. _Solve the-following equations. (Remember that

an equation" includes showing that any

solution You find is a solution.)

x + 3 = 11

x + .

"solving

possible

(a)

(b)

(c) x - =.

(a)
4

(4B )

)

2x - 7 x

x ='7 -2x

7.x 2 1.5 x

(First add -x)

2 4 1 -
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You are now ready to try some harder equations. How would 4
you solve the equation

2 x +1. = 11?

Let us not try too much at a time! Before you ask

what x is, first ask an easier question: What is 2x?

YOU answered this question in Problem 2 of the last 'set

of e rcises. The addition property tells us that

if 2x + 1 11

then 2x = 11 + -1 , by the addition
property adding 1,

or 2x = 10.

Now that yotChave found' 2x, jou can try solving the new

equation for x. This is a new kind of equation which you can

solve uaing another important property of "equals."

Suppose %"a"' and "b" .repreSent the same number again,

but suppose .you multiply a and b by 5 instead of adding

5. Could 5"a. and 5b be tw different numbers if a ,and

b are the same? k_

Multiplication Property: If you have two equal numbers and

multiply them by a third number not 0, the results are equal. If

. a, *b, and c are numbers and a = b, then

ac = bd and ca'. cb.

Can you discover a division property of "eqUals"?

Be careful! Remember that you capnoteaivide by zero.
7

If you,apply the multiplication property to the equation

2x = 105

what number do you want to use as a'rhultiplierl? You wish to

' "eliminate" the 2 so the reciprocal of. 2, would lie a
1,

good choice. ,Using,the multiplication property with ff as a,

multiplier, you will have:

a b

If 2 = 10
c m ! C b

f".1 ;..
1 1
then 3t.(x) 4,2-, ,10

24
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Applying the associative property of, uultiplication, you havd

;(2x) = ( -- 2)x F. 1 x = x. .You all' know that 10 = 5,

so, x = 5.

You have found that if 2x 1 = 11 has a solution, then
it must be 5 (a uniqueness statement). You still have) to show
that 5 is a solution (an existence statement).

If, x = 5

then 2x = 2'5 = 10

and 2x-+ 1 =10 + 1
or 2x + 1 = 11.

Thus 5 is a solution.

You have used two properties, the addition property to
-find 2x and the multiplication property to find x. This
process will make it possible to solve without difficulty even
the hardest of the equations Which were examined at the.beginning
of this section.-

I

Class Exercises 5-8

1. Indicate which Koperty, the addition or the m ltipli-

cation, is used in solving the following equations.--

(a) %x +,10 = 22 (f) 14 - x = 0

(b) 602 -I: x = 1.12' , (g) . x=17

(c) .72 + x= -10. (h) 18 +J = 8.6

(d) 5 x . 15 (i) u + 6 = 5 + 3

(e) 6= 4 (j) 19 = 6 - y

r

6 ,r
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2. What property is used, and how is it used, to get 'the

the second equation from the first?

Example:: (1) 2x + 4 = 7

(2) 2x = 3 ; addition property,
adding 4.

2(y + 4i. 8 (d)( a) (1)

(2)

(b) (1)

(c) (1)

y +,4 . 4

1.6 = 4y
(e)

2(1; p) _ 6\ -

(f)

(1)

(2)

gOC = 10

x 5i

(1) (0.3m) - 7.2 = 5

(2) (3m) - 72 = 50

(1) 5x - 2 = 3x + 6

( 2) 2x - 2 = 6

Use the properties as indicated on the following

equations,

Example:, 3y - 2 = 7 Addition property with ( 2).

Answer: ( 3y - 2) + 2 = 7 + 2,

3y + ( -2+ = 9

,-13Y = 9

(a) 7 = 3x + 1 Addition .property with (-1).

Multiplication property with

- -(4).

Multiplication property with

(2).

Multiplication property with

(18).

Addition property: ith

Addition proper* with

-(t) 6 = 3w

1/111°
(c)

t - 1.7 =-1.3

(d) b = 3is8

(e) 0.14 + x.= 5.28

(f) ,5x - 7 = 2x

2:7



Exercises 5-8b

1. Solve the following equations by, using the properties
of "equals." Give yow reas& for each step.
-( a) 2x + 1 = 7

( b ) y - 2 6
(c) ;H 3 = 4
(d) 3x 5 . 4

2, Solve the following equations.

( a ) x + 3 = 5 e) Y - 3 5
(b)

(e)

(d)

3 =-5

2v + 3 = 5 /

3 2m = -5

2w 31,.. 5

2t 11.= 5t + 1

15 -5w = 2y 1 -

3. (a) In solving the equation 9x = 27 what number
nu use as a multiplied'?

(b) 4In solving the equation 4x -

you use as a multiplier?

In solving the equation, 4
rx =

you use as a multiplie0
(c)

(d) What is the relation between c9

to multiplication?)

-'-(e) 'What is the relation betwee

to multiplication?,

would

what number would.

what dumber would

1
and 7 7 relative

, Velative

,4. Which of the two propertied'( nultiplieation and `
-addition) of "=" are also true of "< ?"

° .

Replac\e "=" with "< " in each property.and tell

whether it is still true or not. If it is not `

true, give examples with,numbers in which Ott

is false.

248
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5. In solving an equatibn such as 3x + 1 = 9,you hair

learOd to use the addition property first (to.f nd

and the multiplication property second (to find

Sometimes youyill find best to reverse the order

in which you use thes4 properties. Solve the

following equations, by using the_multiplication

property first.

.rx

(a) 4(x 4- 1) = '12

(b) 7(x-2) =. 13

(c)._2S+2_ '5

(d) 0.6(x - 0.3) = 0.2

%

44t6 4x19+11

/.

a

1

(
.1-

I
22,

1

Yt.
va . ^61 .

. I

('' 1
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Chapter 6

REAL NUMBERS 4

6-1 Review of Rational Numbers

In your study.of mathematics you have used several number

systems.4''Probably the first of these was the system of counting
nuMbers. You learned that this number system has various
properties. Other-number systems have some of these properties;
some of these properties are not found in any number sygems
other than the system,of counting numbers. Let us recall a
familiar properties. Each tounting number has'an immediate

successor, the next larger counting number. The sucessor of,
the counting Ilumber n is .n 1. With.one exception, each
counting number ,n has an immediate predecespor, the next
smaller counting number n - 1. What is the one exception-here?

The system of cpuntiig numbers has a smallest-element (what, is
it?) but no largest-element. The system of counting numbers
is closed under the operations of addition and multipli6atidn,,

but not,Under the operations of subtraction and, division.

In an earlier chapter you studied the system of Integers,

which contains the set of counting numbers (now called positive
4 integers). For each positive integer a, there is an opPosite
number -a. The opposites of positive integers aretalled
.negativeintegers. If a is a'counting number, then a + a = 01
Jrhe'systems of integers is closed under the operationdof
addition, multiplication, and subtraction, but not under division.

e

25U
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The set of integers is contained in anotter set of numbers

which is called the set of rational numbers. As you know, the

set of integers,is adequate for many purposes, such ad.reporting

the population of a country, the number of dollars you have (or

owe), the number of vertices in a triangle, and so on. The

integers alone are not suitable for, many purposes, particularly

for the process of measurement. 'If only the integers could be

used for measuring, names for subdivisions of:units would have

be invented. This is done to some extent; instead of saying

feet, 5 .feet 4 inches is sometimes said. But a diffprent

name for a subdivision of an inch is not used. Instead, 'TT

inches, or 7.25 inches is written using numbers which

are not integers. If only the integers could be used, you could

never speak of 37 quarts, or 2.3 miles, or 0.0,001 inch.

Recall that a rational number may be named by the fraction

symbol "k! where p and q are integers, and q /' 0 .

Just as there is a negative integer which corresponds

positive integer (or counting number), there is a negative

number which corresponds to each positive rational number.

Ygu already 9ay,ye observed the familiar properties for

rational numbers, which may be4summaized as follows:

Closure.1_ I( a and -b are rational numbers, then a 4- b,

a b. (more commonly writteb..ab), and 'a - b are `rational

to

to each

rational

S,,numbers; s is a rational number\lif b / 0.

Copmutativity: If a and b are rational

a + b = b + a *, and a b = b a (it)

Adsociativity: If" b - and-

. then a * (b + c) = (a + b)- +
4. -

Identities: There is a rational

a is a rtional number, then

There is a rational number 1

DistributiVity: If a ,
/.

then a(b + c) = ab. + ac

2,51

are

numbers, then

= .

rational numbers,,,

c and a(bc) = (ab)c .

nUiliber zero such that if

a + 0 = a

such that a 1 =. a .

and \_c are rational numbers,
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'Additive inverses: If a is a rational number, then there is
a number 1a) such that a + (-a) = 0.

gul,tiplicative inverses: If a is a rational number sirid
a A, then there is a number b such that ab = 1.

Order: If a and b are different rational numbers, then
either a > b, or a< b.

Exercise 6-1

1. .Is there a smallest ne tive integer? A largest one?

2. If n represents a negative integer, what represents the
next larger one? the next'smaller one?

3. Is the set of negative integers closed under the operation
of

(a) addition? '(c) Multiplication?

(b) subtraction? (d) division?

4. What is the.multiplicative inverse of (i) ?

5. What is another name for "multiplicative inverse"? (.c.

b. -How an you-tell whether two fractions represent' the .same
rational number?

7 . What .are° three other names for the rational numberI ?

0.-

8. Look at each statement below and tell which-of the properties
listed for rational numbers it illustrates.

*"t

(a) 7 (4) + = 4-2-;

(b) + o

(0) = -(4)

1
and If is a rational number.

. (d) -(4).(;) :111, and : is a rational number.

252
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(e) (4.. = +

(f) =

,

(0- 1'716 ÷ IL6) f'd) ITU."

,g. -Express each of the following in the form
p and q are counting numbers.

(a) 1'

(0-4

(c). -4 .

q

(d) -0.35

(e) 10

(f) 17.03

or (f),

10. What is the additive inverse of each of the following?

(a) -28 (c)
+31.

7

where

(b) 756 (d) -(4)

11. Complete the statement, 4The simplest name for a rational-

numbe agtfitten 5n the form is the one in which a and

b have no"copmon factor except

12. The only rational number that does not ha'Ve a reciprocal is the

number k when p

13. Arrange thefollowing ratronal numbers in order; Li6t the 1

smallest one first.

714 '

3 2 2
), 07, 77T, 3, -4, (7

0

*111. Find the .average of the two rational numbers 8. and. 4.4

*15 ,ra tt alWays,,possible toIPAd the average opf two integers and
,

have the average be an Explain.

4

253
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6-2 Density of Rational Numbers

Once of the observations you have made about the integers is

that every integer is preceded by a.particular integer, and is

follOwed by a particular integer. The integer which precedes

8 is 9, and.the integer Which follows 1005 is 1006. In
other words, if n, is an integer, then its predecessor is (n - 1),
and its successor is (n 1). There are no integers between
(n - 1) and n or between n and (n n- 1).

This means that on the number line there are wide gaps between
tit points Which correspond to the integers. :There are many.points

between the points corresponding to n and (n 1).

< -3
1 l 1 1 1 1 1-2 -I 0 ' I 2 3 4

Figure 6-1

Now consider all the rational numbers, and the points on the
number -line which correspond to them. Such poirvIts are called

rational pointi. On the number line below are shown -the rational
points between 3 and 4 which may be named by the fractions
with denominators 2, 3, 4, and 6.

A

,,c' j III 1 III I tli I ili I ill I ili I in I ill I Ili I Ili I ili I ill I ili I ili I-3 -2 -I 0 I 2 , 3 4

Figui-e 6-2

Consider two positive rational numbers r and s, with
r < s. Then consider what happens when r and s are added
to each of these numbers.

. ,

wr
i

., )111 adding r to r1---
0 r 2r

i

s
>1 adding s to r14C

e

0 r ,f r+s '-
wl (r+s)

K r N
- 4 adding r to s

s r+s A
<

0
I

2

adding s to s
2s a
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You see that 2r < r + s < 2s. Taking half of each you get

1 -

r < 7(r + s) < s. It is not difficult to show that r < 2(r+ s) <sP.

even if r is negative or r and s are both negative. You migiit

try to prove this yourself-using the number like, if you wisit. The

number 7(r + s) is the average of the numbers r an s. You have

observed, then, that the average of two rational numbers is between

these numbers. On the number line what point do you suppose corre-

spondd-to the average of two numbers? It is the mid-point of the

segment determined by the two numbers. If r and s are rational

1
'numbers, is

2
--(r + s) a rational number? What properties of the

rational number system tell us that it is?

To summarize: The mid-point of the segment Xining two rational

points on number line is a rational point corresponding to the'

Average of the two numbers.

The mid-point of the segment joining the points for
1 and

1

N, 0

is the point corresponding to the number- , since

i 1 3 2

1 '11
The mid-point of the segment Joining the points for 13. and 7

is
-thepoint corresponding to the number 4, since.

By finding the average in this manner it is popsible to find

rational numbers between each,pairof consecutive numbers'represent-

red in the row of fractions below.

0 1 1 1 1 1 2 1 3 2 3 1 4 3' 5 2 5 3 .4 5. 6 .7 1

r .7 E 7 :7 7 B. 3 7 7 7 3 Er 7 7 7 .7 )3 T
4.

If these new fractions are inserted in the row, the row woulcrbegin
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If you found all the new fractions in this row which could be

found in this 'way, there would be 43 fractions between (12 and 4.

This process could be continued indefinitely. You could find points
1 1between and 1 between TE and T and soon. You could

find as many rational numbers as you wish between 0 and 1 by

taking averages, averages of averages, and so on indefinitely,

the discussion above suggests an important property of the

rational numbers: This is the property of density: Between any

two distinct rational numbers there is a third rational number.

On the. number line, this means that the number of rational poj.nts

on any segment is unlimited; no matter how many points,on a very

small segment have been named, it is possibleto name as may more

as you please. There is no "next'!orational*point to the left,

or right of a given rational point.

V

Exercises 6-2

1. Are the'integers dense? That is, id' there always a third inte-

ger'between any two integers? Illustrate yOur answer.

'-2.- fq..*there a 'smallest- -pOSitive Integer? a largest?

3. Isithere a smallest negative integer? -fa largest?

4. Is there a smallest positive rational number? a largest nega-
tive'rational number? .

5. Think of the points for 0 and-
1

100, on the number line. Name
the rational point P which is halfway between 0 and Tiku.

Name the point halfwaybetWeen'the irint P and .0; between-
the point P and Au

6. In the same way, find three rational
/numbers between 46* and

1

10
/

'7. Think of the segment with end-point 1
i

1000- and 2
1000' Show a

plan' you could follow too name as many rational points as you

please,on this segment: Use your50an to name at,least five
points. ,

256 4
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6-3 Decimal Representations For The'Rationgt,Numbers

It is often very helpful to be able to express rational numbers

as decimals, When it is necessary to compare two rationals that

are very close together, converting to decimal form makes the com-

parison easier. The decimal form is particularly helpfullif there

are severaloational numbeAito be arranged in order. For example,
13 , 27 3 90consider the fractions 776., Er, and and their correspond-

ing decimals 0.2, 0.54, 0.375, and 0.45, It is much easier to

order the numbers when they are written in decimal form.

Some rational numbers are easily written in decimal form. You

know how to write, by inspection,

1 1 .

= 0.5, = 0.25, .8. = 0.125, 1 = 0.2, 1 = 0.04.

-4ff = 0.008, and also . 8:5, 5i = 5.75, 34 1.75.
-L

For other rational numbers, a decimal, expression may not be as1

obvious but you can always obtain it by the usual process of division.

For example

= 0.33333 ...

2.6666666 ...

1 ,

= 0.142857142857142857 ,..

1
7 = 0.07692307692307 ...

= 0.b9090909

123 ..0.7857142857142

The'examples that have-been discussed seem to Suggest that/

the decimal expansions for rational numbers either terminate

d.5) or repeat (like 0.3333333 ...) . What

would be'a reasonable way to study such decimal expansions? Since

you have used the division of numerator by denominator to obtain

27
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a decimal representation, you mightstudy carefull?the process

'which you carry out in such caSes.4

$ Consider the rational Amber 8. If you carry out the

indicated division you would write

875
8)7.000 1.114

6 4
--GO remainder 6

56
remainder 4,

40
fl remainder -0

In dividing by thethe ohly remainders which can occur are 0, 1,

2; 3, 4, 5, 6,and 7. The only remainders which did occur were 6

at the first stage, then 4 and finally 0. When the remainder 0

octUrs, the division is exact. Division is exact if after some

stage the process of division continues to produce only zero

remainders and zero quotients.-44Such a decimal is often spoleen of

as a terminating decimal. .

What about a rational number which does not have a terminating

decimal representation? Suppose you look at a particular example of

this Loa, say 1.. The process of dividing 2 by 13 proceeds

like this:

64

0.153846153
13)2.0 00000 0 0)

1 3 remainder
70, 7

50 5

22
110 al
1040

6

.
e

2
8'

78
770 2
13
70

3
I
e c.

258
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Here'the possibe remainders are 0, a, 2, 3, 4, 5, 6, 7, 8, 9,

10, 11, 12. \yot all the remainders do appear, but 7, 5, 11, 6, e,

2 occur first in this order. At the next stage in the division the

remainder 7 re-occurs and the sequence of remainders 7, 5, 11, 6,

8, 2 occurs again. In fact the process repeats itself again and

again. The corresponding S'equence of digits in the quotient

--153846--will therefore occur periodically in the decimal expan-

sion for 1-2T. This type of repeating-decimal \is sometimes referred

to as a periodic decimal.

In order to write such a peri

ambiguity it is customary to write

.,

dic decim al concisely and without,
\

0.1538461538461538461... as 0.153846 ...

The bar (vinculum) over the digit sequence 153846 indicates the

set of digits which repeats. Similarly, 0.3333... is written as

. If it seems more convenient_ip can write 0.3q33... as

0.37... or 0.33'7, and 0.153846... as 0.153846153t$4b... .

The method which has been discussed is quite a general onewand

it can be applied to any rational number S. If the indicated divi-

sion is performed then thp,only possible remainders which can occur

are 0, 1,'2, 3, ... (b - 1). It is necessary to look only at the

stages which contribute to the digits that repeat in the quotient.

!These stages usually occur after the zeros begin to repeat :in -the

dividend. If the remainder 0 occurs, the decimal expansion termi-

nates at this stage in the division process. Actually, a,lierminati

decimal expansion like 0.25 as 0.25000 ... or 0.25 may be

written with a repeated zero to provide a periodic expanion., Note
,*

that a zero remainder may occur prior to this stage without termi-

nating the process, for example,

112.2
5,561.0

Remainder
06 0
5

1-1 VI 1

10
10 1

10

259
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If 0 does not occur as a remainder after zeros are annexed to the
.

cavidend, -then after at.most -(b - 1) steps in the division proc-
f

ess one of the possible remainders 1,,2, ..., (b - 1) will reoccur

and tilveo-digit .sliquence will start repaa g

/You can see from this argent that mx rational number has a
decimal expansion which is p riodic.

/)(
Exercises 6-3 $

1. Find decimals for these rational numbers. Continue tne division

until the repeating begins, and write your answer to at least

ten decimal places.
.

2 Which of tale following convert to decimals that repeat zero
(terminate)?

7,

(a) -]2 a
(g) g

(1))
(h)

7 ,.----
(ci, .-..t

.

GO.)
1

. 0
10
i *

(a) t (J) IT.

.9

(e) ' , (k)
ik I:f

+
. .

(2)
1

3. Write in completely factored form the denominators of those

-' fractions that texmillated.in Problem 2.

260
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Carri to six de imal places the following fraction.

(a) 4.\ /

ti

(d)

(f)

4
7 1

6

4-

.''

. 6-4 The Rational Number Correspondink To A Periodic Decimal
i'', '

You saw how-to find bydivision the deciiiial expansion of a giVen

rational number, But suppose you have thi' opposite situation, tha t

is, you are given a periodic' decimal. Does such a decimal in fact .

represent a rational number? How can you find out?

ThiS Problem can be approached by considering;an example.
.:-

Let us write'the number 0.132132132132 .:. and call it n,

so that h.= '0.1321321 ... . The periodic block of digits is c

132. /If you multiply by 1000 this shifts the first block to the

left of the decima14.point and gives the relation
s

1000n = 13?.1321321

Since n = 0.132132132 ...

You can subtract n form each side of the first equation to yield

-999n = 132. sO'that

1312 -,n-L-T.-99,,e,or in simplest.form,

:,'
44
333'

You find by this process that 0.13213213= ...
'A

44

The example here illustrates a generaltprocedure which mathema,

ticians have-developed to show that every'periodic decimal repre-

sents a rational number. You see. therefore, that there is a

one-to-one correspondence between the set cif; rational numbers, and .

the set of periodic decimals. It would;R quite equivalent then for

us to define the rational numbers as the set of numbers represented

by all such periodlc decimals. A '

261



Wore you leave the subject of decimals there is one interesting

fact abOut terminating decimals which will be discubted.

'. 1Y? za.4%that rationals like Tr.,,. 0.5, 3 = 04 34 = 1.875,(

7.
1000 0.397,'

'=
27.68 all at.e represented by terminating ,

,...,

decima4s. How can you determine when this will.be-the.case? If, -

ior inspiration, you look at the rationalssof this type which have

been 144ussed, there is A obvious clue: The denominator's sen 6
have only the prime factors 2 or 5, or both. (See ProbleM 3 in

Exeinises 6-3)

397. 692

Consider a rational 'number in which the denominator is a.power

of 2, such as 39.
/0. -7

By multiplying by 1 = you can write
5

39 39.5
4 39:5 4 39-625 21,175 n pn,

4 4 10,000 = c.t,31D.2 2 .5 10

4fillarly if you have a rational number in which the denominator is
-a power 6f 5,, you can_proceed as in the following example,

3 .3 '3.25 3.32 967-g-5 . 77-5 7-7- 31670-6 b.00096.
5 .2 10

44..4

Quite generally, if you have any rational number with only powei,s,
. ,

of 2 and powers of 5 in the denominator, you cap use the-same

technique. For example,

4 7 4
/L 3791 1.57

:2
4

.i 3791.57.2 _'3791.5 .2 3791.57.24,

77'7 (27.5 ).(57.24). (27-.57).(54"24) 107-.104' 1011

and this gives a terminating decimal representation.
,

1

S.
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In order to establish a general fact of this kind suppose you
ask the following question. What rational number 2 (p and q

,

assumed to have only 1, as,a common factor) can be' represented
- ,

by_ where N is an integer?
10
Suppose ,

N .

q 7.7
Therefore q11,= p.10k

This says that q divides the product of p and 10k. But

you assumed that p and cr have only 1 as a common factor.'
Hence q must divide 10k. But the only possible factors of
10
k

2
k k

are multiples of powers of 2 and powers of. 5.

Thus you have proved that a rational number r has a terminat-

ing decimal representation if and only if the denominatOr of r

consists only of products of powers of andpowers of 5; that
is, r must be of theform :

S.

2m5n
A

Exercise 6-4

a. Express each of the fol-loing as a'decimal. 401,

(a) 10 x 0.990

(b) 100 x 3.1217 ...

(c) '.10 X '0:00447 .1.

4

(d) 1,000x o.61.345345

?63
6

(e) 10,000 x 6.012301n ,..

4

k.
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2. Subtract in each,' of the

(a) 3128.99i.).
312.899 .L

3.

4.

(b) 9.99
0.999 ...

(c)

0.162162 ...

(d) 301.010101 ...

'y73.010101 ...

257

Write each of the fol wing

are counting' numbe

(a) 2411

(g)

1.233337 ...
0.123337 ...

354.547 ...

3.545T..,

27075.075075 ...
27.075075 ... A'

(h) '416.47777
41.64777 ...

a
'

in the form
b where aA and b

The first.stepin writing a rational

a fraction is to choose the power of

decimal number should be multiplied.

1.03
" 999 -

number in decimal form as

10 by which the original

For each of the following_
numbers N rind the

1000, etc.) so that

Show this to be-true,

Example:

smallest number of

(10k N)- N a

N = '1.324'27

100N =132.4242T

N= 1.32474-

the form 10
k

(10, 100,

terminlpg dedimal.

160N-N =131.10000 .:.

_Sa.) 0.553 ..: (e) 163.177

(b) 0.7377 ... 672.424-ff

(c) 0.90057. 0.1234565E ,

0? 3.0233'7 .,. (h) 3.41000

1

264
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5. What rational numbers have these decimal expressions?

(a) 0.007 (e) .0.1625

(b) 0.11f1 o.1665

(c) 0.0555 (g) 5.125Tf5

(d) 0.123123 ... (h) 10%0457 ...

6. Write each denominator of the following numbers in completelz.

factored form.

(a) (e) g

(b) 4 (f)
,

(c),

-to

( g ) 41"0
-'

(d) -54 (t)) 45
7. Which of the numbers in Problem 2 have decimals which repeat

' zero?

8. Assuming the a to have the value one (1) in the rational
a

'
number b

what numbers between 63 and 101 may be b and

give a terminating deeima expression foi, Tas ?

6-5 Rational Points on the Number Line

- If you think of the rational numbers as specified by decimal

representations, you can see immediately how tolocate and how to

order' the corresponding points on the number line.

Consider for example the rational number 2.39E7 ... and its

place on the number line. The digit 2 in the units place tells

uscimmediately that the corresponding rational point P flee:

between the integers 2 and 3_ on'the number line. Graphically

then the first .rough picture is this:

0

p
.1 IV ii fill

1 2 3 4 5 6 7 8 9.% 10

. 965
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A more precise description is obtained by looking at the first two

digits 2.3 which tell qs.immediately that P lies between 2.3

and 2.4. On the interval frp 2/ to 3, then, divided into tenths

.(and magnified ten times for easy comparison) P is found as shown
below

2.0

p
I I VI

2.3 '2.4 2.5 3.0

k

If you continue the process of successively refining the loca-

tion of P on the number line you will have a picture such as the

following

cfr

I I 1 1 1 1

0P (2.3...) o 3.2A

.
I 1 I I I I 1 1...;;1---vop c 2..39 2.30 .--f --- ' 2.40

--.1 t t I I, ..,,N iv. 1 1

_- ._-_-
P .. --

...- ---

,2.3 go ..--- "7 .. 2.400

---pi c._ 1 1 1

' C 1 1 "%II

_--- ..... A...0

. 2.39607 N .. -- 2.3970

P (2%396_ )
.

P (2.3961..1.).

P (2.39614...)

4.-/ 4

I I. I I V I 1 I A I

2.39610

.1
Lbcation of point P correspOnding to 2.39614 ...

,From-such a decim41 repre9entation for a raticnal number you
can-easily find how to locate the number to any desired degree of
accuracy on the number line.

9t
I

21/6'6
.

O
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Moreover, given any two distirict rational numbers in this form

4t is a simple matter to tell by inspection which is larger and

which is smaller, and which precedes the other on the number line.

3If you think of locating the point 7 carefully on the number

3-line would you prefer to use 7 or 0.423571 ...? If you wish to

3 3compare 7 with another rational, which form is easier to use, 7
or 0.426571 ...?

Exercises 6-5

1. Arrange each group of decimals in the order in which the points

to which they correspond would occur on the number line. List

fist -the point farthest to the left.

(a) 1.379 . 1.493 1.385 5.468 1.372

(b) -9.426 -2.755 -2.761 5.63o /32.763

(c) 0.15475 0.15467 0.152t63 0.152175 0.15598

2 In Probjm .C1c), which points rie on the following segments:

(a) _The Segment with endpoints 1 and 2?

(b) The segment with endpoints 6 and ''1?

(c) The segment with endpoints 0.1 and 0.2?

(d) The segment with endpoints 0.15 and 0.16?

(e.) The segment with endpoints 0.154 and 0,155?

Dilaw a 10 centimeter' segment; label the endpoints 0 and 1,

and divide the segment into tenths. Mark and label the follow-

ing points,:

(a) 0.23 (b) 0.49 (6) 0.80 (d) 0.6 (e) 0.08 (f) 0.95

4. Arrange each group of rational numbers in order of increasing

size by first expressing them in decimal form,

kI

3 4
To 1 5-7a*k) - gp , -ti

2 7 67
(bi

N

3 4
k 7'

3.0 ILLt
'(d) 3.,

9 6 7
4
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6-6 Irrational Numoers

YoU have'learned niany things about rational numbers. 6he of

the most important is the density property; between any two distinct

rational numbers on the number line there is a third rational number.

This tells us that there are many rational ,numbers and rational

points - very many of them. Moreover, they are spread tnroughout

the number -line. Any segment, np matter how small, contains

infinitely many rational points. One might think that all the

points on the number line are rational points. Let us locate a

certain point on the number line by a very simple compass and ,

straight edge construction. Perhaps this. point will have a surprise

for us.
,

a. C'onstruct a number line and call it ,e if het A be the
.:.3-

point zero.and B Oe thg point one.

I

At B, construct a ray m perpendicular to ..e ,

. On m construct a line, segment BC,, one unit long. s,

__,
d. Draw segment AC.

e. With A as center and radius AC, draw a circular arc

phich intersects.' . Call the pointof intersection D.

0'

Figure 6 -3..

Now consider two questions: 4

(1) To what number any) doe, point D -correspond?
.4404, ,c

(2) Is this number a ational number?

268
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Consider the first question, "To what number does point D
correspond?" First find the length of AC, since A'C' and ,115

have the same length. The uni$,of measure used will be the unit

distance on the number line. In Figure 64, triangle ABC, is a
right triangle. The measure of AB is 1. Thel%measure of 1r is
1. You can use the Pythagorean property to find AC.,

.AC
2.

= BC
2
+ AB

2

'

12
.
ir
d,1 2AC- = 1

4

AC
2

= 2 is

The positive number whose square is 2 is defined as the square'`
root of 2'and is Written 1F.

Thus,

AC = 1F, so

AD =
.4,

Therefore,thepoint D corresppns to the number lf.T. Is. IT .

a rational number ?, Is it the quotient of two' integers, and can it
be represented as a fraction k

, in which p and % are integers
iand q / 0? '

1- To answer thiS question, A. line of reasoning which people very

often use'will be followed. This type of reasoning can be illustrated
by the folloWing'conversation between mother and her son. John was

late from school. When his mother, scolded him he tried to avoid

. punishment by saying that,he hdd run all the way home. "No, you
- ,

didn't run all the way," she said firmly. John was surprised and

ashamed, and asked "How did you know?" "If you had run all that

,..:-way, you -would have been .out of breath,". she said. "you are not.
out of, breath. Therefore you did not run."

John's motherilad used indirect reasoning. She assumed the

opposite of the 'statement she wished to prove, and showed that
..t,

this assumption led to a conclusion which could not possibly be

true. Therefore her assumption had to be false, and the original
4*,

statement had to be true.

269
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It will be proved that "ter2 is not a rational number. Indirect.

reasoning will be used. It will be assumed that VT is a rational

number, and then itb will be shown that this assumption leads to an

impossible

Assume

written as

E in simpl

conclusion.

that 11,F is a rational number. Then IT can be
2' where p and q are integers and q 10. Take

est form. This means that 2 and a have no common

factor except 1.

2
If 1-2-= 2, then 2 = 2, and 'so 2q

2
= p

2
. Since p and

q

- /q are integers, then p
2

and q
2

are also integers. If

p
a

= 2q
2

then p
2

must be_an even number. (An integer-is even
. if it is equal to 2' times another integer.) Tints, .p.p must

be even. An odd ntimbpr tige..6 an odd number is an odd number. (Do

you.reMember why?) Thus, p must be4; even, and cah be written as
2A, where' is an integer.

:Then, p = 2q
2

may,be written as (2a)
2

=, 2q
2

^ rj,±,

. and (2a)(2a) = 2q2

and . 2.(2a2). 292

and 2a
2
= q2

This tells us that q
2

is also an even number since it is equal
to 2 times another integer. So q is also an even number:

Thus our assumption, that fi is a rational number k in

simplest form, has led us to the conclusion that p and q both
have the factor 2. This is impossible, since the simplest form

for a frabtion is the one in which p and q have no ommon
factor other than 1. So the statement "lfF is a rati nal

.

number"-must be fals. °
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Since the measure of segment AD in Figure 6'.3 i r 'lig,' then

111-2.-- must be the number which corresponds to point A10,; It-has

been shown that YE is notes. rational "number. Therefore, there

is at least this one poifit on the number line which corresponds to

some number which is not a rational number. In-other words, even.

thoilgh the rational points are dense, the set of points on the

number line contains more points than there are rational numbers.

A number like which is not a rational number, is called

an irrational number. The prefix "ir" changes the meaning of

"rational" to "not rational."

Exercises 6-6

1. Construct a figure like Figure 6-3, and label point D "Vi".
Then use your compass to locate the point which corresponds to

) the number (,m, and label it.

. Drag a number line, using a unit of the same length as the

unit in Problem 1., Use the letter A for the point 0 and
the letter B. for the. point r. At B construct a:segment

. perpendicular to the number line and; length, and'.

call it BP. Draw AT. What is the measure of segment AP?

3. Use the drawing for Problem 2, and locate on the number line

the points which correspond to ,F and (11";). Label the
points.

4. Do you think 47 is a rational number or an irrational number?

Why?

5. Using the same method as in Problems 2 and 3r locate the point

VT. Can you work outs. way to locate ,the point for lig?-

For VT?

6. Locate the points which correspond to these numbers:

(a) 245- -(b) (3,(F.)

9 71



265

L.

7. Do you "think that (21F) is a rational number_or an irrational

number? .

10

*8. PrOve thab is an irrational number. (Use indirect

reasoning very similar to .the line of reasoning which was

used to show that vr,F is irrational. At bne point you will

have to know that if
.,,,.

p
2

has 5 as a factor, then p also

has 5 as a factor. Prove this simple fact. Before you try
4,

provQ- V.T is irrational, think of the uniq \2e factori-

zation property of counting numbers. If the prime number 5

were not 41 faCtor of p then how could it be a factor of p2 ?)

Enumerating the Rationali

In the preceang discussion it Was proved that is nota.-

rational number. Moreover, it appears that there are many other

numbers, such as IF and ,r7 which are not rationals. If you

think about the rationals and the irrationals a bit you can see

how to r e many, many irrationals. For example, every number

of the form 31F, where ti is rational, will oe irrational.

Hence the set --11r2.) can be put into one-to-one corresponlience

a awith the set of rationals (E). Yet the set (1517) 'is obviously

"only a very sm411 part of the irrationals!
a

Indeed, you have suffered a great disillusionment - the rational

numbers, despite being dense on the number 'line, actually leave

empty more posieions than they, fill! An even worse shock to our

intuition, perhap4 is to find that a line segment whose length is

not given by a rational number San be constructed so easily.

In fact, one of the really important distinctionsibetween the

rational number systtm and the system of irrationals is that you

can show how to display all the rationals., One scheme is to'

1

Ati
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proceed as follows. ?trite the array
i

as follows.

1,0 3/1) 7
Yii 217 ii if /ir.

V 47 .5.14
/1, 22, z

2r. 3/ 4r 5/
7 n ,./-S. /73.

1/ 27 3/ 47 5 6

1/ 2- V 4 5 6
5 /315 3 5 3

7

You can find

the fifth row. In

rational -19 For
10:

lr '7'27 7
7 l:
7 .

7

7 .

5

the positive rational 4

what row and what column

For P.?1'

in the 4th column at

would you look for the
6

0

By following the snaky line in the above display a one-tb-one

correspondence can be shown between the set of positive rationals

and the,set of counting numbers like this:

Counting Numbers 4

Rational bers

5 6 \,7 3 .

ts r
2 1 _ 3 4 3 2I I -S.

In this listing of the rational numbers the snaky line has
been followed but all fractions which are not 'in simplest form have

been left out,, because they are only Other names for numbers already
1 4$ in our list. In this display -. is the 3rd rational number, y

is the 6th rational number, what is the ;8th rational number? The
511th? If the above were bontinued, 7 would be the what -th rational

number?

9 *)

.f..; I I
()
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4 When a one-to-one correspondence has been, set up between a 4'

given set and the set of counting numbers (or a subset of the

set of counting numbers) mathematicians saythat(the set has been

entwerated". Thus thersep of positive rational numbers above

has been . "enumerated ".

Georg Cantor (1845-1918) 'discovered in 1874 that the set of

- irrational numbers cannot be "enumerated" by any method. There are

so.many irrational numbers that it is impossible to setup a one-

to-one corres ndence between the set of these numbers and the. set

of countin numbers. No patter how'you try to display irrational

numbers some irrational numbers will always be.left out - more

than have been included, as a matter of fact. This is whit is

meant when it-is said/that the ratiolgi numbers leave more places

empty on the number line than they fill.

If ybd, are interested'in learning more about this important

phase of mathematics you might r6fer to One Two Three . . . Infinity
by Geroge Gamow (pages 14-23). A brief but interesting history of

Cantor's life can be found in Men of Mathematics by E. T. Bell
(ChaPter,29).

6-7 A Decimal Representation for

de.

n2 = 2.

Numbers like IT and IT correspond to points on the
A

number line, they specify lengths of line segments and they

satisfy our natural notion of what a number is. Perhaps the most .

unusual aspect about is the way it was defined: ,r7 is
the positive number n which when squared yields 2,- so that

This differs from the previous way of defining numbers, since up

to now this chapter has dealt mainly with integers and numbers

defined as ratios of integers

, ...-------- . ... ....1.+Xt -.......a1n
a.

%et

2 74
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0

In order to help us gaina beter understanding of IF a
new way of describing )(F in terms of more familiar potions
be"discussed. If, for'example, could be expressed as g
decimal this would help'us to bompareiit with the rational numbers.
It would also.tell us. whereto placeit on the number line.

Let us think about the definition of the number 1(2 , namely
(/2)2 = 2. If you thilk of squaring 1 and 2Nyou will note

,immediately that

12 < (15)2 < 22 and hence 1 < 2.

This says tha4 1/2 is greater than 1 and less than 2, but
you already knew that.- You might

try\acloser approximation by test-
ing the squares of 1.1, 1.2, 1.3,' 1-4, 1.5. A little- arithmetic

of this sort (try it!) tead>us to the result

1.96 = (1.4)1 < (5)2 < (1.5)2 = 2.25,

and therefore you conclude that 1.4' <v2 < 1:5.

The arithmetic involves a little more work at the next, stage
rta

butT you can'see with a little more co station that

.1.9881 = (1.41)2 )2 < (1.42)2 = 2.0164,

and therefore

1.41 < < 1.42.

If you ry to extend the process ftirther
4
you will get at the next sti.g6

You can see that this process can be 'continue as long as oqr

:1,414 < 17 < 1.415.
, aor

-.,

z

enthusiasm lasts, and gives a.be terodecimal approx ation at every
z

stage; If.youcontinued to 7 p ace decimarsyouwo ld find .

. 1.4142135 < 2 < 1.4142136. -,' i_

This is a very good,approximati n of 1F, -for (1.4142136)2
. -

= 2.00000010642496.
&- I

27,5
. $
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a

,. :By the use of the defining property, (11/i)2'= 2, then, you

//can find deamal approximations for 17 which are as accurate

as you wish. You are led to write

= 1.4142135 :

where the three dot's indicate that the digits, continue Without

_terminating, as the process above suggests.

Geometrically the procedure you have followed can bedesdribed

aefoilows:in the number line. Looking first at the integers of

the numbei line on the segment from 0 to 10, you saw that )(7,

would be-between 1 and 2.
.00

1 i
3

1 i I
0 1

ii
2 4 5 6

1

9 10

Enlarging our view of this segment (by a ten-fold magnification)

you saw that 412 is on the segment with end - points 1.4 and, 1,5

0 ,

/

1 ,

1.0 1.4 1.5

and again magnifying this picture, )(2 lies within the interval

(1.41, 1.42)-1

.1 1°1 I I I

1.40 1.41 1.42 1.45 1.47 1.50

d so on'til the 8th stage shows
:

that lies between."'

41.42135 'an 1.4142136.Ili ,t
04142130 1.4142135 1.4142140 0 4 a

P 4
This process shows us how to read the successive digits in. the

., decimal representatioh for At the same time it gives a way

to define the position of,the point on the real line.

0 o

0
0

2 76
),

0

0

0}
'1
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When you write the, number 1r2- as 1.4142135 . . . it looks n
suspiciously like many rational numbers you have seen, such as

1
0 3,..33333 1and

7
= 0:14285714

Y4u pause to ask, hdw are they different and how can you tell a
rational from an irrational number when you see only the decimal

rdpresentations of the numbers?

The one special feature of the decimal representation of

a rational number is that it is a periodic decimal. As you have

seen) every ISeritdic decimal represents a rational number. Then

the decimal representation of IF cannot be periodic, for )(F'
is irrational . You can be sup that as you continue to find new
digits *in the decimal representation

no group of diet fiver repeat indefinitely. hyoli can only be
certain that, decimal names a rational number when the period of.

the decimallis indicated; usually with a vinculum (
.

)

Exercises:6-7

1. Between' what two consecutive integers are the following

tional number's? (Write your answer as suggested for {a) )

(a) 30 [ ? < 1/33 < ? I

1, (b)

(c) 53
I

,

,

[

(a) 1/W3- (Hint : 4280- is 42,80 x 102, so begin estimating

by thinking of 173.10)

(F)

.277,

ram
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2. Express-(a)(b), and (c) as decimals to'six'places:,a

(a)' (1F)2

(b) (1.162)2

(c) (l.753)2

(d) Find the difference between your answers for (a) end (b)%

find the difference between your answers for (a) and (c).

(e) To the nearest thousandth what is the best decimal expres-

sion for 15?

Which of the numbers'suggested is the better approximation of

the following irrational numbers?

3.

'4,

5.

.)(i:

11/7:

71637t

4473

3.87

25.2

or 1.74

or ).88

or 25.3
a

Find, to the nearest tenth, the nearest' decimal expression

for these irrational numbers: o

6 175 ., . 4 7.' lf17 8. IffEr.
lw

-9: For what number n is n2 = 10?

10. For what. number h. is n21 ,1.1-9? ..

0

6-8 Irlstional Numbers d the-ReaAl Number)S s e

'-Vu have seen that all rational numbeis haze periodic decima

representations. You saw also that Nig is not rational and tha

itris represented by.a non- periodic decimal., vqP is called an

'irrational number.

This decimal form is now used to define the set of irrational.'

numbers. An irrational number is defined as a with a

X278
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ti

non-repeating decimal' representation.

The system composed of all rational and irrationallfumbers is
.

called the real number system.

From this you see tnat any 44a1 number can be characterizqd

a decimal representation.

If, the decimal representation is periodic the number is a

rational number, otherwise the number is an irrational number.
Wi h every point, P on the real number line there is associated

one and onl one number of this form by a process of successive loca-
tionstions inodecimal intervals of decreasing length. The "drawings

below illustrate the first few steps in finding the k'decimal corre-

'sponding to a point , P on the number line. Consider. point P
. between 3,. and 4.

P

3,0 - 4.0

.00
A

3.6...
. P

6 .
A

..t
. 1

-.-71

Note that any two distinct poi:ntrs- P1 and P2 will correspond

to distinct decimal" representations,-for if they occur as

P P,

, 1 ,2

4.00
4. I >

_
. ., .

on the number line you need only subdivide the. numbexi line by a

sufficiently 'fine decimal subdivision (tenths, hund edths,

thousandths, etc.) to assure that Pa and Pn ''' aye1separated by
a point of subdSvision. . .,

?79



Conversely, given any decimal, you'haye found how to locate. the
corresponding point of the real number line_by considering succes-
sive rational deciinal approximations provided by the number.,
.(Remem4er how you started to locate the point 2.3961 +... in Section
5.)

Thus there is a one-to-one .orrespon encg between the set of
real numbers and the set of points on ne number line.

The set of real numbers contains the set of rational numbers
as a subset. You have learned that these rational numbers form a
mathematical system with operations, addition and multiplication.
and their inverses, subtraction and division. The same is true
of it-eNeneire set of real numbers. You can add real numbers, lj

rational or irrational, and you can multiply real numbers. The
resulting number system has all of the Properties of the rational
number system. In addition it has one important property which
the rational number system-does not have. This will be discupsed
below.

The familiar properties which the real number system shame

with the national number system are listed first.
Property l, Closure.

a) Closure under Addition. The real number system is closed under

the dOeration of addition, i,e.,'if a and b are Aal
nUMbers then a + b is'a real number. .

1.

b)- Closure under Subtraction= The real, number system is cloSed

under the oi5eratiOil of subtraction (the inverbe of additidn),

-

i.e., -if a and j? are real numbers then a - b. is a real
.4

number ,

' .

V
e) -Closure under M 14iication. e rea number`bystem is .closed

under the aperationbf m 'Alp' ationi 1.e., 1g7-a' and b are,

real numbers then; a.b- is'a real- number._
. -

Closure under DiV';isio' e iloal.nuMber4ystem is cloied und
a 4 I 4rthe opera ion of tlivl Ori `,(theme averse ofmultip4oation)

. ,. I ,.

i.e., if-A2',--and'b real n bets then . a 4--..b (when 15:

is ,a real number..' .. ,, .

, 1

\

, r

itp.

.` )5.i.'
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The operations of addition, subtraction, multiplication,

and division on real numbers display the prOpyties which you have

already Observed for rationals. These may be summarized as follows:

Property 2. Commutatiwity.

a) If a and b are real ,numbers, then a.-1-.1) = b + a.

b) If a and b are real numbers, then ab = ba.'

Property 3, Associativity.

a) -If a, and c are real numbers, then a + (b + c)

= (a + b) + c.

ir o) If a, b, and c are real numbers, then (a. )c = a(bc).

Property 4. Identities. .

a) If a is a real numbere, then 04r a, i.e., zerolis the

identity element for/ the operation-of-addition.

b).. If a .is areal number, then a1 = a, i.e., one is the

identity element for the operation ofmultiplication.
0

Property 5. Distributivity. If a, b, and.'c are real

numbers, then a(b + c) = (ab) + (ac).

Property 6. Inverses. et
a) If a is areal number, there is a real number (a), called

the additive'inverse of a such that a + ( = O.

) v a is a +1 number and a / 0 there is a real number b,

called the multiplicative inverse of a..such that ab = 1. -%

Property 7. Order. The real, number system-isordered,' i.e, if

a and b, are different real numbers then either a < b or
/."

a > b.

4.

2; 8 1

3 ;

T.
r

trt



Property 13.

betWeen any

real number.

275

Density. The real number system is dense, i.e.,

two distinct real numbers there is always another

Consequently, between any two real numbers you
can find as many more real numbers a you wish. In fact yoil
can easily see diet: 1) There is always a rational number

. between any two distinct real numbers; no matter how close.

2) There is always an irrational.numbebetween any two

distinct real numbers, no matter how close.

The ninth property of the system of real numbers is one
which is not shared by the rationale..

.

Property 9. Completeness The real number system is co.:,plete,

i.e., to each point on the number line there corresponds a real,

number, and, conversely, to each real number there-corresponds

a point qmthe'number lin$.

/I

YoUsaw that in the system of rationals theire 4o number S

which when squared yields 2. However, in the real number syAem'

as defined, such a number is in6luded.. .

-1If a and '6 are positive and b ---- an we write a = n 15-

. . . .n
'(,read I!,a is an nth root of b "). Since :----- a.a.P--a

bn 7 10.Cb..0%aaa n
a an*

= I5"' E , t- = 1-;) , .13 is an nth root The umber I

b
n*

..,

/
a
n 4,

.c
1is called' a perfect nth power. In general, -1, is a i 1 -

b
n Q

A
4

positive rational numbbr written in uc a way.that c and -d
1

are courting numbers with no common 'actors other than 1,, then

Posierrifeand only if.both ,o and
. ,

are
,

counting
,

1 8nth Powerd of some numbers. The number 7 is a1.
. .

perfect 3rd power,, the number # is. a perfect
.

2nd power ,('singe
. .

C

16%
)it can be written as 75, but the number .4 is not a perfect

nth power for any. 'n greater than 1.

2a2

t.

J
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It happens that the nth root of any positive rational number

which is not itself.a perfect nth power is. irrational number.

Tais means that'such numbers as

irrational numbers whereas 25, 16,
ITT

are

,

are

rational numbers. Hence, in the system of rationalsyoucanncyt hope

to extract nth roots of any numbers which are not perfect nth

powers. However, when the irrationals are included to form the real

number systems nth roots of positive rational numbers can be found.

Thus a very useful preiDerty of the real number system is: .

The real numbey system contains nth root6, of all

a,

pOsitive rational numbers b, b / O.

This atsuresus that among the real numbers there can be found

numbers as )15.7 4.77 1 y V57 3 4, 23 and any other

nth roots of positive rationale numbers:

.1n additi8h to irrational numbers which arise froth finding

roots of rational numbers there are many more irrational numbers

which are called transcendental numbers. One example of a tran-

scendental number is the number r which you have met in4bur study
lof c'rcles. Recall that r is the rat±o of the measure of the

circ ference of a circle t the measure °X is diameter. It is

surprisinglyhardtoprOvehatial, but it has been
doneZ-Tge decimal.repree n ation

cannot-be repeating.

r =I 3.14159265 .

The number

/

22 22r 'is not -In although is

a fair approximation to r. (Compare the decimal representation of

22
"7- th that of r,)

linen you studied log rithms in high er6hocl, ydu were studying

numbers which are almos ail transcendental nUMbers. 'If N °.ist

1s
.

283
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any positive real number and x is the exponent such that

10
x

= N

then it i said that x is the logarithm of. N to the base 10. If
N is a power of 10, say N = 102, then clearly 10x = 102, so

2 is the logarithm of 302 to the bre 10. In such a case, the

logarithm is a rational number. But for most numbers the logarithm

will be a (transcendental) irrational number.

The trigonometric ratios, sine of an angle, and tangent.of an

aye,other expressions which usually turn out to be transcen-

dental irrational numbers. These ratios are defined in a later

chapter.

I

Exercises 6-8 .

1. Which of the iollo ing numbers do you think are rational and

whicn irrational? lMake two list,6.

(a) 0.231P31..,p., :(3) li

(b) 0.23123112311123... (;) 9 1/77

(c)
3 F7

)

(d)

(e) 10.78342";

(f)

'.(i) 0.75006 .4m,

7.1"

58

(k) 0:9 9559555955559 a . ( I

: .

2. Write each of the rational numbers Problem 1 as a decimal

I as.and a a fraction'.
1

'4I

*

3. For eachof the irrational numersl.n Problem 1 write. a. decimal

4.

correct to the nearest hundrecth.

(a) Make up 3 terminating decimals for ratiollal numbers.

1(b) Make up 3 repeating; deciMals for rational numbers.

(c) iake up 3 decimals ;or irrational numbers.

t,.

i
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e

Y 'have learned how to insert otier rational numbers betileen

two'given rationals. Now that you have studied dec.a.mal%-reprepenta

tioulS fort real numbers, you'can see howtocinsert rational or
. .

irrational numAers between Veal numbers. Look at these decima

for twONnumbers a and. b.7 r

a =4.219317...,-

= 4.234164011000100001....
)0

These tiuMbers are quite close together, bUt an decimal whic4

begins 4.22... will be greater than a and leas than b. You can

then continue the decimal in such a way as to make.it rational or .

or to make it irrational. Fox' example,J.4.22572. is rational

and _225622566225666 is irrational.

(a) Write a decimal fo-_, a rational number-b

-and' 2'.36577(.7...

(4.- Write e7---decitital fore /
numbers in (a).

I

6

I

8.

.

t'een

an irrational n bar between tne-

Write decimal for (a) a rational number and (b) an irrational

number between 0.3460. and I

0.34280o:ft.,

Write dec a for (a) a' rational number and (b). an irrational

humber betweeon .*'67.283... and .67.28106w6...

Do

of

.Z1 An

interesting

you think that the

all integers? 'pport

real number system cdntains squar
t.

yoUr ans%t'le.bY an ex _e.

-. ,. ,
%

the BabylOnians use for lir

7'

How good
'':e :c'{n..,'"

.,..: ,..

...... A!,

,ti.:

approximation which

ratio
3-

. 922Is it as good as 77

1

85

/

roots

-was ,the

is this?

*.
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6-9 Irrational Numbers in the World AroUnd Us

You see many exariples of rationaIs every day -- the price of

gravies, t ount'of a bank balance, the rate of pay, tUe

/amount of .a w kly balary,.the grade on a test paper.

Although the ir'rationals have :It been considered for very long,
A is easy to see many examples which involye.irrational numbers.

For example, consider a circle'-of radius one unit. What is its

circumference? Why, .2 r units, of course. In fact, any circle

whose radius is a rational number has a circumference whiCh is

irrational. Also, the 'circular closed region of radius r has
, .an area, the, measure ofwhich is an irrational number krr

2
).

The volume of a circular cylinder is found by the formula

V = tr
2
h and its lateral surface area A by A = 2rrh where h

is the altitude of the cylinder. Here also the volume_and area_

are given by irrational numbers if,the radius r and altitude

4 .are given akrationals. , -
Also, you will learn how to construct lengths of irrational

measure by the following simple succession of right triangles:

40,

r.

$
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Exercises 6-0

1. Which of the following numbers are rational and'which are

Irrational?

The number of units in:
1

(a) the cg lIcumference of a circle wlcWe radius is 7 unit.

(b) the area of a square whose sides are one unit long.

(c) thellypgenuse of a right triangle whose sides are 5

and 12 units long.

(d) thearea-of a square whose sides, have leng h )(5 units.)

(e) the volume of a cylinder whose height Ais 2 units and

whose base has radius I unit.

.(f) the area of a right triangle Th hypotenuse of length

2 units%and equal sides.

2. With the use of the facts that IT .1.414 and that

.1r7 ps 1.732 show that, 1216..,-N6 Ps 2.449.

When you begin to compute with irrational numbers you sometimes

encounter relationships which lobk rather peculiar at first

but which make perfect sense on Closer inspection.

Here are two examples:

T4e multiplicative'invtrse ff is

The multiplicative inverse IA' (1/7+ 1(E) is

*(a) Verify these assertions approximately by usinkithe

decimal approximations given in Problem 2.

*(b) .)-Verify these assertions exactly by computing with the

irrational numbers themselves.
' It *

Find the radius pf a_circle whosie c rcumference is 2. Give Rn,

approximate vale for the radiuS. Use 3.1416/ for r .

I

28.7

O
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AppenaM

MATHEMATICAL SYSTEMS

A-1. A New Kind of Addition.

,

4

e

't

'Tile sketch above, represents the face of a four-minute clock.
Zero is the ,btarting. pOint and, also, the end-point of t rotation
of the hand . 'V' .si----J

-,-
. ..;

i With the mlodel yo u eght start at 0 . and move to a certain
position (numerial)iand ther\l move on to another position Just like ,

the moving hand of a clock. or For 'examples, you may start with 0
2 --.,,

and move 4- of the distance 'around the face . You would stop at .

' If you folio* this by a -14. ''rotation (moving.like the hind of a .

clock), you would stop at 3. After a rotation of .Fr .,:from 0 yob'
could follow WI. 'h a ilik rotation. This would bri you to.A....1. The

1

,§
first example uld be written 2 + 1 gives. 3 ere the! .2 .-

2-4indicates .. of: a rotation from 0, the means to f63:1(113 this;v°, °
by anotlieVrotation (l1ke the hand of ,a c - and the "1; means
1z roiattiOn, thus you arrived at the posit arked 3 (0.1; 4.
of a.rotation from 0) . The second eicarnpl wo u be' 2 .41i- 3 gives. 1,

I
1 where, the 2 and, 4. still' mean the Samel as in t* first .1

example -and- the 3 means a rotation ,of . ' A commbk way . ,

write this is:

J' 2 + 3 m 1 (mOd4)
4 #

t.
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which is, read:
\

Two plus three is equivalent to one .(mod 4).

The (mod 4) means that there are four numerals:'
-' 0, 1, 2, 3

on the face of the clock. The- + sign means what is described
above - this is our new type of addition. The m between the
2+ 3 and the 1. indicates\that' 2 + 3. and 1are the same
(that is, "equivalent") on this clock. This is called briefly
"addition (mod 4)." Of course there are other possible notations
which could be used but this is\the usual one. The expression
"(mod,4)" is deriired_from the fact that sometimes 4 is Called
"the modulus" which indicates how many,single steps are taken
before repeating the pattern.

\

Example. Find (2 + 3) + 3 (mod 4): c..

2 +3E' 1 (mod 4):: . 1'+ 3 = 0 (mod 4)

(42 + 3) iv 1 + 3 m 0 (mod-4)

The following table illustrates some of the addition facts
in the (mod 4) system.

yr

+ -0

,(Mod 4)

1 2

.o 0 1 2

1 3

----> 2 1

3 0

289
"
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A table of this sort is read by following across horizontally

`from any entry in the left columh, for in tance 2, to the

position below some entry in the top row, such as 3 (see arrows)..

The entry in this position in the table -is` Kan taken as the

result of combining the element in the left"column with the

element in the topioWi(in that order). In the cape above you

can write 2 +.3 = 1 (mod 4). Use the,-table to check that

3 +0. m 0 (mod .11)-

Example ,
Complete the following number sentences to make

them true stafementi. '

(a) 3 +'k m ?.(mod 5)

The mod 5 system represented by the face'of a clock

should hare five positions.; namely, 0; 1, 2, 3, and

4% If you draw this clock you will see that

3 + 4 m 2' (mod 5) since the 3 means,a rotation of

from 0.: This is followed by a !. rotation which

ends at 2. 'I

(b) .2 + 3 m ? (mod 5),

2 + 3 m 0 (mod 5): This is a g. rotation from 0,

followed by ai rotation which brings us to' 0:

Exercises A-1,

Copy and complete the table for addition (mod 4. lite it to

complete the following number sentences:

(a) 1 + 3 my? (mod k) (c) 2 + 2 a ? (mod 4)

3+ 3e?(mod*4) .(d). 2'- 3 m f` (mod 4)

2.' Make a table for addition (mod 3) and for addition (mod 5).

3. Use the tables in Problem 2 -to find the answers to the

.following:

(a) 1 ± 2 m ? (mod 3)' (c1 2 +2 m ? (mod 3)

(b) 3 + 3.1m.? (mod 5) -(d) 4 + 3 m ? (mod 5)

. '290
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-4.. Make whatever tables you heed to complete the following

number sentences..

(a) 5 + 3 a ?'(mod 6)

(b) 5 + 5 F'? Olod 6)

Note: be sure/X-6 keep all the tables you have:made. You

will find use for them later inthis chapter.

(c) 3 + 6a'? (mod '7)

(si) 4 + 5 ? (.niod 7)

,

5. Find a replacement or x to make each of the following

number sentences a true statement.
. , ,

(a) 3 + xa 2 '(mod 5) (c) x 1- 2 a 0 (mod 3)
ti

) ,(b) x + 4 a.3 (mod 5) (0:4 + x .71 4 6nod 5)

6! seven hours aftep5 eight oiclOck is what time? What new kind

of addition did you
a
use here? .

,

Nine d'i-y-5ft,er the ,27th of March 'is what date? 'What new

kind 'of addition) did you use here? , ,

O .

A-2, A New Kind. of Multiplication.

Before considering : new multiplication 'let us look.at a .

part of a multiplication table fOr the whole numbers. Here it 1.s: e

, 0. 1. 2 3 4 5 6

z

0 0 0, .. '0 0 0 'cy

1 0 1, 2 3 ,4 5 . 6

.2 , 0 2 4. 6 8
..<

3t 0. 3 e 6 9 --: 12

4 0 4 8 12 16

.--* 5 0 ' 5 10. 15, 20

6 0 -6 ,,,,i '1212 18 24

Ir you had this
?

.10 12,

15 18

.20 211

25 30

'' 3.0 36

table and, forgot What 5 times ie.. equal to, yilk..i
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'could look in the. row labeled 5 and the column labeled 6 and
_ . 3, °

and the answer, 30, in the ,5-row and 6-ablumn (seekarrows

above). Of course it is easier to memorize the table ,sinceyou 'uSe °

it so frequently,. ut if you had not memorized it, it might be a

very,convenient hilig to have in our pocket for ens eference.

1How would,yOu make puch a-table if you didllgt kn w it

already?, This would be quite easy if y41.1 could add. The first

,line is very, easy -- you write a row-of zeros. -For the second
. -

line you merely have to know how o count, For the third line you

. .add 2 each time; for the fourth-line add
.

3 each tithe, and sso,

forth:
0.

Now if you u se the same method, yov.can get a multiplicatibn

table (mod *). F.1.rst block it out, filling in the first and
...-

,
,

second rows and columns: 4 :
4

(Mod

x 0- 1 2 3 .

0 0, 0 0 ,

1 0 1 2 3

2 0 2

3 0 ,

There are jurst four blanks to fill in. To get the 2 -row (indicated

by the arrow above), add twos. "Thus the third entry (which is

2'X 2) is 2 + 2 a 0 (mod 4) . Then our first three -entries will

look like this:

2 I 90 2 0"

To,get the fourth entry, add 2 to the third entry. Since

0 + 2 a -2 (mod 4), the complete 2-row is now

2 I 0 2 0 2.

'!2

h.
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For the last rowyouwill

(mod 4) and 3 + 2

.x
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have to add threes, Mere

a 1 (mod 4). The complete table

0 1 2 .3

3 + 3 a 2..

is:.

e

0

1

2

3

o

o

0

0

o .

1

2

3

0

2.`

0

2

0

3

2

1

`t

The last row, forjinstance, is obtained by adding 3 successively
-. .

..

(mod 4). @
r

,,

. Now consider one way in which this table,could be ased-__°'

Suppose a lamplhp a four-weir switch so that it can be turned to

one of fopr positions: off, low, medium, high. .&;1.2 might :let '.

numbers correspond to these positions as follows:
4)

of low, 4nedium high

6 . 1 2 3* ' r.
,

\

If thd light were at medium andyouflicked the switch three times,

the Might would be at th6 low position since '2,+ 3 a 1 (mod 4) .

\ Suppose the light were,off an 'three people flicked the switch

three times each;. what would be the final position of the

The-answer would be "low'} since 3. 3 a 1 (mod 4) and the number
. 0.

1 corresponds to'"low."

s4.

!, :

t.

Exercises A.-2

I

c

1. (a) Make a table for multiplioatioh (mod'5).

(b) Make a table for multipliCatiori (11Q4 7).

(4)J Make a table for multiplication '(mod 6).
.

Note:, Keep these tables fer future-dse.
.4.

\J..

-293. ,
- . / O
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\
'2. Complete the following minter sentences to make, t em true

statements. You may find the fables you cons.truc ed in

Problem 1 useful., .

. (a) '3 A 2 Ei ki
? (mod 5) '. (3 x.11.) :.-- 1.1 (mod 6)

(b). 3 x.4 a ? (mod .6) (e) 5+ (6'x'5) a ?' (mod 7) 70

0

0

' \ '" (c) 6 'x 4 a ? (m04 7)
. .4

7 -3, Find a replacement for x to make each of the following

number sentences a true statement: (Draw the clocks which'
. .

you need.)

5'or 10 x (mod, 11)
,

(b) 7 13 = x nod 15)
)1. "

(6) (3 :11) + t4c (mod 8),
"(d)' (4 7) la' x .(iod 13). .

4. Form a table of remainders after divisi n by 5, where the

entrk in arfy° row and column is the r mainder after the-
. .

011,

'product is divides by 5.2For ins ance, since the remainder
i

te I when 2 % 3. is divided bi 5, the're will be a A 1 in

.# 1

the. 2-rOw' and 3-column (see/ arrows)," Complete the table:

0

--(#1

,O. . 1 2

O ' r0 . 0 0 -0

0 1 2 3 4
Ri

O -: 2 ,.. 4. 3
0 .

O 3. 4

7 Q 4
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.

5. , Do you notice any relationship between the table of or',
,Problem 5 arid another you have fOund?' Can yoU give. any . ,

. .

-- reason-. fai Oils ?" 1167 can :this' be used to- make the solution , r
,..

.
of some*of the probleis sampler? . \ - -

. c . I
'. *6. Usei the' multiplication 'table , (mod 5) to find the

i -replacement i(or x to make' each of the following, number
. sehtenc ei lakyrue statement : , ,.

-? ''', )

(a) 3x.-,-: 1 (mod:5) (d) ,3x -..--.. 4- (mod 5)
a

,(b 3x -z 2 tinod 5) 1"- (e ) 3x a 0 ,('mod

(c ) 3x. = 3 (mod 5)

47. If it were (mod 6) instead of (mod 5) in the previous
_.

4 problem, would you be able to find x in each case? If
not-, Which equivalences wouldpve some valve of x?

L
8. A' jug of juice' lasts three days in the Willcpx fartrily. One

I04

Saturday Mrs. Willcox bought six jugs wh'ich 'the family started
7 using on the .foll9wing 'day.. What day o4' the Week would it be

necessary' to purchase juice again? Answer this question using
numb4rs (mod 7)". .4aap

' 4'/ .' i*.
L I ,...

A -a . 4 What is ari Operation; . f "I -

.p.,, , 143..1 are "familiar with the 4peratitms of ordinary arithmetic--
addition.; multAlication, subtraction and division of numbers.
In Section A -1, adifferent operation was discussed% You made a
table for th/new type of additi n or the numbers 0,' 1, 2.,- 3. I

This operation is completelly scribed bythe table that you made
in Problem 1 of 'Exerciseb A -1. That is, there are no numbers to
which the operation is applied except those' indicated and the ,

.resorts of the operation On all pairs of these'Snumbers are gven.
The table tell& what numbers \cam tie put together. For instance,
the table tel s us that the number 5, cannot be combined with any'
number in the ew type of addition since "5" does not:appep.r, in

-

. -
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14

7

the left coluinn nor irr.the top row. It also` tells us that,
;1

14-F.:* 1 jniod . Here are some other tables.

1 2 3 4. '5

2 3 4 5 1 2

3 It 5 1 2. 3

4 5 1.. 2 '3 4

..5, 1 2 3 4 5

(c) 0 0 1 - 2.

)

3

0 Q 1 .2 3
.

1' 2 3 4 .5

2 4 5 6 7

3 d 7 8 9

(e) A

3- 6 8 10 12'

5 8 .10 12 14

7 10 12 -14 16 ,
9 12. 14 r 16 '18

(d)

1 3 1 2

2 1 2 3

.3 2 3 1

1 1 2 "

2 2 4

3 3 6

4 4 -1

5 5 3

6 6 5

296

"3 5

6 1 3 5

2 5 1 4

5 2 6 -: 3

1 6 4 2'

4 3 2
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In each case You have a set of elementvlin (a) the set is

(1, 2, 3, 4,..5); in (d) it (1, 2, 3) . You also have

an operatiop:" in (a) it is + ; in (d) -it is O. -
Finally you Havethe result of combining any two elements by mean ,

of the operation; in (a) .the results. are 1, 2,, 3, A or 5?

in (c) they are 0, 1, -2, 3, 4, 5, 6, 7, 8, 9. All of

these operations are called binary operations because they are

applied to two elements to get a third. So far the elements have q

been numbers but youshall see leer that they, do not need to be.

The two elements which youcomtine may be the same one and the

a result of the operation may or may not be an element of the set It;k

but it must-b4 something definite - not one of several possible

things

You are already familiar with pome,operations,defined on the

set of whole numbers.

Any tWo whole numbers can be addod;--AdditioA of 8 and 2

' gives 10,--. $

and
two whole numbers can be multiplied. Multiplication.of

8 andi 2 gives 16.

Addition end multiplication are two different operations

defined on the get of whole numbers..

When an operation is described by a table, the elements of

the set are written in the same order in the top row (left to

right) and in the left coludn (top to,bottam). Keeping the order

the same Will make some of our later work.egsier.

You must alsb be careful about the order in which'two elements
are combined. For_eXample,

2 1 = 5, but 1 2 .-4.

For this reason, you must rememlier that when the procedure for

reading g table wgs explained, it was decided to-write the 41ement

in the left column first and the element in the to 1?i second

with the symbol for the operationbetween them. You must examine

each new operation to see if it is commutative and associative.

These properties have beep discussed'in previous chapterg; they
are, briefly reviewed here.

*$
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. An operation + ,defined on a set is called commutative if,

for any e]ements, a, b, of the see,' a '+ b r b + a.

An operatioh + 'defined on a set is called associative if

any elements, a, 1:1.; c, of the set can be combined as

(a 4. b) c, and also as a + (b + c), and the two results are

the same: (a + b) + g = a +-(13 c).

Exercises A-3

. Use the tables at the beginning of this section to answer .

the following questions:

.(a) 3 + 3 = ? if you use Table (a). (g (2 0 3) 0 3 = ?

(b) 3 + 3 = ? if you use Table (b) . (h) 2 0 (3 () 3) =,?

(c). 3 2 = ? (i) (1 1) .2

(d) 2 3 = ? ' (j) -1 0 (1 )2) =-?

(e) 2 ().? = ? (k) 2 t (3 t 4) =

1 ?(f) 1 () (1) (2 A 3) A = ?=

d('
(a) Which of the binary operationp described in, the tables

in this section are commutative?

(b) 16 there an easy way to tell if an operation is-

commutative when, you examine the table for the

operation? What is it?

3. How can you tell If an operation is associative by ekamining
- . -

a table for the operation? Do you think the operations

described in the tables in this section tare associltpre?

000'

It/
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4. Areipe following binary operations commutative? Make

at least a partial table for each operati9n, Which ones do
you think are associa4ve?

7

(a) Set: All coUnting'numbers between 25 and 75:-
Operation: Choose fhe smaller number.

Example: .28 combined with 36 'produces t28.

(b) Set: All\counting numbers between 500 and 536.

Operation:. Choose the larger number:
. t

(c) Set: The Prime numberd.

Operation:, Choose the larger number.

(d) Set: All even numbers betwee4 ,9 and 61.

Operation: Choose the first number. al

°(e) get: All counting numbers less than 50.

Operation: Multiply the first by 2 And then add the

second.
4

(f) Set: All counting numbers.

Operation: Find the greatest 'common factor.

t-ts
(g) Set: All counting numbers.

rt

Operation: Find theleast common Multiple.

(h) Set: All Counting numbers.

Operation: Raise the first.number to a power whose

'exponent is., the second number.

,Example,: 5 combined with 3 produces 53.

5. Make a table for an operation that has the commutative

,6.

property.

Make up a table for

commutative property.

1

operation that does not,have the

9 9 n

I,

L
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The word "binary" indicates that two elements Are combined to

produce a result. (Note that the wgrd "combine" is used with any

.operation, not just with addition.) There are other kinds of

oPerations A result mi4ht be produced from a single element, or

by `combining three or more elements. When.you have a set and,

from any one element of the set, you can dterniine a definite

thing,it*is said the.re is a "unary opek'ation" defined on the set.

If'you'coMbinedthree 'elements to produce a f.ourth it would be

balled a fternary'operation". One example of a ternary opel'ation'

would ge finding the G..C.F. of three counting numbers: e.g.

.the tof 6, 8, and 10 is '2.

*7.
'

Try to Show a way of describing the following unary

operation by. some kind OfEwtable?table?

Set:, All the whole numbers from

Unary Operation: Cabe the number.

Ogaamplel going the operation to

A.-4.

5

Closure.

3 5i 2

2 3- 5 (1S

3 . 5 ,1 2

4 5 ,1 ,2 3

2

-4/ I 3 (
5

.0 1 2 3

O 1 2 3
2 3 4 5

4
/5

6 7
I

6 7 8 9

Op)

300

I

0 to, 10. ,

5 pl.olduces 53- = 125.

40

+ 3 5 7 9

3 6 8 lo 12

.5 8 10 12 14
ar

7 12
)1

4 16

12 14 16 18'

0 1 2 3

3._, 1 .2

1 2 '3

2 3 1
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Study the Tables (a) and (b). In Table (a) the numbers in .

the body of the table resulting from performing the operation are

the same numbers which were combined by the operation,

(1, 2,- 3, 4, 5). But in Table (ii) the-numbers in the body of

the table resulting from performing the operation were different

numbers /from those combined (6, -8,. 10, etc. instead] of

3, .5, 7, _9). YoU have seen this kind of difference befOre, and

there is a naMe4for it. It has been said'tt-ie set of whole numbers

,is "closed under addition" because if any two whole numbers are

combined by adding them, the result is a whole number. In the

same way the set (1, :2, 3, 4, 5) in Table (a)'is closed'

under the new-typb of addition t'ere since the results of the

operation are again in the same set.

However, the set of odd numbers is not closed under addition

since th esult of adding two odd numbers is not an odd number.

In the ;tie way; in Table (b) the set 3, .5, 7, 9 is not

closed under tie operation of addition given there since the

result is not one of the sets (3, 5, 7, 9).

Example 1:

set of whole numbers: (1, - 2, 3, 4} is not

closed under multiplication because 2 3 = 6 which is not

one of the set. Of course '1'. 2*=.. 2 is in the/set but for

a set to be closed the result must be in the-set no matter

what numbers of the set are combined. '0

Example 2:

The set of whole numbers is not closed under subtraction.

For example, consider the two whole numbers 6 and 9.

There are WO different wayssyou can put these .two numbers

together using subtraction: 9 - '6 and 6-- 9. The fii,st

numeral, "9 - 6", is a name for the whole number 3, but

the numeral "6 - 9" is not the name of any whole number.

Thus, subtracting two Whole numbers does not always give a

whole number.

301
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4
E.kamiPIe 3..

The set of counting numbers is not closed under division._

Jt is true that
. 8 = 8 + 2 is a counting.numbeF, but there

.
.

is no counting number CanCan you give ;dame Other

illustrations of closure, that is, sets closed under an

operation and sets not closed under an operation?.

Exercises A-4

1. Study again Tablesa) - (d) in this section. .Which tables

determine a set that is closed under the operation? Which

tables determine a set that is not closed under the operation?

How do yoU know?

2. Which of the sets below are closed under-the corresponding

operations?

(a) The et of even numbers under addition.

(b) The set of n numbers under multiplicatipT

(c) The of odd numbers under multiplication.

(d) The set of odd numbers under addition.

(e) The set of multiples of 5 under addition.

The set-of multiples of 5 under subtraction.

' (g) The set (1, 2,* 3, 44- uipder multiplication (mid 5).

(h) Theset .of counting numbers less than 50 under the
I

.operation of ahoosinghe smaller number.-

(i) The set of prime numbdrs under addition.'

(j) The setc:IlinuMber6 whosenumeralq.in base five end

in "3" under-addition.

I O
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er, .

3. Find the*smal;est set of counting numbers.

(a) Closed under addition and containing 2
., 0

s (b) Closed under multiplication andcontaining 2.

4. Is the set-otall whale numbers'closed under any of the
'following operations: multiplication, addition,,subtraction,
division? Give reasons.

5. Consider the numbel.is 1 and 2. If a,set containing three
numbers is to be closed under multiplication,,it must contain
2 2, that is, 4. Then it must have 2 ..4 *and 4 4.°

In fact it 'must have all the numbers:

(S) 12, 4., 8, 16,*, 32,

that is, all numbers expressible in the form where k
is a natural., number, as well as the number 1 itself. It is
said that 2 "generates" a set of numbers,' S, under'
multiplication. ,

(a) Find'the set gene.rated.by 7 under addition.
(b) Find*the set generated by 7 under multiplicatian.

6. Let S be the set!aetermined by Table (d) in this section.
' Find the subset 9f S whIchts generated by 1 under 0.

Find the subset of. S whicb Is generated by 2 under,O.
to,

*7. What subset of the set of rational numbers is,generated by
)? Is this set closed under division? (Is 3 in the set?
Is

3
in the set? Is '3 +.1.- in the set?) Does

(3
.,

. 3
+ 3)-(4. 3 = 3 .t.(3 3)?' Is the division operation

associative? e a

*8. If an.operatiom defined on a set'id commutative, 'mUst the

-set be closed under the operation?
)

*9% ,41f an,operatIon pfined on a set is associative, must the

set be c4sed under the operatiOn?'.,
, .

i

A
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Make up a table for an operation defined onthe set (0, 43,

100.1 so that the set is closed under the operation.

*11. Makeup a table for an operation defined on the set (0, 43,

100) so that the set is not closed under the operation.

A-5Identty Element; Inverse of an Element.

Iri the study Of the number one in ordinary arithmetic, you

observed that the product of any number and 1 (iN either order)

is the same number.

For instance

2 x 1 = 2, 1 x 2 = 2, 156 = 156, 1 x 156 = 156.

0 For any number n in the arithmetic of rational numbers,

.n 1 = n. and 1 n = n.

In thp study of the number zero in the arithmetic of.rational

numbers you obgeryed'that the sum cf 0 and any number (in either

order) gave that same number; that is the sum of any number and 0

is the number. For instance

2 + 0 = 2, 0 + 2 F 468 + 0 = 468, , 0 + 468 = 448

For any number n in ordinary arithmetic, n + 0 = n and

0 + n = n.

One is the identity for id tiplication in ordinary arithinetic.

Zero is the identity for addition in .ordinary arithmetic..

- Suppose * -stands f a binary operation. Some

possibilities' for * are the following:

1. If * means addition of rational numbers, '0 is an

identity element because .0 * a =.a = a * 0 for

any rational number, a.

2. If 2* means multiplication of rational numbers, 1

is an identity element because 1 * a = a = a * 1,.for

anyrational number.

3.0 4
A."

\ `-\
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3 If means-the greater of twb counting numbers, then

1 * 2 = 2 because .2' is greater than 1 *03 = 3
because 3 is greatb than 1;' 4 4 since- 4
is gi.e4tei. than 1, etc. In fact

1 * a .a sand

a:* 1 . a

nb matter what counting number `a is. So

identity for this meaning of the operation

1 is the

' This could be Stated.formally as follo If * standS

for a binary operation on a set of elements and if there is same .4

element, call it e, whiCh has the property that

'e * a = a, and

a *, e

for'every element a of the set, then e is called an identity

eietnerib of the operation 4*.,f, 43P.

Ap another example consider the following table for an.

operation 'which is called

A, B C

-

-.0

'D

A B C D A

B C D A N

C

D

-D

A

. A,

-\ B

C

Is there an identity element for AP? Could it-be A?

Is, A # B = B? (Read "A sharp "B equals B "). Since, from

the table A # B C, the answer to the guestiOn is "no," and you

see that A cannot be the identity. NeitAer can .13 be the

6

.. 305
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identity since. A # B 'is not A. However, D is an identity.:

'for # , since

A # D = D # A = A,

B# D=D4 B=:B,
C# D=Dt C=C,

D # D

Compare the column under D

Compare the row to the right

the# . What do you notice?

an identity element when you

If you have an identity

is called an inverse element

with the column under the #.

of leD With the row to the right of

Does this suggest a way to look for

a.4 given a table for the operation?

element then you may also have what

. If the operation is multiplication

for rational numbers, the4dentity is Y and the two rational

numbe. and b are called inverses of each otesif their

product is .1, that is, if each is the reciprocal ?of ttle ot4,2er.

Suppos'e theoperation is addition (mod 4)'. Here 0 is the

identity element and two numbers are called inverses if their sum

is.-6, that is, if combining the twO numbers by the bperattlinT4-,

gives 0. To.find inverses (mod 4) for addition, from the

tablei

(Mod 4)

0 is the identity 0 1 2 3

2 + 2 =0 (mod 4) 0 0 1 "2 3

, 3 + 1 0 (mod 4) 1 1, 2 3 0'

41.+ 3 = 0 (mod 4) 2 2 3 0 1

3 3 10 2

Here 0 is its own inverse, 2 is its own Inverse, and 3 and
-4461

1 are inverses' of each other.

,

-'--T inversesDefinition. Two elements a and b are invses (or
-b

either ohe is the inverse of the other) under a ginary--
-operation * with identity element e if a * b = e

* a = e.

.1e)
306
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Exercises A-5a.

1. Study tables (a) - (d) in Section A-3.

(a) Which tables describe operations having an identity.

and what is the identity?

(b) Pick out pairs of elements which are inverses of each
other under these operations. Does each member of the

set have an inverse?

2. For each of the operations of Problem.4, Exercises A.-3;

(a) Dods the operation have an identity and,.if so, what is
it? .4,4,,,.. N.

p , .f,

(b) Pick'out pairs of elements which are inverses of each '

other under these operations.
1

444

(c) For which operations does each element have'an inverse?

*3. Can there be more'rihan one identity element for a gi;en
..-

.

binary operation?

YOU have just had an/lexample of'an additive inverse. If to
operation is multiplication the inverse is called a multiplicative
inverse.

Recall the (mod 5) multiplication.

1 0 , 1 2 3 4

0 Cp! 0 0 0 ,

1 0 1 2 3 4

2 0 2 4 1 3

3 0 3 1 4 2

4 0 4 3 ,2 1

How would you decide what elements of the set ta, 1, 2

'hate (multiplicative).inverses in this mathematical syst

identity for multipliogion mod 5) is 1. .Youwould b

for products which are the identity,_so-youshould look fir ones

3, 4)

m? The

looking

3O7
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in the table. There are. 4 'ones in the table. They tell us

that 1 1 E 1 (mod 5);. ? 3 = 1 ,(mod 5), 3 is 1 (mod 5),

and 4 E 1. (mod 5). .(Xou supply,the missing numbers.)

Thus the multiplicative4inyerse of 2 in (mod 5) is 3. What

is the:multiplicative inverse of, 3' in (mod 5)?-of 4?
a

Divfsion is Called the inverse operation for' multiplication

because dividing by _number a has the same effect as multiplying

by themultiplicatiVe inverse of a. .

O

:Exercises A -5b

1. (a) Use the mult plicati& table for (mod'6) to find,

wherever pos ible, a replacement for x to make each

of the foll6wing number sentences a true atement;

,1 x a 1 .(mod 6)

2x a 1 (mod 6) Mod 6)

3x a1 (mod 6)

(b)e Which elements of theset (0, 1, 2, 3, 4, 5) have-t,

multiplicative i arses in (mod d)?

2. Remember'that s defined as the inverse operation
. -

for multiplication. Thus, in the arithmetic of rational

numbers, the queStion,,!;$ix ..vided two is what?" means,

:reallY, "Six is obtalned'by Multiplying two by what?" Divi-

sion (mod n) can be definedin this way.'

6 4.'4 = ? (mod 5) means

(4)(?) E 6 (mod 5)

Using the multiplication table(mod 5) find 3 4- a (mod 5)

for a 1, 2, 3, 4 and then find 3 2a-1 (mod,5),- for

these foui, values ort, a: Show that the results are same

for each value of a.

4

1 ( MO

5x E.
)

k

3. Using the table for addition (mod 5), call -(-a) the addi-

tive inverse of a and show that '3 a (mod 5) and

3 + (-a) (mod 5) are equal for each value of a

(a = 1, 2, 3, 4) .
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4. In the arithmetic of rational numbers which of the-following

sets is closed under division?

(a) (1, !

tiE

(b) (1, 2,, 22, -2-.,

1

(c) The non-zero 6Cidiiting numbers.

(d). The rational numbers.

5. (a) Which of the following sets is closed under

multiplication, ,(mod 6)?

(.O, 1, 2, 3, 4, 5), (2, 4), (0, 1, 5),

. (1, 5), (5);

(b) Which,of the seta n (a) contain a multiplicative

inverse',.(mod ); for each of its elements?.

(c) Which of the. etd in (a) is'closed under divididn

(mod 6)? '

6. (a) _Which of the sets (A, (C, D), (B, C, D),'

(A, -D) is closed

the table below?

under the operation * defined by

A B C

A A A A A
04'

B A A B
C A B . D

A B - C , D
...

For instance, (A, D) is closed under the:operation

because if we.p4ick out that part ''of the table we have

the littl -e table

* D

A . A,

A

A,

which contains only' Ass and tits. On the other hand

309
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the set. IA, C) is not closed since

would be

A C

A A A

C - A

it,tle table

f

,Here the table contains D, which is not one of the, *

set (A; Cl.

,

(b) Is there an idehtity for *? If so, what is it?

(c) Which of the sets in (a) has an inverse under *

for each of its elements?

*(d) Which of the sets in (a), is closed under the

inverse operation for *? (You might use the

SYMbols * for this operation, so that a * b'= ?
7 7.

means b* = a.)

A -6. What Is a Mathematical System?

The idea of 'a set has been a very convenient one in this

book -- some use has been made of it in almost every chapter.

But there is really not a great deal that can be done with just

a set of elements. It is much more interestin: something can

be done with the elements (for instance, if th s are 4.

numbers, they can be,added or multip'ied). If you have set and

an operation defined on the set, it is interesting to find out

how the operation behaves. -Is it commutative? associative?. .

Is there an identity element? Does each element have an inverse?

The "behavior" of the arithmetic operations (addition, subtraction,

multiplication aAd division) on numbers was discussed in Chapters

3 and 4, You have seen that different operations may "behave

allyellin some.ways (both, commutative,for,instance). This IA,

suggests that sets with operations defined on themiare studied to

see what different possibilities there are. It is too hard for

C

,?"'"

(. (
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us to list all the possibilities, but some example's will be given

in this section and the next. These are examples of mathematical.

systems.

'Definition. A mathematical syitem is a set of elements

together with one Or more,binary-operatiops defined on the

set.

The elements do not have to be numbers, They may be any objects

whatsoever. Some of the examples below and in thf next section--

are concerned withletters 1Fgeotetric figures.

- Here are some tables.

(a) Q A li

A A B i

B A B

N,t...

.

(b) * Q

P

Q

R

S

S

P

Q

S

Ft.

Q

P

Q

.R
S

- P

S

A. 0 b"-\.
-0 O

0 o \ -A i:
0 \ A.0

\A 0
ti

ti

Exercides A-6

Which ones, or cones, of the Tables. (ad, (b), .(c) describes

a mathematicalsystem? Show that your answer is correct..
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2. Use the-tables above to complete the follOwihg statepents
A

A

correctly.

(a) B 0 A = ?

"` lb) O_?
(c) A =

a(d) A 0 B = ?

(0 Q.* R = ? (1)-\ - = ?

(f) R* S =? B O B = ?

(g) p1* R ? (k) A 0 A = ?

(11') 0 = ? (,f) s * s = ?-

"e*

3.. Which one, or ones, of the
Abinary operations .0c *, .-., is,. .

-- commutative? Show that your answer is correct.'

4. Which one, or pnes, of'the binary operations o,. *, - has
..an Identity element? What is it in each case?'

c.,
(

5. Use the tables above to complete the following statements

correctly. .
. ,. ,

(a)
/

'

,..

a) p *. kQ * R) = ? (f) ,R * * S) = ?
1.

(b) (P * Q) ,,* R = ? (g) 4 (an, \) ?

(c) P * (Q * s) = ? (h) (a6, - A) -

(a) (p * Q) * S = ? (1) (0 -a1:1) f- = ?04

Ap(e) (R * P) * S = ? (i) 0-(0-A) = ?

6. Does either of the operaW.ons desCribed by Table (b) or

table (c) seem to be associative? Why? How could you prove

your statement? What,would,anotlier_person have to do to

prove you wrong?

7.N a) InTable (c) what set is generated'by the elemeht ?

, (b) In Tablb (b) what set is generatedtbP the element P?

4 312.

4

)

.71
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r
*8.- For4each,of the following tables, tell why it does not

describe almathematioal.system.

(a)

( c )

* 1 2 (b) .1 2

1

2,

1

1

1

1

2 2

the produCt
of 3 ajid

6

a. number
between 3
and 8

*

the sum
of 2 'and

0

3 1

2

4

3

*:

A-T. Mathematical Systems without Numbers.- ,

In the last section there were some examples of mathematical

sysymiwithoutnumbers in them. Suppose we,yant,to invent e.
..%What do you need?

You must have a set of things. Then, you need some kind,of

a oinary operation z.....- something that can be done with any two
, .

elements of our set. It was found thit the propertibsof'closure,
.

commutativity, associativity, etc. are'very helpful in simplifying

expressions. It
T
would be, nice to have some-of these properties.

Let's start with a card. Any rectangular shaped card Will

do. It will be .used to rapresenta closed rectangurg? region.

Lay the card on0your desk and label %

the corners as in thb sketch. Now

pick the card up and write the letter
)

"A" on the other side (the side that

vid touching the desk) behind the "A"

you have already written. Be sure the two letters. "A" are back-.

to -back so they are labels for the same corner ofthe card.

Similarly, label the corners B, C, and D on the other side

of the card (be sure they're back-to-back with the B, C, and

a' you have afready written.)

3 1.3
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What set shall you.fake? Instead of numbers, take elements 4

which have something o do with the carp. Start,,with the, card` in
1

the center of your desk and with the long sides of'the card'

parallel to the front of your desk. Now move the card -- pick it

up, turn it over or 'round in any way -- and but it back in the

,center of your desk with the long sides paralle4td the"front of

your desk. The card looks just'the same as it did before, but t4

corners may be labeled differently (a corner that started at the

top may now be at the bottom; for instance). The positiorNf-the

card has been changed,.but the closed rectangular region looks as

it did in the beginning. -kThe4"pioture" stays,the same. IndiI,

vidual points may be moved.) The elements Of our set will be

these changes of Position. Take all the changes of position that

make the closed reAangular region look as it did in the beginning.

(Long side Parallel to4the frOnt of the desk.) How many of these

changes are there?

You may start with the card in some_position which you will

call the standard position. Suppos'e it looks like the figure

below.

Lteaving the card on your desk, rotate itr half way around

its, center." NI diagram of this change is:

Oandard Position

A
,

D

half way

around

gives:

Since the letters "A", "B", etc.- are only used as a

',convenience' to label the different corners of the card, do

not bother to write them upside down. The diagram below. repre-

sentssents this change of position, and it will be called the change

n.R" (f.orotation).

A

D

CR:

Rotate the

card half

way around

3 14

B A
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What would happen if the card werecrotated one fourth of the

way around?

one foiirth

of the way

around
4

Does the card look the same before,and after the change? No,

this change of position cannot be in our set, since the two

pibtures-are quite different.

Are there other'changes of position of the clOsed rectangular

region which make it look the way it did in the beginning? Yes,

youcan flip the card over in two different ways as shown by ive

diagrams below:

1

A

D

H:

Flip the card

over, using a

horizontal axis.

V:

Flip the Card

over, using a

vertical axis. ,

A

There is one more "change of position" - the "change" which is
.

really no chrge at all, that, which leaves the card alone'. This

is'called isL-and it is introduced for comateness sake.

5
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Now-You have the set of elements; it is I, V,

Let-us summarize what they are for easy reference:

le^

Element I:

Leave the card

in place

Element V:'

Flip the card

over using.

verticaraxis

Element H:

Flip the'card

over using a

horizontal axip

H, o

C

A

D

B

C

iLe

Rot

hal

theidirection

indicated

ent R:

to the card

way around in
A

C

A

B

Recall the definition oft,a mathematical 4ysteme. There were

two requirements: 6

(a) A set of elements.

(b) One or more binary operations defined on the set

of elements.

816
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1

The set (I, V, H, R) satisfies the first condition.: Now it

isrnecessary to satisfy the second condition; you need an opera-

tion. What operation shall you use? How can,yoU "combine any tft

elements of our set" to get a,"definite thing"? If the set is to

be closed under the operation, the "definite thing" which is the

result of the operation should be one of the elements again.

Here is a way of combining any two elements of our set. you ;

will do one of the changes AND THEN do the,other one, you will

use the symbol "ANTH" for this operation (perhaps you can think

of a better one). Thus "H ANTH' V" means flip the card over,

using a horizontal axis, and then flip the cardover, using a

vertical, axis." Start with the card in the standard position and

do these changes to it'. What is the final position of the card?

Is the result of these two changes the same as the change R?

What does "V ANTH H"

Try it with your card. Now you

can fill in the table for the

*operation. Some of the entries

are given in the table at the

right.

ANTH I V H

I

V

H

R

I

H

V

R

R

V

H-.

Exercises 'A -7

1. Check the entries that Are given in the table above and

find the others. Use your'card.

2. From your table for-the operation ANTH, or by actually

moving a card,, fill it-Leach of the bAnks V6 make, the

equations correct.

(a) R ANTH sif =

(b) R ANTH ? = H.

(c) ? ANTH R = H

(d) ? ANTH H = R

2 317
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(e) ANTH H) ANTI V ,= ?

(f) R ANTH (H ANTH!: V) =.?

(g) (R ANTH H) ANTH =i,V

(h) ANTH ?) ANTH: V =H

(i) (? ANTH H) ANTH JI = R

Examine the table for the operation ANTH.

-(a) Is the set, closed under the operation?

(b) Is the operation commutative?

(c) Do you think the operation is associative? Use the-

operation table to.check several examples.

(d) Is there an identity element for the operation--ANTH?

Does each element of the set have an inverseunder the
operation ANTIPY

4. Here is another system:Of'changes.

Cut'a triangular card _with two

equal sides.- Label the:Corners

as in the sketch (both sides, back-

;,to-back). set for the -system

will/consist of two changes. The

first change, called T, will be;

.Leave the card in place.,. The

second change, called F, will be:

Flip' the card over,-using th

vertical aXis. 'F, ANTH I will

mean: Flip thacard over, using

the vertical _a_ and then leave the card in place: How.

will the card look -- as if it had been left in pla6e,

----,-__:"Ajgtas if .the change F had been done?. What does I ANTI" F.
,

I
, -

-,4111:14,AtVcies- -',R-,--7ANTN-,4 F. or does F' ANTH I = I? ,

a_

318
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'(a) Complete the table below:

ANTH- I

I
F ;

o ,

(b) Is the set closed under this operation?

(c) Is the operation commutative?

(d) Is the operation associative? Are you sure?

(e) Is there an identity for the operation?

(f) Does each element of the set live an inverse4under the

operation?

5. Make a triangular card with three equal sides and label the

corers as in the sketch (both aides, back-to-back). The

set Ar this system will be

made up' of these six changes.

I: Leave the card ;la prace. °

R: Rotate the card clock-

wisewise 5 of the way around.

S: Rotate..the card clods;

wise
2 of the way around.
3

T: Flip the, card over, using

a vertical axis.

U: Flip the card over, using

an-axis through title lower right

vertex.

V: Flip the card over, using

an axis through the lower left

-vertex. Three of-these will

be rotations about the center

(leaVe in-Vlaee,and two others).

The other three will be flips 1

about the axes., (Caution: the

319
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axes are stationary; they do.not rotate with the card. For

example, the vertical axis'remainsverticai -- it would go

through a different corner of the card after rotating the

card one t ird of the way around its center.) Make a table

for these hanges. Examine the table. Is, this operation

oommutglive? Is there an identity change? Does each change

have an inverse?

*6. Try making a table of changes for a square card. There are

eight changes (that is, eight'elements).' What are they?

Is there an identity element? Is the operation ANTH -

commutative?

,A-8. The Counting Numbers and
)

the Whole Numbers. _

The matheMatical systems that you have studied so ar in this

chapter are. composed of a set and one operation. Ales are

modular additiop or multiplication and the changes ot,a
. '''i

rectangular or tr2angular card. A matheMatidal systeRgiven by a

set and two operations would appear to be more complicated than
*

these examples. However, as you may have guessed, ordinary

arithmetic is also a mathematipal system and you know that you can

do more then one operation using the same set of numbers -- for

examples, y ucan add and multiply.

To be definite, let us choose the set of rationalnumbers.

This set, together with the two4dberations of addition and

multiplication forms a mathematical system which was discussed in
. ./

another chapter. Are there properties of this system which are

entirely different from thoSeyouhalie considel!6eip systemswith

only one operation? Yes,, you are familiar with the
1
fact that

2 ,(3 + 5) = (2 3) + (2 5). This is an illultion of the

distributive property. More precisely, it illustrates that

multiplication distributes over addition. The distributive

property is also of interest in other mathematical, systems.

%a.
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Definition. Supposeyouhave a set and two bins y operations,

* and o,, defined "on the set. The, operation dis-
tributes over the operation o if a * (b o c) = (a * b) o
(a * c) for any elements a, b, c, of the yet. (And

you can perform all these operations.) The exercises below

contain examples which illustrate this definition.

In a mathethatical system with two operations, there are the

properties which were previously discussed for each of these

operations separately. The only property which is concerned with

both operations together is the distributive property.

Exercises A -8

1. Consider the set of counting numbers:

(a) Is the set closed under addition? .under multiplication?
Explain.

ft

(b) Do the commutative and associative properties hold for

addition?' for multiplication? Give an example of each.

(c) What is the identity element for addition? for
multiplication?

(d) Is the set of counting numbers closed under subtraction?

under division? Explain.

The answers to (a, (b), and (c) tell us some of the

properties of the mathematical system composed of the set of

counting numbers and the operations of addition and

Multiplication.

2. Answer the questions-of Problem 1 (a), (b) (c) for the set
of whole numbers. Are your answers th4 same as for the

counting numbers? /

IR%
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3. (a) For the system of whole numbers, write three number

sentences illustratinethatmultiplication distributes

over addition.

(b) toes addition distribute over multiplication? Try some

examples.

4. ,The two tables below describe a mathematical system composed

of the set .(A, B, C, D) and the two operations

and o.

A A

A A' A A 'A A A

B .,;, A B A B B B

C A A C C C" C D

D. A B C D D D ' D D 114

(a) Do you think distributes over o?

examples.

Try several

(b) Do you t nk 'O (distributes 'over *?

examples

Try several

nswer the questions.ror each of the following systems.

Is the sett closed Under the operation?. Is the operation

cohlutative? associative? Is there an.identity? What

elements have inverses?

(a) The system whose set is the pet of odd numbers and whose

operatiOnis multiplication.

(b) The system Whose set is made up of zero and the

'multiples of 3, and whose operation is multiplication.

(c) The system whose set is made.up of zero and the

multiples of, 3 and whose operetion is addition.

7
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V.

(d) The system whose set is made up of the rational numbers

between 0 and 1 '(not including O. and 1)4 and

whose operation is multiN.ication.

(e) The'systgm.whose set is made up of the even numbers and

- whose operation is addition. (Zero is an even number.)

(f) The system whose set is made up of the rational numbers

between 0 and 1; and whose operation is addition.

6. (a) In what ways are the systems of 5(p) and 5(c) t'he,same

(b) In what ways are the systems of 5(a) and 5(b) different?

*7. Make up a mathematical system of your own that is composed of

a set and two operations defined on the set. Make at least

partial tables for the operations in yourSzsem-. List the

properties of your system.

*8. Herels a mathematical. system composed of a set and two

operations defined:on that set.

Set: 'All counting numbers.

Operation *: .Find the greatest common factor..

Operation o: E3.nd the least common multiple.

(i) Does the operation * seem to distribute.over the

operation o? Try several examples.

(b) Does the operation o seem to 'distribute over the r)

operation *? Try several examples..

9. Write the multiplication table (mod 8) and recall or write
agairithe multiplication table (mod 5). whicli you found in
Exercises 12-2.

10. Answer each of the following, questions about the mathematical._.
systems of multiplication (Mod 5) and' (mod' 8) .

Za) Is the set closed under the operation'? %

(b) Is the operation commutative?,

(c) Do you think the operation is associative?
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(d). What is the ,identity element?

_(e) Which elements have inverses, and.what are the pairs 9,f.

inverse elements? _ \
.

.
, ;.

(f) Is it true that if a product is'zero,at least one of the
. .

factors is zero?

11. Cpmplete each of the following number sentences tb make it a

true statement.

(a) i2 x 4 a ? (mod 5) '0 (e) 5-t_Fe 1 (mod ?)

;- (b) 4 x 3 m ? (mod 5) (d) 23 a 0 (mod ?)

1 2. Find the products:

(a). 2 x 3 = ? (mod 4)

(b) 2 x 3 m ? (mod 6)

4(C) '5 x 8 = ? (mod 7)

(d) 3 x 4 x 6 = ? (mod-9)

13. Find the sums:

(a), 1 +'3 1 (mod 5)

(b) 4 + 3 m ? (mod 5)

14. (a)

(e) 43=' (mod 5)

(f) 62 = ? (mod 5)

*(g) 6256 m ? (mod 5)

(c), 2 + 4 ? (mod 5).

(d) t 4 E ? (mod5)

Find the values of 3(2 + 1) (mod 5) and (3 2) +

(3 1) (mod 5).

Find the valueof 4(3 + 1) (mod' 5) and (4 3) +

,(4 , 1) .(mod 5).

Find the values of (3 2) + (3 4) (mod- 5) and

3(2 + 4) (mod 5).

(d) In the examples of this problem is multiplication

distributi've over addition?

324
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15.- (a), Find the Values Of 3 + (2 1) (mod 75) and (p0 2)
(3 + 1) ,(mod 5)..

11(b) Find the trains of 4 +' (3 1) (mod and (4 +.34
G-4a

(4 1) (mod45):

(0' Find the value's of '(3 + 2) (3 + 4) (mod 5) sand

3 + (2 4), (mod-5).

(d) In the examples of this 'problem isaddition distributive

Over multiplication?

*16. Find the otients?

. -(a) 2 +3 - ? (mod13) (e) 0 +2 m cmOd 5)

.(b) 6 + 2 mr? (mod 8) ? mod 5)

(c) 0 + 2 ? (mod 8) (g) 7 + 3 a ? (mod 10)
4

(d) 3 + 4 ? (mods) *(h) 7 + 6 E (mod 8)

17. Find the following; rememi.er that subtraction is the inverse

operation of addition.

,(a) 7 - 3 (mod 8)

(b) 3 - 4 (mod 5),

3 - 4 (mod 8)

4,- 9 (m4d 12)

18. Make a table for subtrabtion mod 5. Is the set closqdunder

the operation?

19. Find a replacement for x which will make each of the

following number sentences a true sVatement.. Explain.

(a) 2x m 1.(mod 5) (d) 3x m 0 (mod 6)

(b) 3x a 1 (mod 4) (e) x x m 1 (mod 8)

(c) 3x a 0 (mod 5) (f) 4X E 4 (mod 8)

20. 'In Problem 11 (d) and (f),.find at least one other

replacement for x which makes the number sentence a true

statemen
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A-9 Summary and Review.

, A binary operation defined on a Set is a rule of combination
4

by means of which any two elements of the set may be combined_ta,

determine one definite thing.

A mathematical stem is a set tbgether with one or mor

binagy operations defined on that, set.:

A set is closed under a binary operation if evegy.two'''

elements, of the set can be combined by the operation and the

result is always an element of the set.

An identity element for a binary"operation defined on a set

is an element of the set Which does not change any element with

which it is combined.

Two elements are inverses of each other under a certain

binary operation if the result of this operation on the:two

elements is an identity element for that operation.

A binary operation is commutative if, for any two elements, 4

the same resultis obtained by combining them first inone order,

.and then in tl3e other. -

A .binary operation is * associative if for 'any three _

elements, 'the result of cOmbining4he first.with the combination_

of the second and third is the same as the result of combining__

the combination of the first and second with the third.

a * (b * c) = (a il'b) * c.

The binary operation, * distributes over the binary
le'

Operation o provided --

4
-L a * (b o c) = (a * b) o (a * c)

for 01 elements a, :b, c.

4
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ANSWERS TO CH TIrElt 1

°WhsWers-to Exercises 1-1; page 2:

1. Two sons'cross;one returns. Father crosses`; other son

returns. Two sons cross. ,

2. No. They need a boat carrying 225 POunds.''Solution as

in-1 above.

Man takes goose and returns alone. He -takes fox and

returns with goose. He takes corn across river and

It

'

teturns alone to/pick up goose.

4., Yes. This depends on the fact that 8x + 5T= 2 has
-

solutions ln integers, such as x = -1, y = 2 and x = 4,

y = -6. The first meansthat.if you fill the- 5agallon

Jug twice and empty it once into the 8- gallon Jug, you

will have 2 gallons left. The second solution means

-that if you fi;11 the 8-gallon jug four times and use it

to fill the 5-gallon Jug 6 times, you will have 2 gallons

left. -.The first. solution isThest.

N11
2
M3 C1 C2 C3 M

1
C
1

cross river;. M1 returns.

0
2

C
3

c r oss river; c
1

returns.

M1,142 cross river; M1 Opreturn.e

M1 M3 cross river; CI-3 returns.

. C1 C2 cross riveri.C returns.

1
C
3

cross river.
,-.

6. 'Balance the two groups of 3 marbles each. If they balance

then it is only RecessaryAo balance the remaininOwo,

marbles to find the heavy one. If the two groups of 3

marbles do not balance, take the heavier group., or the 3

marbles in the heavier group balance any 2 marbleg. If
:

they balance, the remaining, marble is the heaviest one.

If the 2 marbles do'not balance, the, heaviest will be,l

of the'2 on the balance.

<
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4

7. In solving the pibblem is it practical to try out all the

possible ways the dominoes may be placed on the board?

This would be difficult becal#e there are more than

65,536 Ways to cover whole board., The solution may

be found in another way:

?How many squares are there altagether on-the board?
(64)

How many squares must be covered? (6)

What is special about the two squares next to each
Other? (They areof different colors.)

What is special about the two opposite corners?
(They are the same color.)

a

Answers to Exercises 1-2; page 4:

1. O.K.

2. (a) Yes.

(b) Someone gets at least 3 pencils.

3. 367. (The answer must take leap year into account.)
4. 1. Tell the class that the-first two to enroll might be

5. 6.

6. 1.

7. -Only 1.

8. 6 committees.

9. 12 committees.

4.

Answers to Exerciser 1-3; page 6:

1. Another method,is this: 2'4- 4 = 3 + 3, 1 + 5 -+ 3.

That is, the.eum is the sam% as:

3+ 3+ 3+ 3+ 3 = 5 x 3 = 15.

This,can be called the "averaging method."
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2. Either method works. Gauss method:
,8 x 5

Averaging method: 5 x 4 = 20.

3.
16 x 8

64. Here there is an \even number of quantities
'bo that the. -"averaging method" must be
modified to give 8 eight4s or 8 x 8 = 64.

4. (a) 4.

(b) 9.

(c)' 16.

(d) The sum of the first "n" consecutive odd numbers ,

equals thd square of "n".

(e) 64.

24x66
5. 72; 6 x 12 . 72.

6.
62 x 10

- 310; 31 x 10 = 310.
2

4 50 x 51
t. ---2--- - 1275; 51 x 25 = 1275.

8. 'Yes, prov1ded that the nAmbers are in arithmetic progres-

sion;, that is, there is the same difference between each -1
pair of adjacent numbers.

, -

'9. Yes. If yop start with 1 there are 200 integers in the

series giving us (1 + r0)200.
If youstarf with 0 there

10 + 200)201are- 201 integers, n the series giving us --

Thd products of like factors are equal. The method also

may be used in a series if you selpet a number other than

1'0r:up as a starting point.

`10. ,(a) If you add 1 to the quantity, the sum up to any

number is equal to thp next number. Hence, thd

sum plus 1 is equal 'to 2 256 = 512. Therefore,

the sum is 511.

(b) This is more in the'spirit of Gauss:

Sum . 1 + 2 + 4 + + 256

2 x sum = 2 + 4 +256 +512
Subtraeting:' Sum = 511.' 4
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11. Sum = 2+ (6 + 18 + + 486)

3 >i sum.. 6 + 18 + + 486 + 1458

Subtracting: 2 x ('the sum) = 1458 - 2 = 1456

Sum, 728.

Answers to Exercises 1-4; page 9:'
2. One out of four or

13. One out of two or 7.

k. One out of 52 or .4...

45. Four out of 52 or 7
The probability may bethought of,as a ratio of

the number of possible favorable selections
the total number ca all possible Selections.

The/pupils should_be reminded that to say his 'chances are
1 out of 13-dOes not mean that he will necessarily draw
an ace in the first 13 draws.

.

6. One out of six.. A die has 6 sides and onl one side has
two dots.

.

7. There are four possibilities in all, only one of which
1is favorable. Hence the probability is, 7.

8. One out of 36. The more advanced srhdents should reason
°' that there are 36 possible combinations. A table may be

constrInted to show the,possibilities. A possible diagram
is the following.

sy

ST

m .

t-Nu '',T4'0i. .

_-__LN>iiiitillities 1 2 3 4 5 6 7 8 9 ... 34 35 36,
:,,,o4 ,..

--1st die 1 1 1* 1 1 2 2 2 ... 6 6 6

'- 2nd die 1 2 3 4 5 6 1 2 3 . 4 5 6
'Since there is only one-possible way of making two ones

the probability is
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9. The possibilities ape easily enumerated.

Nupber of
Possibilities 1 2 7 8

1st coin H H H H T T T T

2nd coin H T T H H T T

3rd cop', HTHTHTH' T

1For 3 heads to come up, the probability is 7. For
3exactly 2 heads the probability is 3 out of 8 or .g. For

at least two heads the ch ce is 4 out of 8 or 4. Note

that this equals the pro ability of exactl wo heads (4)

plus the probability cd 3 heads (8).

Answer to Exercise 1 -8% page 15:

1. The first figure can be drawn if you start at either of

the vertices where an odd number of segments come to-

gether The -second figure has no such vertices so it

can /die drawn by 'starting at any vertex. 'The third figure

as four vertices where an odd number of segments come

together so it cannot be drUft without lifting your7
pencil or retracing a line.

331
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ANSWERS TO CHAPTER

Answers to Exercises 2-1. page 20:

1. (a) nnmil
(b) nnnn-niiir

(c) ei)ck.,9 9
nnnnnn
111111

2. 8111 , ntni , 'inn',
nun , inn! Infn

3. (a) 200,105 1 (c) 1029

(b) 2052 (d) 1,100;200

4. (a) 11I (b) <01 (c) << < <

.1 I

(0
(d) (p.so n

nnn'n n

F'
(e) rum

I I I
I I!

5. (a) a5. (b) 37

6. (a) 29

(b) 61

(c) 90 ,.

7. . (a). XIX

(b) LVII

(c) DCCCLXXXVIII

8. (a) 1709

654

2363 = MMCCCLXIII

(c)

(d) 105

(e) 666

(f) 1492

,(d) MDCXC

(e) XV

(b) 2640

1408

408

9. In the Roman system, the symbol shows the number

of units to be added while our system shows the

number of groups and each group has a different

number of units. The,decimil system involves'' place

value while the Roman system does not.
_
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Ansliers to Exercises 2:2; page 24:

1% (a) 35' (c)
156

2
(b) 24 (d) 4

2. (a) three

(b)- seven

.(c) ten

3. (a) 4 x 4 x 4

(b) 3 x 3 x3x3',.,
(c) 33 x,33 x 33 x 33 x 33

4% The exponent tells tow` many times 4he,base is taken as

a factor.

5. (a), 3 x3 x3 = 27

(b) 5 x 5 = 25

0
(c) 4 x 4 x 4 x 4 = 256

(d) 2x2x2x2x2 = 32
(e) 6 x 6 . 36

(0 7 x 7 x 7 = 343

6. (4 43 means 64. 34 means 81.

(b) 29 means 512. 492 means ,81.

7. (a) (4 x 102) (6 x 101) + (8 x 1)

(b) (5 x 103)

(c) (5 x 104)

.(d) (1 x105)

+ (3 x 102) + (2 x 101) +,(4 x 1)

+ (9 x 103) + (1 x 102) + (2 x 101) + (6 x 1

+ (0 x 104) +. (9 x 103) + 102) +

(8 >A01) + (0 x 1)

The exponent of the base "10" tells how many zeros are

written to the right of the "1" when the numeral is
written in the usual way.

333
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(a) 103 (b) 105 (c) 106 (d) 1 08 /
0

10. 10100.

is 1.)

11. 100, 10, 1. Some discussion might be devoted to the

meaning given to 100. This point need not be stressed,

at this time, but it will be used in later chapters.

" Answers to Exercises 2-3 page 28:

1. (a) 24
seven

.46'°"\1/4

(b) 116seven

2. (a)

(b)

(a) (3 x

(b) (5 x

X

seven) +,(3 x one) = 24

seven x seven) + (2 x seven)

4 (a) 10
seven. (c) 1000seven

(b) 11
seven (d) 1010seven

+,(4 X one) = 2t10

,The 6 means 6 sevens5. (a) 560
seven

(b)
605sevbn T e o rtA

6 means
ne)ls

6(seven x seven)'s or6(lai
(c) 6050seven The .6 means-6(seven x seven x seven)'s

or, 6(three ,hundred forty-three)

6. seven
4

or seven to the fourth power

7"-klArteven

3 34
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13 205.ten'

9. Neither. They are equal.

10. (a) Yes. 30ter.1,= (3t.en x ten) + (d x 1)

(b) No. When 241ten is divided by 10t6i1 there is a'
Pnon-zero remainder.

(c) If the units-digit is zero the number is divisible

by ten; otherwise it is not divisible by ten.

11. (a) It has a remainder of zero when divided by seven.

(b) Yes. (3 x seven) + (0 x 1) is divisible by seven;

Remainder is 0.

12. A number written in base seven is divisible by seven

when the units digit is zero.

13. 11
seven

is even.

No; you cannot tell.merely by glancing aCt the numerals.

You could tell by converting'each number to base ten.

There is another method which is shorter and has much

value in teaching divisibility ideas.

For example,

12
seven = (1 x 7) + (2 )5 1) = rx (6 * 1) + (2 x 1).

= (1 x 6)+ (1 x 1) + (2 x 1)

= (1x 6) + ((1 + 2) x 1)

The first term is divisible by two butthe second term

is not divisible by twoi hence the sum is not diiisible

by two. Note that the digit in the units place of the

last expression to the display 1 + 2, is thesum of
the digits of 12

seven and this sum is not divisible by

two. ,Thisis a general ule for base seven numerals.
.J.---, .5,

33'5
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14.

330,

They use seven symbols and seem to have a place value

system with base seven. They appear to use 1, L, IS,
, for 1, 2, 3, 4, 5, 6 and for zero.

LI_ follows LI .

15. See discussion problem 13.

Answers to Exercises 2-4a; page 31:

Tr

a

a

Addition, Base Seven

0 1 2( 3 4 5 6

0 0 1 2 3 4 5 6

1 1 2 3 4 5 6, 10

2 2' 3 5 - 10 11,

3 3 4 5 10 li 12

4 5 6 10 11 12 13

5 5 6 10 11 12, 18 14

6 6 10 11 12 ,13 _14 1
..

2. (a) Yes

(b) B,y rdading'each'repulfrom the table and. noting

'results.,

(c) -Chart is symmetric with respect

(d) 55 different.combinations; just

to the diagonal.

a bit ove half

the total number oticombinations.

(e) In base seven because there are fewer.,
(f) They are equal sinde. 9j= 12

seven'

,/^11,.

336
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Answers to Exercises 2-4b ; page 34:
(d) 1266seven(a) 56 6seven1.

. (19 + 22 = 41)

(b) 110seven
(41 + 15 = 56)

(c) 620seven

(91 + 217 = 308)

2. (a) 2seven

3t. (a)
(7

(b)
(47

(c)
(32

(199 + 290 = 489)

(e) 111'562seven
(2189 + 1873 = 4062)

(f) 1644seven

(327 + 342 = 669)

(b) 4seven (c) seven

2

- 5 =
36

- 20

6

- 26

2)

=

=

27)

6)

(d) 203seven

(247 - 146 = 101)

(e) 552seven
(319 - 37 = 282)

(f) 1254seven
(1259 781 = 478)
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Answers to Exercises 2-4c; page 35:

I

1
Multiplication, BaseSeven

x 0 =1 2 3 '4 5 6

0 0 0 0 0 0 0 0

1 1 2 3 4 5 6

2 20 2 4 6 11' 130

3 0 3 6 12 15 21 2h

4 0 4 11 15 22 0126 33

5 0' .5 13 21 26 34 h2

6 0 6 15 24 33 ,42 51

0

'2., Since multiplication combinationsarg needed only up to
6 x 6 instead,of up to 9 x 9, multiplication is easier_

to learn in base seven than in base ten. 0

(a) Bot Parts are alike.
4W

(b) 3
seven x 4

seven 4
seven x 3seven-; this is an illus-4I

O

tration of the fact that multiplication is 'commutative.

. -

Answers to:Exercises 2-4d;

1. (a) 45
seven

1116seven

(d) 2464'seveh,

page 37:

1:(4

(e),
. -

:0 s,

106,533
seven/

-n,125,15 aseve

-

2. (a) 5seven /
, . (b) 62

seVen

(t) 421
seven

with,a remainder d 2
.

(d)
123

with a remainder of 12.
seven peven

-
,

ti
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3. (a) (4 x 7 x 7) + (0 x 7) t (3,x 1)
199ten

(b) (1 x 10 X.10) + (8 x +'(9 x 1)
189'en

4 403
seven

5. (a) ,66
seven

(b) 123
sexren

6. (a)
seven

(c) 1061ceven

(b) 26seven (c) 334
seven

7. Room 123; book 7; 15 chapters; 94 pages; 32 pupils;
5 days; 55 minutes; 13.girls; 19 boys; 11 years old;
66 inches or 5 feet 6 lnehes tall.

a.%

Answers to Exercises L:!; page 04
1. (a) 50

ten = (1 xseven2 )" (.0 x seven) + (1 x one)

\\N\2. (a) 15
seven

101
seven

(b) 145ten = (2 x seven21,46 x seven) + (5 x one)

(c) 1024ten = (2 x seven ) + (6 x seven2) + (6 x seven) +
(2'x one) = 2662seven_

= 265
seven

(b) 51
seven

(c) 431
seven

(d) 3564
seven

3. Q= 195

Q = 19

Q = 1

Q = 0

=8
R,=

R = 9

R = 1

339
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4. Q =-74

Q = 10

Q = 1

R

R =

R =

R =

334

524
ten =,134-64

seven
; the

4 digits of the base' seven

3 numeral are the re inders

1 which have just een obtained.

5. Divide by seven and continue to divide each quotient by

-seven. The digits in the numeral sought will-be the
a ,

remainders in order with thefirst remainder in the
uone place.

./1

1161
ten

275ten

654 sevenseven

(d). 462sevvn

(e) 16seven
(f) 3

(g) 462seven

two (d) two

Answers to Exorcises 2-7;,page 46:

1. (a) two (b) two (c)

2. (a) (2 x 36) + (4' X.6) + (5x 1) ..101

(b) (4 x 25) -1-.(1x 5) + (2 x 1) = 107

(c) (1 x 27) + (0 x 9) + (0 x 3) + (2 x 1) = 29

(d) (1 x 64).+ (0 x 16) + (2'x 4) + (1 x 1) = 73'

Other answers are acceptable, i.e., (2
.

X 62) + (4 x 61) +

3 4 kr-1.
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3. Base Ten Base Six Base Five Base Eight
(a) 11 15 21 13

(b) 15 23 30 17

I

4

Base ten 0 1 2 3 4 5 6 7 8 9 10
Base two 0 10 11 100 101 110

.

111 1000 1001 1010

11 12 13 14 15 16 17 18 19 20,
1011 1100 1101 1111 1go00 10901 10010 10011 10100

21 22, 23, 24 25. 26 27 28 29
10101 10110 10111 11000 11001 11010 11011 11100 11101

30 32 33
11110 11111 1000002100001

5. Addition, 'Base two

.4- 0 1

4:0 o 1

1 1 10

6. Multiplication,_pase TWQ

, 0 r,.1

0 0' 0

1 0 , 1

There are only four

addition Tact's!'

There,are only four multi-

plication tacte The two'

tables are not alike, ex-

cept'that 0 +10 ancli0 x 0
both equal

The binary.system.ie vt*isimpie t;edause there are
only four addition and four multiplication "faces" to
remember. Comgutation'ispimPle.
numbers, however, 'is tedieus: '

34f.`
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1. (0 111two = (1 x two2) 4- (1 x two) + (1 x one) = 7

(b) 1000two (1 x two3) + (0 x two2) + (0 x two) +

' (0 x one).= (1 x =8,

10101two = (1 x twok) + (0 x two3) + (1 x two2) +

(0 X two) + (1 x ori4 = (1 x 24,) (1,x

+ (1 x 1) = 21

(d): 11000-
tvo

= (1 xstwok) + (1 x two3) + (0 x two2)wo ) +

%

(0 x two) + (0 x one), = x 24) +

(1 x 23) = 24

(a) 1/1
twelve

(1 x twelve2') + (1 x twelve) + x one).

= (1 x 144) + (1 x 12) + (1 x 1) = 157

(b) 3T2
twelve

= (3 x twelve?) (T x twelve) + (2 x one)
00

= (3 x144) + (10 x 12) (2 x 1) =554

(a)
11,7E

elve
= (4 x twelve2) + (7,x twelve) + (E x one)

(d)

= (4x 144) +( 7 x 12) + (11 x1) = 671

TCcwelve =.(T
%

x twelve2) + x twelve) + (E x one)

(10 x 144) + (11 x 1) = 1451-1.

9. The new system is in base four.

Base
ten.

New
Base

Nei Base
Names

.

0 O do

1 I re i
2 A ;._ mi

. 3 /2 fa

4 1 I0 re do

'5 \-1,1 re re

6 IA re mi

7 Z - re fa

8 AO mly do

9 Al mi re

110 AA mi mi

a

342
.,

Base
ten

New '
Base

New Base
Names

11 A2 mi fa

12, 20 fa do

13 > I fa re

>A fa mi

15 >> fa fa

16 J00 re do do

17 101 re do re

18 I 0 A re do mi

19 102 re do fa

20 110' re re do



I

10.' + O I A >
0 O. I A >

1 1 A 10

A A : 10 II

> 10 II In

337

X 0 ir\ >
0 0 0 0 0
10.1A>

A 0 t 10- IA

.. 0 .IAA
6

9

il. The binary system is extremely simple in computation.

Large numbers are tedious to writeNtL

The duodecimal system maybe used conveniently

to 'represent large numbers. Twelve is-divisible by

1, 2, 3,,4;6 and 12 while ten is divisible only by

1, 2, 5 and 10.- The twelve system requires more

computational "facts" which will increase difficulties

in memorizing tables of addition and multiplication.

Twelve is used in counting dozens, gross, etc., and

in some of the common measures of length. e

12. (a) ,2E5
twelve

(b). 378tweive

13. Five weights; 1 oz., 2 oz.', 4 oz., 8 oz., may be used

to check any weight up to 15ounces. adding a 16 oz.

weight, any weight up to 31 ounces may be checke5.

14. People who work with computers often use the be eight.

To change from binary to,octal and back is simple with

the help of the,table:

L_Binary Octal

:000 0 .

001 1r -010 2
011 3
100
101 5

6
111 7

843

41f
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For example, you have
.,.. 0

c

-.2000ten = 011,111,010,000two4= 3720eight -,

Note the grciupiik of numerals by threes in the binary

numeral. The sum.of the place values of digits in each

.group results in the octal numeral. Hence

011 = (1 x 2) + (1 x 1) = 3

.---\

<---

111 = (1 x 4) + (1.x 2) + (1 xN1) =7, etc.

15. The method works for base twelve and base seven. 'It

will also work for other bases. For bases 'larger than

ten, %dd. For bases less' than ten, SOfrapt.

Example in Base Six:
s.

= 16

is

1

44,s
ix

rltiplying: (4 x 4)

44 - 16 28
ten

Example-An Base Fifteen:.

46rifteen (4Ax 5)

46 f20
en

y

3 4 4

ort

y r".



ANSWERS TO CHAPTER 3

-

O

'Answers to Exercises 3-1; page 52:,

'1. He subtracted 27 from 81. No, the answer should be 55.

it.- Two-to-one correspondence , Four-to-one correspondence

(a) Feet 'to people (a) Tires to cars, wagons
(b) Ears, eyes, arms, hands (b) Legs to dogs, hoi,ses

etc.to peciple. ,cows

The folloWing illustrates a one-to-one, correspondence

between the counting ndm16 and the even numbers.

100

Answers to Exercises 3-2; page 541'.

1. Partd a, c, f, 13, i are true-

Parts b, e, h, d are false.
. , .

.

2. , (a) 23 12 < 12 32 (d) 86 135 ... 135 86
..--

(b) 16 9 > 3 '(e) 24 + 3 > 3 24 N..

,1...

= \

(c) ( 3 2 ) + 5 - . = : + . ( 3 2 -.(f) e>c .

3. (a)' 5. r. (d)- 0, 1, 2, 3-,*--4 6

(b) 0\
, I -- (et 0,- 1, 2, 3, 4

,

"--, -,

( c) ,e, .1 .. . : (f) any whole number

4: No, subtraction" does not havi the commutative, property.
.

c .l ---=.--r--,,, - .. - . . ,

--T, .

Answe s,12 Exercises 3:3; page '58:

Aapociative property
of addition

.

.
- 1. (a) (21 445) -1- ..21 +,,(5 + A)

(21 + 5) 4 ,. 261-' 4 = 30
, . .

' 21 + (5 + 4) . 21 4 9 ..30

Me.

.1

(b) (9.

2

/

7) .-8 = 9 '(7

1$ 63- 8

(7 8) = 9 56

4

4

3.4

,'AssoCiative property
;504.,- of multiplicatiOp

.1504
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2.

3.

340

(436 + 476) + 1 Associative prop-

436 + 477 = 913 erty of addition

912 + 1 ..913

(c) 436 + (4746,1-,1)

436 + (476 +'1)

.

=

(436 + 476) + 1 =

(d) '(57 8o) 75 =

4570. 80) 75 =

57 (80 75) =

(a) No. (b) No.

57 (80 75). Associative prop-

(456d) 75 ...,

ei calTfon
57 6000 = 342,000

(c) There is no assocOptive

property of subtraction,.or the associative property of

subtraction does not hold.

(a) No.

(t) "No.'

(c)- (75 + 15). + 5 = 1

(a) 75 4, (15 t, 5) .= 25

(g) 8o ÷ (2o 2) . 8

.(f) (80 -; 20) 2 = 2

(g) The associative propert/

does not hold for division.

Answers to Exercises 3-4; page 60:

1. (a) 12.5 = 63 (c) 36 + 36 = 72

60 + 3 ..63 Y

72.1 . 72

(b), 3216 + 3484 = 6700

67.100 6700

. 2. (a) 3(4 + 3) = (3.4) 4-(3.3)

(b) (2.7) + (3.7) = (2 + 3) .7

3: (a) *(15.6) +*(15..13) (b) 12.(5 4)

4. (a) (3.9) + (3.17) = 3.(9 17)

(b) (5.20 +-(5.23) 5'.(210 +,23)

(3.10) + (3.7) = 3(10 + 7)

5. The following parts are true: b, c.

. The following parts are.f4se: a, d.

316 G
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*6. / (4) (6o + 4)(60 + 6) = 60(60 + 6) + 4.J6o + 6)

(60.60) + (60.6) + (4.6o) + (.6)

= 3600 + 360 + 240 + 24

= 4224

M.(70 70(70 + 5) + 5(70 + 5)
= (70.70) 4- (70.5) + (5.70) (5.5')

= 4900.4-350 + 350°+ .25

. 5625

7. From (a) to (b) Commutative

From (b) tO (c) Associative

From (o) to\ (d) Com4tative
From (d) to (e), Associative

From (e)to (f) Commutative

From (f) to (g) Associative

property o

property o

property o

property.o

property o

property o

From ,(g) to (h) Distributive property

f multiplication

fmultip.lication/

f addition

f addition

f multiplication

f multiplication

Answers to Exercises' 3 -5; page 64:

1. (a) No. The sum of 2 odd numbers is always an even
number.

(b)c.

2. Yes, since the sum of 2 eVmln numbtrs is always an even'

N
3. Yes. SinceAesch"of the number in the set is a muftiple,--t

,

? of.5, the sum of any two nuMbers in the set is a multi-
ple spf 5.

. Each set is closed under multiplication.

5. (a). Yes

(b) No. For example 500 + 501 -=" 1001 and 1001 is not
in the se,;.

(c) No. For example, 3 + 47 = 50, and 50 is not in
the "set. , / \

(d) . Yes. If the numerals Of 2 numbers end in 0, then/

the sum of the numbers ends in 0.
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. (a) Yes. (b) No. (c) -No. (d) Yew,

Yes. Multiplication is an abbreviated process for

addition.

8. No.

9. No.

Answers to Exercises 3-6; 66:

1. (a) 5

(b) 7

(c) 8

(d)

(e) Any whole number

Answers to Exercises 3-7; page 67!

1. 'la) None.

(f) 5

(g) 6

(0' 0

(i) 1

(j) 1

(d) 88

1

. v..
(b) 2- is-an6Wer,.. The answer

(c) None.
is either a (b-#1) or

,

(a - b) 1 or (a -1) - b.

2. (0'. 10,

(b) 11

V 3. (a), (c), (d).

(c) 18

(d) 22

4. (a) Yes. (b) Yes. (c)
0.

,

c.

.

5 t e m ei. a '0, 1..

Either of the two situations is possible. The diagrams

vindicate that b is between c and d' regardless of.

whether c < d 'dor d < c.
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,Answers to Exercises 3=8; page 70:

1. You can get any counting number by the repeated addition
of 1 to another counting number if the number you wish
to get is larger than the counting number to which yoti
add.

You can get any counting numbe), by the repeated subtrac-
tion of 1 from another counting number-if the number yoU
wish to get is smaller than the counting number from
which you subtraCt.

2. Yes. 1 - 1 . 0; 3 1 - 1 - 1 0. Zero is not a
counting number.

3. The succe ve addition of lts to any counting number
wi11 give a'counting number. But, the successive
subtraction of lts from any cdunting number,will become
0 if carried far ensugh.

4. (a) 876429 (c) 897638 ..(e) 3479 (g)

(b) 976538 (d) 896758 (f) 97 (h) *1

Answers to Exercises 3-9;.page 73:.

1. The symbolsilthe following parts represent zero:
(a), (d), (RY.(f), (g), (0), (q), (s)

2. The error is in the' generalization to p, in part (e).)

If a 1) = c, a or b does3lotbeedito be c.
Example: 2 2.= 4. This exercise shows the error
that may be made by making.a geileralization on a few

-cases.

Answers to Exercises 3-10; page 75:

1. (a) 12 . 3 x 4 or 2 X 6 (e) 39 .3 X 13
(b) 31 is prime (0 41. is prime

(c.) ,8 . 2 x 4
(6_ 95 = 5 x 194

(HI - Y 7
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Of course in all these cases the two factors Mi.y be
2

written in reverie order.

,2. (a) There are 15 prime.numbers less than 50.

(b) There are 25 prime numbers less than 100.

3. (a) The number 24 is divisible by 1, 2:3, 4, 6, 12

and 24. ,

(b)' 24 is a multiple of 1, 2, 3, 4, 6, 12 and 24

s.

(c) 24 is a multiple of each of the sets of numbeys in

(a) and (b) since being a "multiple of" is the

same as being "divisible by".

4. 12 = 2 x 6 = 6 x 2 = 3 x 4 = 4x3f. 2x2,x 3= 2x3X2
3 x 2 x 2

.

'5. 3 and 5, 5 and 7, 11 and 13, 17 and 19, 29 and 31,

41 and 43, 59 and 61, 71 and 73. There ,are eight such

pairs.

6. 4 = 2 + 2; '6 = 3 + 3; 8 5 + 3; 10,='3 + 7 = 5 4.__54

12.= 5 +Nri 14 . 3 + 11 - 7 + 7; 16 = 3.+ 13 = 5 + 11;

1 $ . 5+ 1 3= 7+ 1 1 ; 2 0 =3+ 1 7= 7+ 1 3 ; 2 2
=

3 + . 9

= 5 + 17 m611 +,11.

'7. Yes; 3,'5, 7. This'is the only.set because at least one

of any set of three consecutive odd Aumbers`is divisible

by 3.,

8. 3, 5,117, 11, 13, .17, 19, 23, 29.

HAnswers to,Exerdises -3-11; page 78:

1. (a)' 1, 2, 5, 10 (e) 1, 3,'9,,27
. .

(b) 1, 3, 5,15 (f)4 1, 2, 3, 4, 6, 8, 12, 24

(c) 1, 3; 9 (g) 1, 11 $.

(d) 1, 2, 3, 6, 9, 18. .

i
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(a) 2

b)

(0)

3

3'

5

5

3 or 32

(e)

(f)

(g) 13

(d) 2 3'. 5'

3 . 3 5 or 3
2

5

2'. 5 5 or 2 52

' o

3./ Zero is not a factor of six since there is not a number

which, when multiplied by zero, gives a product of sae

6 is a factor of

is zero. Thus the

4. (a) 1, 4, 10, 20

5. (a) 3 7

(b) 2 3 7

(0) 26

Even

Odd

Odd

7. (a) llthree

(b) 12five, is seven; it is odd.

is eighteen; it is even.

101two is fiVe; .this is odd.

8. Divisibility'is a property of number. It is.the number

which is divisible by another number. The numeral is,a

way of writing the number. In base ten, a numeral which

represents an even'number ends with an even number; in

base five this is not necessarily so. This is illustrated
op

in Exercise 7.

zero since

definition

(b)

(d)

(e)

(f)

(d)

(e)

the proddct of six and zero

is satisfied,

, 4, 6, 8, 9, 24, 36, 72

3 5 23

7 43

17 19

Odd

Even

is four;',it is even

.(o) 33five

11
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9. Some of the items in the table will be:

Factors of N Number of Factors Sum of Factors

18 1,2,3,6,9,18 6 39

''24 1,2,3,4,6,8,12,24 8 - 6o

28 1,2,4,7,14,28 6 56

TO 2,3,4,7,11,13:17,19,23,29 '(the prime numbers)

'(b) 4,9,25 (the squares of prime numbers)

(c) Three: 1,p and p2

'(0-,Four: l,p,g,pg. The sum' is 1 +1).+ g +vpg

(e) The factors are: 1,2,22,23, ...; 2k. There\ are

k + 1 of them.

(f) The factors are: ,3,3
3

3
k

. There are

k + 1 of them.
. -

(g) If N.= pk, the factors ate l,p,p2,p3, pk.

There are k + 1 of them.

Answers to Exercises 3-12; page '82:

1. 4a) .5 (b) . 3 (c) 3 (d) 2 (e) 7' (f) 11 1'

2. counting number will be divisible by 6 if and only if

it is divisibl by both 2 and 3. Hence the test is that

it
vVio
mmst be e n and the sum of its digits must be divi-

sible by

1. If a number is divisible by 15 it must be divisible by

both 3 and 5, and conversely. Hence the test is that its

last digit must be one of 0 and 5 and the sum of pits

digits must be a multiple of 3.

V

4. (.a) Since the last digit is odd, the number is odd.

(b) The number is 390 in the decimal system and hence is

even: You might notice that the number is even since

It can be written. in the'form 73 + + 7 + 1 which

is the sum of an even.numbel4 of odd numbers.
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(c) Here-tire number in the decimal system is 259 which
is odd. You might notice that -it m*y be written

63 + 62 + 6 + i which is the sum of 1 and three

even_numbers;_hence is odd.. .s
.

(d) Here the number in the decimal system is 46 which is
even; or it may be shown eve '6y the same kind be

arg4ment_as in part b.

5._ If a number is written in th cystem to the base seven,

its last digit is zero if and only if it is divisible by

seven, but it need not be divisible by ten. To test
divisibility by 3 write the first few multiples of three

in the system to the base seven as follows:4
Number to the baseseven '3 6 k.2 15 21 24 30 33 36 42
Sum of the digits 3 6 3 b 3 6 3 6 12* 6

*Notice that 12 is also,written in the system to the base
seven. Here when the ?first digit increases by 1, the

second digit decreases_by 4 giving a net decrease of-3.

Hence the same test for divisibility by 3 works both in

the decimal system and in the system to the base seven.

6. If a number is written in the number system to the base

twelve and has zero as its last digit it must be divi-

sible by 12 but need not be divisible by 10: It will be

div.isible by 3 if its last digit is one of 0,3,6,9. This
may be shown,in the same way that you tested for divi-
sibility by 5 in the deciMal system, since the pattern

3,6,9,0 repeatsc in the sequence oT-multiples of 3

written to the base twelve.

7. A number written to the base seven will be divisible by
6 if the sum of its digits is divisible by 6. This is

apparent from the table given for Exercise 5 if you

notice that every other sum of digitsis even.

353
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8. A number written in the decimal system will be diirigIble

by 4 if one of the following holds:

(a) the last, digit is one of 0,4,8 and the tens°digit

is even:
1

(b) the last digit is 2 or 6 and the tens digit is

odd.

This can be...seen from the pattern, in which th

multiples of 4 fall. Also, since any multiple of

100 is divisAle by 4, you could also saychat

a number represented by the last two digits is divi-

sibl.erby 4.

:Answers to Exercises 3 -13; page 83:

.1. (a) (1, 2, 3, 6)

(b) (1, 2, 4, 8) .

(c) (1, 2, 3, 4, 6, 12)

2. (a) , Cl, 2)

. (b) (1, 2,'4)

(d) (1, 3,

(e) (1, 2,

(f) (1,'3,

(d) (1, 2)

(e) (1, 3)

5, 15)'

(c) (1, 3) OC4

.(f) (lp )2, 4).

3. (a) (1, 19)

(b) (1, 2, 4, 7, 14, 28)

(c) (1, 2, -3, 4, 6, 9, 12, 18, 36)

ti
(d) '(1, 2; 4, 5, 8, 10, 20, 4o)

(e) (1, 3, 5p.9, 15, 45)

(f) (1, 2, 3, 4, 6, 8, 9, 12,

4. (Yr-
(b) (1, 2, 4)

(c) (.4 2, 4) /-

5. (a) 5

(b) 6

18,

(1,

(1)

24,

3, 9)

2, 4,

36,

8)

72)

(c) 8

(d) 10

- 354
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6. (a) 6

7. (a) 1

8. (a) Yes, 1

9;

10.

349

(b) a

(b) 1

IP

(b) Yes, c = 3, a b . 6 or 9 or 12, etc.

(c) No; the greatest,common factor can Never be greater'

than theskemallest member,of the'set of numbers used.

19. (6, 10, 15)

% (a) 36 . 2 2 3 3 =

45 ..3 3 5= 32

(b). The greatest common factor is 32 gr 9.
0

11. (a) 24'_ 23 3,-

G.C.F. = 22

(b) 36 .,22
32,

G.C.F. = 2

(c) 72 = 23 32,

G.C.F. 22

(d) 24 = 23 3,

G.C.F. = 22

(e). 42 . 2 3

G.C.F. = 3

(f). 165 . 3 5 11, 234 = 2 32 13

G.C.F. = 3

12. (a) 6 (6,X 0 = Q),7,,cb) 1 (c) 1

13. (a) Yes (b) Yes (c) Yes

6o 22 3 . 5

$ = 12

32

3
2

= 18

108 = 2?

.-32 = 36

6o = 22 3 5; 84 = 22 3 7

3 = 12

7, 105 . 3 5 7, 147 . 3 72

7 . 21 ,

oc

3

3D

O

o°

C.

O
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Answers to Exercises 3-14; page 87:

O

So

.r"

1. Dividend Divisor- Quotient Remainder

3 2

,(b) 10

(0- 66
(d) 20

There are several possible answers for (e).

(e) 9 9

3 27,

1 81

27

81 1

2. (a) NO

(b) The dividend is greater than the quotient in this case.

(c) Thedivisor must always be greater than the remainde.

(d) Yes. 0 4. 3 - =0 or 0= 3 0 + 0.

(e), No. 3 ÷ 0 is impossible because there is no number

which when multiplied by 0 gives 3, with a

remainder less than the divisor. A

Yes. 0,+ 3 0

or 3 4. 5 may be considered as giving a quotient

of 0 With remainder 3. This might be the,answer

to the question: "How many $5 shirtS can you tuy

with $3?"'

Yes. 6 4.)6 = 1 with 0 remainder

,6 4. 2 = 3 with 0 remainder

(f)

(g)

(a) Yes

(b) No. "It is impos sible to divide by 0.

(c) Yes;

(d) Yes. A remainder of 0 is a wbole number.

3 56
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4.
It

(a)

3 51.

I a
2

- (b) 1 100

2 50 There are many

4. 25 possible answers as

5" 20 indicated here. By

10 10 the commutative

property the reverse

order for each of

these is also an

acceptable answer.

(c) 16, 11

(4) 25 -/

5. (a) No
4:-

.00

(b) Yes, (16 ÷ 2 = 8, 6 = 2, q = 8)

(c) Yes, (200 4,75 .4 2 and Remainder 5Q

(1)

,= 2, R = 50)

No. The divisor, b, may be'any whoie-numberl'.

- except zero. Division by zero is impossible.)

(e) Yes (counting numbers,do not include .0).

40 Yes. '(a may be 0, then q = 0. .or, a may be
any other number. Howeiver, 14 is noti a counting

number.if a4 b.

6. (a) The members of the set of all remainders are the

Whole numbers less than eleven.

(b) 25 V

( K
7. (a) (1) 836 = 6 and Remainder 92

(2) 124 92 = 1 and Remainder 32

-(3). 92 32.= 2 and Remainder 28

(4) 32 28 =-1,;,and-Remitinder21.

(5) 28 '4 = 7 and-ReMeinder 0

, The. G.O.F. is 4

(b) G.C.F is '28-*

(e) G.C.F is 71

357
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8. (a) Each of the sets has,elevenlethents (or members).

One suggested correspondence is given here:

0 1- 2 3 4 5 6 7 8 §>. 10

1,0

1 2 3 4 5 6 7 8 9 11

(b) Each of the sets (p., 53, 55, ..., 79) and

(18, 20, 22, ..., 46) has 15 elements. There

are many different ways in which a 1-1-correspondence

can be set up between,the two sets. Three oftbe

.correspondences are given beldw.

514----4.18' 51.k.÷46 .51(L-3)20

53( 4.20 53(---->44 53 4-0.22
4,

55< >22 554---->42 55*--->24

ANIMP
79<---->46 79 )18 77 4--,46

794-3,18,

(c) Each of the sets (3, 6, 9, ..., 42) and

(105, 112, 119, 196) h'is 14 elements.

There are many ways in which a 1-1 correspondence

can be set up between the two sets.

Answers to Exercises.3-15; pge...90:

1.
7
(a) v The least common multiple of 6 and _8 is 24.

(b) The least common multiple of 9 and 12 is 36.

42. (b) 72

12 (c) 60;

18 (d), 30

4. (a)"" Yes 8.is the L.C.M. of 4 and B.

(b1 No. The L.C.M. of 8 'and 9 is 72;

5. (a) 6 (b) '29 (c) a-
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6. . (a) 6' (b) 29

7. (a) No;* what is th L.O.M. of

(c) 4.a

2 an 3'140

(b) Forftwo different prime 'numbers a and b, the

L.C.M. is the product of the two numbers a b.

.(c.)' For three different prime numbers, a, b and c,

the L.C.M. is the- product of the three numbers,

a b c.

8. (a) 48. (b) 112 (c) 70 (d), 60

9. (a) No. (b) No.

10. (a) ,Yes. (d) 0.

(b)., Yes-. (e) No. Zero is not a

(C) Yes. counting number.

Answers to Review Exercise

1. (a) 1 (d) 2

(b) 6 (e) 9

(c) 3 .(f) 4

2. (e) 6 ( g) 989

(b) 24 (h) 858

.(c) 14 M. 663
(d) 75 (j) 5402

.(e) 36 (k) 2520

(f) 105 (i) 31,372

3. - (a) Product of the num- (V) ,ProOuct of the G.C.F. and
'bers'in Problem 1 'L.C.M.-of the numbers in

Problem I

(a) 23 x 43 = 989 (a) 1 x 989 . 989

(b) 66 x 78 = 5148 ' '(b) 6 x 858 = 5148

(c) 39 X 51 . 1989 (c) 3 x 663 = 1989

(d) 74.x 146 . 10,804 (d) 2 x 5402 = 10,804

(e) 72 x 252 = 22,680 (e) 9 x 2520 = 22,686

(f) Q44 92 x124 = 501,952(f) 4" x31,372 = 155,488
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(c) It is always true*that the ptoduct,Of two numbers

is equal to the pr duct of their G.C.F. and their

L.C.M. This .can be seen from the following example:

Let r 2
3
x 5 x 7 and s a x 52 x 13

'To get the G.C.F. take the product of the primes

occuring in both raised to the smaller power: 2 x 5

To get the L.C.M. take the product of the primes

raised to,th arger power:

2
3
x 5 7 x 13

Then rs = 23 x 5 x 7 x 2`x 52 x 13.

and G.C.F. times L.C.M. = 2 x 5 5( 2
3

x 5 2 x 7 x 13.

One product is the same as the other except that the

membets are rearranged.

This is not true for three or more numbers..

4. (a) The product a b

example (2) The G.C.F. of 3 and 5: is 1.

The L.C.M. of 3 and 5 is 15.

example (2) The G.C.F. of 4 and 9)wis 1.

The L.C:M. of '4 and 9 is. 36.

(b) No. Not necessarily.

The G.C.F. of 2, 3 and 4 is 1.

The L.C.M. of 2, 3 and 4 is 22 3, or 12.

It is not 2 3 4.

5. (a) '2 is a prime number. It is the only "en prime

nUMber.

(b) All primes except 2 are odd, i.e* 3, 5; ..., .

(c) One. ,Only the 'prime number 5 hap An ending in 5.

All other numbers ending in 5 are multiples cjf 5,

15, 25, 35, ..., .

(d) 2 and 54. .

(e) 1, 3, 7
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6. The two numbers are the same. For example: The L.C.M.
of 7 and 7 is 7.

. .

7. (a) Rows Bulbs per row (Bulbs and rows may
4.

1 112

2

4

_ 8

16 7-

be interchanged.)

8. (a) 3, 6,'9, 12, 15--first bell,

5, 10, 15--second bell.

They strike together again in 15 minutes.

(b) 6, 12,.18, 24, 30- -first bell,,

15, 30 -- second bell.

They strike together.again in 30 minutes.

(c) 15 is-the least common multiple of 3 and 5.
ft

30 is,the least common multiple of 6 and 15.

9. (a) Yes. The G.C.F. of 6 and 6 is 6.

.The-L.C.M. of 6 and 6 is 6.

(b) ,No.. The G.C.F. of the members of a set df numbers

can never be greater than the largest number of the

set of numbers because a factor of a numbei4 Is

always less-' than a mdltiple,of the numberunless-

the multiple is zero..

(,c) No. The L.C.M. of the members of a set of,numbers

can never be less than the largest member of the

set of numbers.
,

The least common multiple of two numbe'rs'is at least as

big as the larger of the two numbers (since, the L.C.M.

is a multiple of the larger number). The greatest,

common factor of two numbers is no larger than the

smallerof the two numbers (since the G.C.F. is a factor
.

ofithe smaller number). If the least 'common 'multiple

I
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and greatest common factor are equal, the larger and

smaller number must'also be equal.-

.. ., Illustrate with 4 sand 6, locating the L.C.M. and

G.C.F. on the number line; then use 4 and 4.
.

10.' (a) No. It is not pogsible to, have exactl four numbers

between two odd numbers. Between any two odd primes

-i
there is-always an numbers. If they

.L------

are. consecutive. odd pr all tlit nums between

would have to be composite.. _

(b) Yes. For example; between 23 and 429 there are

exactly 5 composite numbers;. 24, 25, 26: 7, 28.

11. (a) 135, 222, 783, and 1065 are all divisible by three.

(b) 222 is the only number divisible by six.

(c) 135 and 783 are divisibn by nine:

(d) 135 and 1065 are divisible by fiVe.

,(e) 135 and .105 are divisible by fifteen.

(f) None of the numbers are divisible by four.

12. The pattern is a five-pointed star.

13. There is no greatest prime number.

To show there is'no largest prime number, it will

be shown that if p is any prime, there is another prime

larger than p. Denote by M the product of all the

primes less _than. or 'equal to p: M = 2 x 3.x 5 x 7 x°11

X x P
.

Then DV+ 1 is certainly larger than p and M + 1

.has at least one prime factor (it may be a prime). But

M + 1 -does not-have any of the primes '2, 3, 5, 7-, ...,

as a factor since division by any of these primes leaves

a remainder of 1. Thus all the prime factors of M + 1

are larger than ep, and hence p is not the largest

prime. Since p was an arbitrary prime, there,is no
- 40f

largest prime. A
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ANSWERS TO CHAPTER 4

Answers to Exercises 4-1; page 98:

1. (a) 1, 2,3, etc.

(b) 0, 1, 2, 4, etc.

(c) 0

(d) Numbers such as .3r,

2. All are rational numbers;

3. (a) 5 x 1 (e) 5x = 0

(b) 4x = 4 11x = 1238

4

TT

(c) 3x = 11.

(4 9x = 6J

4. (b) 1 (0

5. (a) fate.''

(b) true.

(c), true

There are other correct forms

for the answers.

7 (e) 0
) a

6. (a) If x_ is the number of cookies each boy should*

,receive, then 3x = 12.

(b) If x is the number of miles Mr. Carter drplis:n

each gallon of gasoline, then 10x = 160.

(c) If x is the number of bags of cement needed for

each foot of walk, then 30x = 20.

(d) If x is the number of pupils ineach grolip, then

32.

(e) If x is the number of sheets ofpaper each pupil

.receivesthen 24x = 12.

C
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Answers to Exercises 4-2; page 104:

le All except f.

2. (a) Commutative for multiplication

(b) Associative for multiplication

(c) Distributive

(d) DistributiVe

(e) Identity for multiplication

(f) Identity for multiplic'ation

(g) Identity for addition

4.1.0 Commutative for addition
I

Assdciative for addition

(j) AssociatIVe for multiplication

3. ,No difference in area.- N/

#.

n .d
`1

4

3

7
2

4-

6

6 9

8 _12

10 15

-etc.

If' 2x and 3 are names for the same number then

4(2x):= 3,

(-3ff' 2)x .= .32.' 3

11 x . 3

= . 3

3But if 2x = 3 then x = T- There are three names for

thei.samenumber x, 4, and ;". 3. Since ,and

are name "for the same number 4'1'3.- 1
1

3'
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Answers to Exercises 4-3; page 106:

1. (a')
.. . (c)

(b) 5 (d),4

2. (a) "i° (d)

(b) s i ,(e)

(c) c

8
3. (9 7n = 8, n =

.7

(b) lln = 2, n = Tr2

16(0 36n = 64, ri =

4. Set,of reciprocals is r, , 7
,

8)7

5. (a) If the number is between 0, and 1, the

reciprocal is-greater. :
(b) If the number, is gregE6r than 1, theaf

reciprocal is less:

(c) The reciprocal of .1 _is 1.
.

(d) One of the8e sentences, and only one, is true

for every counting number.

They arp reciprocals of each other.

;They are,reciprocals of each other.
,

If. 14n and 5 are news of the same number,

then *(14n) and . ;-(5) are names of the same

number.

365
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*10. x = and y = E

§ 7-47 a = b = 1

"la

Or in a more sophisticated way,

axd b by = a

(ax)(by) = b a

(ab)(xy) = ab

.ab
I

)tou'may wish to think of

(ab)(xy) = ab

(ab)w = ab

ab
= 1

?, =

.17 = 1

4
to have

Answers to Exercises 4-4; page 111:

1. (a) A:
1 2 3

,a, = = (1)1 The rational number located

1 2
at point less than

D
"

: = =
3

the rational number located

C: = 6 =
at popt A. Because point

B is to the left of point

D:
2

A on the number line.

=2 . 4 6 10) Point A is to the left7of
E; =

point C. Therefore the
1 3

7F: T = '1*
rational number located at

C is greater than the one

located at A.

4

366
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2. Here there are at least two interpretations for each.

For example, in (a) one could exhibit a number line with
20 divisions and note_thatif,it is divided into, 5

equal parts, each will be 4 units long. Also, the

same divisions could be labelled as fifths and then the

line would be four units long. It is impOrtant that

you see both.

16 223. (a) = ( b)

4.

fr41r7-'Ie7lrTV7Tr7W-Io
2 3

12 12 12

5. (a) Here one measures three units to the right from the
0 point, then moves two units to the left from the

_
point 3, arriving at the point 1 which is equal

to 3 - 2.

(b) Similar. 409b

Notice that here negative numbers are not involved. It

is merely the.dea that if you move to the right to add,

you move in the opposite direction to subtract.

*6. One can certainly find Whether two fractions are equal

by changing them to fractions with equal numerators and
examining aqir denominators. There are times when.this

method is easier than the other method, for instance,

. 3 3 6in examples like: Is Tr = Ile Is Tr Te

fi
.

36 7
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Answersto Exercises 2.1:1; page 116:
k.,

(d) -22--

(é) -2.

(r) 4

1. (a) Ai
8o

(b)

(0) 70

3
2. 7 ..

3.. 14
,

. (a) 4 . (d) 4
(b) 4 (e) 1

(0) ..
4i5-s. 64

,--)5 (a) 2 (p)

(b) 8 - (a)

6. ,taki (0)

(b) -,1 . (a)

7. (a) ,(b)

4
74

.?-z5

4

/ ./0 (a) 4 1_, (b) T
1-1 3

9 (a) 10 times as large

(fib) 4 '4times as large

3GT
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Answers to Exercises 11.-6a; page 120:

or

3. (a) 3 1j;

(b)
111j:

,

or

or

(d)
16

or
lig

101
36

(e)

(c)

32_
or

or

or

1T.6

345

3175

4. Yes.

*5. (a) Yes.

*6. (a) Yes.
V

7. (a). 7.

(b) 104 or

8. (a)

(b). ,15

9. (a)

10. No.

(b).-. The commutative property.

(V) The associative property.

(c) 174

(c) be

11. Sumo o columns, rows, and diagonals are.

- ,

Answers to Exercises 4-6b; page 125:

1. (a)
4... or. .0

(e)

-(b) 4 or 4 (0 7 ;
43(c) 114 or ..-- (g) They are equal'.

...-
/ (d)

7 1'
or 0.791 (14 Yes.

3 69--
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'*2. A Mel's home

B Vic's home

C Bob's home

3B is 7 or of a mile farther than A.

11
C' is :77 of a mile farther than A.

°
69

3
3. 147 rods

4'. and

5. (a) raised
V

6. (a) Less -

(b) If the difference were exactly 11, the larger

(b) .3g.% per pound

3 3'number would be 6T + 11 or 17. Since

1 317. 17T, the difference is less than 11.

7. In general, yes, unless the number subtracted is zero,

- or th original fraction has a value of 1.

8.

e

2

3

I

la

I 5 7
4 12 12

I 3 I

3 4 6

The sum in each row, each column and each diagonal is,

Answers to Exercises 11:/3 page 128:

1. (a) 4 = and hence ->4.

(b) . Tro and -314
.}
4 64

370

13 , 4
176 "5*
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f' -13 91
and(c) -- 75 d ,13r - Hence,,4 >11.(1.

You might find the answer more quickly by noticing

' that the numerators are equil and hence, the larger

fradtidn is'the one with the smaller denominator,

since the denominator denoteS the number Of equal.

parts into which the numerator is divided. See-

Problem 3.

2., You might answer this question by giving several examples

showing the following which is shown in letters:
2b

a
a

2b implies that E >.-B- F 2. ,

*3. If two fractions have equal numerators, the fraction.with

the smaller denominator represents the larger number. A

satisfactory reason at thid stage.should be that the

denominator denotes Id:number of equal parts into which

the numerator is divided;.if the number of parts is

&nailer, each part must be lariger. It is too early to

discubs manipulations with inequalities.

Answers to Exercises 4-8; page 131:
,e

4

3 i -8

. .

36 9

.

.._1
7

.
54 144

. ,

.

. 11-. 30

371-
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2. (a) Ratio of number,pf girls to total is
.

(b) Ratio of number of bgys to total is 3

(c) -Ratio of number of giris,to

3. Vie following ratios are equal:

(a); (0);

4. (a) x = 15 (c) x =_15

(b) x =42

5. '.In the ratio 3:1 we have:

3 cups butter 144 cups nour

2 cups sugar 3 %easpoons vanilla ,

o

6,eggs

It will now make 90 cookies;

To make 454 cookie you would rewrite-the recipe in

',fie ratio 41.

6.

' 11m1 cups butter arc cups flour
e

.1 cup sugar '17 teaspoons vanilla

3 eggs

:is.) -41.65
: 0

ib) 45, cents %( 5 cents per dozen)

(c) '4119

(d) 316.8.feet or 317 to the nearest foot. °

7!. 44 feet per second

0

0 .
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8. '(a) 12

(b) 1 21

(c) 30 0 35

(d) 84 100

(e)_ 10Q 1167
2

12 6
"Pr 7
18 67 7
-30 6

75 7
,84
'1-075 7
100 6--7 .711.6

l'Ailswers to Exercises 11,-9a; page.135: .

(c) 150450

(d) 140 %0

(d) 807)

(e),. 20%

(f) 10%

1. (a) 50%

(b) 20%

2. (a) 60%

(b) 30

(c) 20%

(a)

Answers

1..

2,

3.`

r

Mortgage 20%; taxes' 5%; car 9% food 30%;1 ..

clOthing 12%; operating 8%; hea th and

recreation 6%;" savings and insurance 1010.

(b) The 8 answers total- 100%.

Exercises _2212; page' 137:

(a) 30. (P) .6

(b) 5% (d) 60

(a) 25% (b) 75%

ca)
1

(1))Hio %

t.
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4. 550 a hint: 22
=x

,00*
Anstcers to Exercises 4-10; page 140:

1. (a) 65.87

(b) 436.19

(c) 50.24 .-

2. (a) 3(1)4: 1(..-16)
10-

(b) 1(-) + 2Ci0

-.(d) 0.483

(e) 0,;0026

(c) Iqt) +

(d)
1

3(10) + 3(!--15)

If

4.

(a) jeven and two hundred thirty-six thousandths.
(b) Four thousandths.

(e) Three hundred sixty and One hundred one thousandthb

(d) One and one hundred one te -,thousandths.

(e) Nine hundred nine and nine thousandths.

(f) Three and forty-four ten-thousandths.

. (a) 300.52 (d) 60.0

.(b) 0.0507 (0' 0032 Al

0

(C) 0.014." ,(f) 8.019

*5. 0.5

*6.
o6tWelve

*7. twelN4
F

8. lo.oll
two = 1(2) + 1(

°

+ 1( -7)
2 2

1 1= e +.1r + 1 = . + 2 + Ts =

= = 2.375.

7'4
,. ., ., .
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Answers to gxercises 4-11a; page 143:,

1. -I- 0.4375, and therefore, 0.45 lb. is greater thi
16,-

7 ounces.

4e
150.7 kilometers. 7

3. 75.7 kilometers.

*4. 10.0

1.01
two

11.10
two

114two 1(21) + 1 ,or 3.5
.

Answers to Exercises 4-111; page'.146:

1. (a) 0.00081 (b) 0.00625

2. (a) 1.4375 (b) 255.

3. 375, 37.5, 3.75, 0.375), 0.0375, 0.00375.

4. 0.0625

5 About 2.4' miles,

*6. 3.102seven (In the muatipligation table, base seven,

you have:

I s kseven x 4 even , seven'

1

. 22 and

2seven x 4 even
= 11

seven'

I

Answers to Questions .in Class Discussion.

1.- 1, 4,- 2; 8, 5, 7.

2. ;Yes.'

3. 0.090909

4. After the first subtract on. r.

- 3 7A51



5.. No.

6. Yes; by a bar.

8. i0.270776)

L\i
Answers to Exercises 4-11c; page 149:

1. 0.07692317-6TM ...
(a) After the 5th subtraction:

(b) No.

(c) By dots.

Yes.

(e) By a bar.

2. (a) 0.31 ... (c) 0.11 ...'
(b) 0.875d .. .

3. (a) 0.00g ... (c) 1.27' 7 ...

(b) 0.21727

4.4 Yes.
5. (a) 0.2, 0.8

(b) 0.05; 0.15,° 0.55

(a) 0.112,° 0.927

ti
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Answers A. EXereftes 4-12; page 151:

1. (h) 0.04 , (b) 8..04

2. *(a) 0.160 (c) 0.325

(b) 0.000

3. (a) 0.3'

(b) 0.3

4. (a). 43.30 sq. rd.

(b) 43.89

0.59

(t) 0.1

(a) 0.0

sq. rd.

sq. rd. difference

Answers to Class Exercise 4-13; page 152:

. I.' (a) 12% (b). 40%

2. (a) 18.75 J (b) 0.03

3. (a) 0.8% (b) 44- % or X7.5 %

4. (as) 0.1625 (b) 0:1875.

Note that .0.16T and 0.1 8.?[. we avoid'since they are
At.

8 misleading.

t

5. (a) 111% (b) 29%

6. (a) 14' % (b) 24 %

7. (a) 4 4- 413)
2 1

Of course many other, answers are possible:

(b) could be 12

377
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_ 0.12-5 14%
3 3 300%

.

it 34% or'M 37.5

.; , (d) . 1.5%

(e) 5 0.625 62.5% or 64%.
1 1 1%

(f) nu- lar
/ - . .,..

2464
0.875 87.570 or 84%

100(h) 1 1 'r ,
(-) -1 8.166 ... 164%

4.

84 i01 -77 0.833 ... 834 V'

111
(k) 0,111 ... 14 %

-.,

, . l i )
, -, IA 0.605, 1 64

(n)
1 44

00.5 aio e

9.

12.5 26 25 33*37.5 5b 925 66% 75 90 Ill
1101 1421

it
40 60. 70 -90

100, 150

1

100
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Answers to Exercises 4-14a; page 156:

1. (a) $0.70 (b) 41.98

2. (a) 1117, (d) 32%

(b) W74 (e) 100%

(0) 34 % 11

3. 2400.

*4. The final net price would be the same for both methods of

computation. After a number of examples, most pupils_,

would see ,that the answer for a price of $200 ,woulcbe

ti

*5.

twice that for $100, and similarly, for an

of $106. If you had studied some algebra it a

shown as follows: .

Computing,it the first way you would have

P -,(0.10)P - (0.05) - (o:io)p] ,1

P -"(0.10)P -, (0.05) P + (0.05)(0.10)p.,

Computing the othpr way you would 'have

P - (0.05)P - (0.10) 1g17 (0.05)131

P - (0.05)P - (0.10)P + (0.10)(0.05)P.

ltiple

Auld be

If the sales tax were computed on $100, the price would

the disco

may seem

dishount

be $102 befor

as before. Thi

latter case, th

t, and $91.80 after, just

little st ge Since in t4 v--1

s on t'e lar er'amount and

that Of thethe percentage f discount is larger th

i

ax. The:same rguments baseelon examp

e
'41,

re as were used in the previous pro

_uld look like this: By the first co

the final amount would be:

es could be used

em. The algebra

utation,

I

P -.(0.10)P (0.02) [15 - (o:10)13]

P - (0.10)P -is (0.02)P - (0.02) (0.10)P

and by the second it would be:
I

P + (0.02)P - (0.10) [P + (0.02)P]

P + (0.02)P 0.10)P - (0.10)(e02)P.

3 74.?
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*6. Under the\computations of Problem the net price is* .

1.1
,85m70 of the original price, no matter What thworiginal-4
price is. This means -.that the discount is really, 14%

for is way of computing. The-ahopkpepeirmlght explain

that the disounts were to apply' successively, that is,
,

one after the-other. s you have seen, it does not

matter which is applie first.'
*

^Answers to Exercises 4 -14b; page 159

1. .(a) 150 (c) decrease of 20%

(b)* 120

2. 14.3% Dr 144°k

3. 5.6% or
To. ,

.
4.

,

30.9% ''

5. (a) The 1960 wages are less than the 1958 'wages.

/(b) 96%

Suggestion: Start wit h 1958 wages of 4190: per week.

You might be interested in finding what percent.of .-

increase prom 1959 to *60-Will-br g the wages back

to 4100. 70.25/
qi

6. (a) .157 , (b) 17.6 ,o
;I

7. v(a) 460 ,(e) $66

(b) 460 ,,,).

41o.'

+he object of this problem is to show that though the

wording of the problews, is' different, the mathematics

is the :same; .

. ,
0080



8. (a)( 4484..5o

(1) 4484.50

Again the object
G

. .

same in all cases:

375 /

(c) $484.50

is to show that the mathematic Is

f'

//9.

10.

5.3%X.

(a) $677.42

(b) $677.42'

(c)

(d)

$677.42

4:65,1d

ly thisitiste you might expect the answers to be the same.

It: will be fine if you can do this -with divrimination.

Since4Lere, (d) is quite different,. you may learn to
.

proceed-with caution.
, j

11. 2,258 gal.

(b) 67,742 mi,

f

.

About 186 miles per day.
, r

It'is unlikely that a man who_walks to Work. would

drive 186 miles a day. _

Answers -to Exeroisel3

1. (a)

-(0)

03

010

10
4

page 163:

(d)
I lo9- . .

(d) 106 *

(f)

(dT 7.8 x
(e) 6 x 10\

(r) x 107

(c) 4 61.000000

(d) 1 732,400 .

?r,

0

.414

2. (a) 6x 103

(b) 6.78/SZ 102
, .

(o) 4.59 x 108

3. (a) 30,000'

(b) 50,000;00d

I

381
,
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4. (a) boo 6 x io2

(b) 100 = 102

(c) 1200 = 1.2 x.103

(d) 70900'. 7.09 x 104

(e) 600,000 = 6 x 105

(f) 5,362,400 = 5.3624 x 10
6

./ 44

AnswerS to ExerAses'4-15b; page 16:

' _1_4/0 6o x 186,006

(b) 60 x 6o x 186,000

(c) 24 x 6o `°x .60 x,186,000

(d) 365 x 24,x 6o x 6o x 186,0oo

(e) Do not "round ofe'until multiplications have been

performed; if "rounding off" takes place'earlier the

result becomes less accurate. Before rounding it is

6,307,200,000,00.

2.

3.

(f)

(g)

trillion

The speed of light used is the result of rounding an

(i)

approximation. The number of days in a year (365)*

'is an approximation alSo:

3.5 x 1013 (c) 2.1 x 106

(b) 6 x 1o8 , ( ). 9.3 )1 1014
I ,

(a) 6.3 x 1011 ( ) 4:1I.65 x 107
v n

(b) 107 ( ) 1.1 x 10
..--

'4, 7.2.X ,109 miles t
5. About 6.132 x 108 miles or 613,200,000 mil

382
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ANSWERS TO CHAPTER 5

&

Answers to Exercises 5-1; page 170:

"1. (a)

(b)

(c)

0

1

0

( b

(c)

4

1 a ,

1

17
2.11 OR-6

a

2*

221 3

a 24 3

7
1 _6

0 1 2 3 4

2

3/2.
t

0

383

rte

I the la gest number in

the set:

8
/3. is the lar est number in

the set.

5
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4.

5.

AO, (4) _4.25

rr-41 (4)-1-4
1,

fr. \
. 0

, --tr-11
I 2

.a*

Ca) [0,23, "mid-point is 1

(b) qt; ;), mid-point is44

(c) G,;), mid-point is 2

( d)-j [2, 6.5), mid-POint is 4125

6.

0

7. ca)

5
42.

3
I

. I

I. 3
2. 3 .4 .5'2 t.

+ 1 =

0

V

6

__
C2 +3) .

' '-a . ..a.,,---_,1 ,

1.4

1

a i Ati ; s
1

2. c34.r) .I ' 24 (34 a = 6 41

2.
3 . 2 = a

, 1 -2
1

2

2 3 4 5,

Tom,

.7

7

O

This illustrates the commuta Ive property of multiplicaic

z



c

s

s

379

AnWers tp Exercises 5-2; page 174: ,' ,.. ,.. .
1. 6%)-8 ' -(7/4) -04) (4A) (1.5) (c)(a)

1

' '

b
,

(C)
1 (1). , (eY, , ,1 I ,1

8 'i-7- -4 -5 -4 -3 . "2 , -1 0 .- 1 2 , 3

..

yes --q). and ' 4 4
and -(f)1

2. (6-55
Ca) ..5

(b) 601. ,. . ,,,,

4-21 ,r

4 5 6 7 B

r2
(e)- 20 (d)(T) 8

largest is

sknallest is

4.. (a)' +2000 .

-6000

5. -2,

. 6.

1,

(1 +100'

50

0) +1, +2,. , +3,

+100800 (b) 4-2500
.. (0)

,S (C) -
N . I (a)

t t 1

-1000 0 .000 A2000 3000

0 +2
-4

-J

4000, 5000 6000, Too° 8000 goo°, l0,p:o0

Answers to Exercise's 5 -3; page 179: .

1. (a) 9f (s)= 4

(b)

4

385

0 / Z r 5 6

091(7)=4L
/ 0 -111

P

.... . .
0 4 S s 7 GI 9 /0

la
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- 380

(c), 8

(d)

-61 74 -3 "a -/ 10 /
ra 574(70.)=-S^

1 4 5

7 (-/a)ye
`VZ ,

Ic "t9 1G 4 -a -6. -3 -e -r

2. (a) 0

f(b)

3. (a)
ayF

(c) 1

(d) 12

I

"4.
(b)

le 4/

(c)

(-5)4(-7):-- -72

10 r7

(d)

-ar

2574?-6). /.9

/* It 24 ZS

-4 -4 -3 -a 1 a'

,(-,)t3
3

-a
-6 4 -3 -e -7 0

L

It. (a) -5.

(b) Tu.

0

7

386

)-t 94,."
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(a) ianuary +5000 April t1000

!February i+2000' May , 4000

March 1060 June (73000

or 45000 1. s

(C? +1000 or $10 rofit
(d) 712,000 cazo$ 00 l'oss

6, (a) +17, 76,,4"

(b) 20 :I- 17

37, + (-6)

.7.

31 -1-'11

42 + (-6),=39

ball s on the 39, yard line

(c) 17 / (76), + 11 + (3) = 19 The net gain is 19 ye.rdS:

6
r_a _a _a

I

-.5

5(-1) =

(c) 2 .-(k) =

/ cr

-
4

ers to Class Exercises 5=3a; page 181:

'1. 7, 9.; 11, 12, 6, -15, 20, 0;3,

-1
4 .1.

4

2. The pairs-in (c) and'in (d) are additive inverses.

Answers tO'Class Exercises .5-3b1 page 183:
a

1.

I

77 # 7

A I

70

387

e

.4.

4 .

s



2.

7

4

382

7.9

-7.5:o C m '/O

f.
-20

.(b)

v

<7

1'

'1%-'e

/0
-6 74 4 >izr

-5- 0 .5- /0 20

(C) 1

-s
I

-.5- '71 -3 0
(d)

.6

74 9

Answers to Exercises 5-4a; page 184:

1. 6 A T c

,2. (a) 1 .."

(b) 44"

3.

4. (a) -7 mile

288

(b) 3 miles"

b.



Answers to Exercises 5-4; page 187 .
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3. (a)

.384

INIZNINENE1NICENE
ININEENINNE
EMNIMENNEN
NINININMENNE
NINNINNIIME
NIFIFTERNITTI

1111NIMEMEN
1111111111111111.111

4.

yes

yes

(b)

(c)

Answers to Class Exercises 5-4a; spe.ge 189:

4

1. (a) ..I
OA IV

*
(by, II

(a) In-)

(e) I )
.1 (f)

(g). . It oh.

2.4 (a) I ,

(la). YII

I 1 (c) II

(d) .

3. -re(a) Y-axis
(b)

(c) . At the origin.

.

,.

.
r.

;390.
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. AnswerS. to Exerc-ises 5-11-c; page 190:

a.

4
O

.3.

)

10211111111111EN
1101111111111/11111111111
11P11112110111111111
11111111111111311111111
11111111111111111111111
INNIZARKERINI

(c) the Y-axis

0-41

(c) the T-aiis 84.

44".
444 .4" .,4 '

4

neither, axis.
1111111111111P1111 AB is an- oblique

line.
1113311111111,21111
11111111111111M1111

$011*
.

4

111111,4121112111
1111,41111111111

(f) ((i f2)

E11111111111111111N ! . r

111111114111114111111E2
I

11111MINIMIA
11C11011011111111111111111
11101111EILEZZ311111.
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ENEMMOR EN=
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MONOMEMMINOMM
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MENOMMENEMOMM
mmesimmermaiamaammomma
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MMOMMOMEMN
EMMOMEMEMMMMEMOM M
MOOMMOMMEN

immommormMESSEMMM
OWENSSFAMEM
EREMORAMEM
UMMINGEMEAMM
MOIMMOOMMEM

(.0) isosceles .

(c);. yes

(c) paralrelogram,

.(e) (0, 2)

Answers to Class Exercises 5-kb; page 192:'

1. (0-Y=3, A

(b) y = 3.

(ci y

(dr

A

e '3

-5 a 37.

JO,

$

3 g2
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3. The graph of (---7,--x is a line which passes

origin.an0 makes an'angle of 45° with the
The graph of y jx- is "the half-plane

the left of y fix. Thesgraph of y < x is the half-
'plane below and to the right of y = x.

1.

through the

x-axis. .

above and to

Answers to Exercises 5-5a; pate 197:

1._ The products increase in the 1-row, 2-row,
c

we move to, 'the right:

2. The products decreasej'as we

column and the 1 column.-

move down, in

and 3-roy, as

the 2 .

3. 28, -21, 14, 7, 0, 7, 14, 21,: 28, 35, 42

'4, 20, 6, 12, 8, 4, 0, -4, -8,

2 1

-12, -160 -20
4

0 '1 2

15 4 4 5 -0,
.

'l0
12 ,8 ). 0 -4 -8

9 '
6 3 0 -6,

6 4 i 2 0 r 2 -4
3 2 1 0 -t 2

.

0 0
,

0

3 -2 ,'., 0 1 2

6.- '(a) (. -2)(1) (1)(21

(-2)(1).. (1)(-2)

.>

="r-2,

(b) '(-)(0) = 0, (0(-3) = 0,

A73)(o) (o)(-3)

(c). (-4)(75) . 20, (5)C41 = 20,

7(-4)(-5). (5)(4)

-(d) (15)(6). 90, .(6)(15)

(15)(° 6) (15) .

395.
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therefore

therefore

therefore

therefore

a

is



.
-

39o-

7. ".(-2)((-1)( 5)1"= (-2)_(-5) = 370, ((-2)(.1)](-5)' =
(2)(5) = 10,., therefore (-2)( (-1)( = (-2)(-1)](5)..

.4
8. (a) -4(3 + 8) = (-4)(3) + (-4)(8)°= (-12) + (-32) = -44

-4(3 + 8) ..-4(n.) -44

.therefore -4(3 +, 8) = -4(11)

.(h) -2(-3 + 6) = (-2)(-3) + (-2)(61 = 6 + (-1?) 7_- -6

-2(-3 4- 6) = (-2)(31 = -6
thetefore -2(-3 + 6) = (-2)(3)

(c) -1o[/-8) + (-).)] = (-1o1(-8) + (71o)(-1) =, 8o +-lc) =
-10[(-8) + (-1)) = -10(-9) = 90
therefore -10( (-8).4- (-1)3 4 Clo )C9 )

9. (a) 0 ,(e) .(i) 903 (m) -66

(h), -8, (f), -245 0) 0.84 (n) -(4)
.( c) -20 (g) (k) 760- (o) -16

'(d) -24 (h) 600 (1) 576

11. '(a)
-6

I -a- 49- -2

4

-6 :4 -5 -a 0 a 3 4 5 *6

10
a a

10' -9 -7

(c)
-la

4% -3.F 771 1

-11 -10 -9 re. -7 -6 -5 -4" -3 -2 , 0 1 2 3 4
. .

4
'12; (a) 36 ,yard line

1 , (b) In orderto ascertain the init ial posit ior of
.

(tw team yuiav to he -aditin 'of 3

-

the

-2).
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13. (a) A football team has the ball on the 47 yard line.-
It loses 5 yards on each of 4 successive pfays'.

Its new position is ? .-

( ) After losing three yards on two successive -plays a

1

football 'team is on ,the "15 yard like. At what

position was the team before these losses(?

14. (a) -.12

(b) -1,

15. (a) -2

(9. -3

(c') `lo
.16. (a), Go-

(b) 12

(c) 15

6)

Answers to Exercises

1. (a)1 28

(b) +12

(64

(b)

(c) 5

(a) -10-

(d)' -4

(e) 4 .

'(a) 42
,, ,

(e)' 40
.

(f) -4o

5-5b; page 202:

(c) -12

'(d) 3,

(a) ,

(d) (4)

(a) .r = -2 (c) r = 7

.(e) 4

(f) 2

. N
(g) -1

.(b) r r -7 -

4. PI = 4, 1, ;;, 1, -(;),*-7(1P

(a) (e)

(g) 40

(11),. 42

:(e)

(f)
2

3
(e) -

(f)

r = -11
kvc

f) = 1

.5. 2,
(b) 5 (f) 5

:-(c)';

Ca) 5

26 (a) n
()
3 ), '(b) n = 7 -(4) '1

0."

39.7
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(-3 2),,... 2
7-37,

8, (a) n =
4.- 67 = (7), (b) ;1%=- 4.= 74)-6

9. (i"6) n = 7," 6n =

10. (a) n =(4) = 3 e (c) n
.

(b)
92 1

n =,,.75 = (d) n .

.11, (a) bx = a

(b) either both posi4,4.or bOth negative

(c) negative, pos(1.tive ,

t.

_ Answers to Exercises 5-5c; page 206;.
. *

(d) 5 (.g) 45

(b) (te) 10 (h) 67(c)-7 ' (f) 8 (i) 28

11
.2. -r,

3. (a) x = -3

(b)

(c) xl= 11

'(d) X =15'

11\
(a) -5 ,

11

* 10

(t,),".3

(c) -6-

, 1 1 1 1 1 1 1 1 11
8 0 3

(g)'.-5

01) -( ;)
(d)

(Q., '3

(f) 3

If one wishes to jump from 8

. to-- +3 one has to travel in a

positive direcion and one

must cover 11 units
+
3 - (-8) . +11.

'398
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6.

7.

393

(a) -10 (c) (;)* (e),

(b) .100 (d) -(;). (f)
-443r

the

a- b ci and a + (-b). c, d,tn a - b = a + (b)
transitive property of,equality.>

.

9.

O

10.

(e) .-10

(f) -6

(g) .-11

(h) 12

x -1 0 '1 2 3 It

. 3r 5 3 1. 1
.

3 5

x 2 1 0 r 2 3 4

y. 5 '1_ 7

Answers.to Exercises 5-5d; rage 212:

1. sample/set W t1,3), ("1,3), (2,6

2. 't 3. 4.

4

.399

(-2,-6) )

,45
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1

.39-5

9. (a), no __, (d) yes ...4

(b) See dragi,am (a) in (6) Samples (5,25), (5,25), I

the text (606),...e_tp,. ;

(c) yes i, '(f) 'yes

Answers to Exercises 5-6; page 217:
1. (a) x = 2 (d) ,m = 6

(b), Y = 7 (e) s = 25
(c) k = 2 (r) t = 5

'2., x = 9 (d) x = 9.
(b) y = 10 .-.(e) p = 14
(c) n =,11 (f)- x = 8,,

3. (a) b = 3 (d) am = 8
(b) a '= (e) x = -1
(c) w =. (04 Y =
(a) n =.6 (d) d = 18
(b) t = 16 (e) n = -15
(c) k = -16 (f) s = 21

5, 22 (feet)

4

6. ; .A = 49 (square Inches)

7. it = 225 (square inches)
8. i = 135 (dollars) k

9 c = 64 (inches) or 62.8 (inches)
110. A = 5317 (square feet or 531.66 (square ?feet)

4-4

t

Answers to Exercises ,5 -7a;' page 221:

1. (a) x + 5 (e)
(b) e .(f) 7x

ze) 8x (g) - 11
,(a) 1 or 4. (h)

401
o



2.

396

(a) 17 (e) 22

(b) 9 (f)

(c) 96 (g) 1

(d) 3 (h) 6-

3. tuaents will undoubtedly write different translations

for each of these phrases. You shOuld be primarily

concerned with corrects order of numbers.

(a) The number x increased by 1.
(b) The number x decreased by 3.
(c) The number 2 multiplies by x.

(d) The number 18 divided by x.

(e) The number .multiplied by x:

(f) The umber -6, added to x.

(a) (d) 3

(b) 3 " (e) 211.

(c) 12 (f) 0

5. (a) 1 (d) -9
(b) 5 , (e) -8

(c) -4
Y

(r)

6. (a) 6 + a I

(b) 8b1

(c) 8o+ 1

(d) - 3

7. (a)

(b) -211.

(c) 2.3

(d)

(f) 2f + 3

(g) 5(g + 2)

(1) 7h - 10

(e)--6
(f) -3

(g) 5
(h) -31

402

L.
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8'. (a) Five more than two times a 'certain number.

(

(b) Three times a certain number and the result

subtracted from six.

-(0) A number decreased by one and the result multiplied

by 7.

(d) Five-decreased by a number and the quantity divided

by two.

(e) Fifteen increased'by two times.a number,

(a) 15

(b) 5

10. (a) 6 .

(b) 9

(c) 5

_(d) 3 -

(c) 3

(d) 9

Answers to Exercises 5 -7b

1. (a) x 5 . 1-

(b) x - 3 7

(c) 8x= 24
x

(d) 7; = 9,

2, (a) (8)

(b) (10)

(c) (3)'

(d) (36)

page 226:

(e) x +10 =21
(1) 7x = -35'

; (g) x - 11 -5

(h) x- 6 = 15

(e) (4)

(f) (-5)

(g)
_ (6)

(h) (2i)

3. (a) x + 2 k (d) x - 3 6

(b) 5x< 0 (e) - 5 < 13

(c) > (f) 3x > -9

4. - (a) The :et of all numbers greater than 2

(b) The Set Of all numbers less than 2

(c) The set of all numbers greater than 9

- (d) ,111 set of all numbers greater than 14

,(e) T set of(all numbers less than 18

(f) e set of all numbers greater than 3.
At

403
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'5. (a) PWo more than a certain number is equal to five.

(b) The sum of-a certain number and negative three is
.. seven:.

.

(o). Two' multiplied by a number is equal to negative ten.

(d) A number decreased by five is greater than nine.

(e) The rOduct of five and a number is less than
:.fifteen.

(f) Seven decreased by'd number is two.

(g) Three subtracted from aonumber is less than four.

iiiumber divided by 3 is greater than nine.

(i) number decreasedby seven is equal to negative two.

(j).'A number divided by 30 isAual to six.
'

6. (a) (3)'

(14 (10)

(c) (-5)

(d) The s t of a4 numbers greater thari-, 14

(e)* The t of all numbers less than 3'

(f) (5)

(g) The se of all numbers less than 7

(h) The set o all numblrd greater than 27

(i) (5)

(j) (-180)

Answers to Exercises 5-7c;page 229:

1. (a) (4)

(b) (4)

(c) (3 (g) (all numbers less thai 5)

(d) (all numbers leas (h) (all numbers less than 3)

than 1) 1,

(e) (all numbers greater than 5)

(f) (-5)-

404
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+5 +6
1 -).,

(d)
'2 -I 0 +1. +21 +3 +4. +5

(e)
2 1 0 +1 +2 +3 + + +

(f)
7 6 -4 -3 -2 -1 0 +1 +2

(g)

.(h)

.+2

0 +1 +2 +3

+6 +7 +8 +9

+4 +5 +6\,..,,,,+7 +8 +9
.

1
t

1
I

t

. (a) (all numbers)

(b) (all numbers greater than 1)

(c) Carl numbers less than 1)
(d) Theempty set. (The sentence ,has no solutions.)

(e)
(f) (1)
(g) (1) -

(11) (-2)
-0

4 0;5



a
.

460,
,_,4, (a) ,,

(1

. 4.
-4 -3 -2. -1 Or +I * +3 °. +4 +5 .

u ,I 1 i , 14 'I . 1
o

..

(b), ,
4' -3 c +1 +2 +3. +45 1

< t f.

(e).

4

.

-3 -2

(d)

4
-4 -3

1

-2
1,f

s..,
.11 (e)

-5 -4 -3
4

(C) -4
,
-3

r

(6) -4 31 1
J

1

(11)
_5 -4 -3

1

6 4 t

-1 0. +1 +2 +3 +4 +5

-2 -1

+2 +3 +4 +I,

O. +1 +2 +3 +4

-2 ?"1

-I .
A

,o.t-

0 +1 +2 +3- +4 ..4 I 3,..

.

\-
<46.

,c2
cc

1 0 +1 +9
Tt t 1

+4

-2 . -I 0 +1 +2 +3- +4

5. The set of all numbers between 1 and 11.

-1° 0 +1 +2 +3 +4 +5 +6 +7 +8 +9 +10 +10-12

6. .The intersection

(a) The 'set of all numbers less than 9 and greater

than a.

(b) The empty set.

(c) All numbers greater than 3 and less than 6.
10'

Tt

06

# .
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fi*

(c)

0' +1 f2 +3 +4 +5 +6 +7 +8 ' +9 +10

9. (a) (3,3)

(b) '
.

. 73 -2 -1
,r -J1 +2 +3

< I i I I >

10.

'4

(a) All number's greater than 3 'aneless than 3

(b)

11. (a), For

(b)

A

x 4%.7 = 6
.
X = 1

For 2x 7 1 x . 3.

The set of solutions is 1-1, 3)

-1 0 +1 11+2 +3
4 1 1 . 1 >

12. (a) For x - 1 = 4 x = 5 ;

For x - 1 > 4' x is all nUmbers'greater than 5.,

.The set of solutions is 5 and all numbers greater

than 5.
\Jo/

(b)

t2 I 2 3i, 4
< 1 1 I I 1

.407 ,
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13. The solution set of "x < 10" is all numbers less than 1

The solution set of "x - 9 > 0" is all numbers greater

than. 9.
Every number is in one of these two sets (or both). Thus

thesolution set.ofthe compound sentence is the set of

all numbers.

Answers to Exercises 5 -7d; page 232:1
!,

1. (a) y is the number,of years in his'sisterts age.

io y - 4

(b) m is the number of model plane kits.

25m = 75

(c) b is the number of years in Sam's age now.

b + 7. = 20
.

.

(d). f is the number of feet. /

12f ,..- 72 . .

(e): f is the number of feet:

f
, -

7 = 5 .

(f) n .is the number of year's in Annts age now.

n - 10 = 3 ..

(g), d is the number of dollars.

100d = 450

(h) x -is the' number of cents earned per\hour before

midnight.

y is the' number of cents earned per hour after

midnight.

4x -1-'2y. = 350

408
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a 40

2. .(a) 'd_ is the number of dollars that Dick has.

3 + 2x <23 .

-(b) r -is the number of mi],es per hour that.the plane

travels.'

2r > 450

.(c) a is the number Of 'years in Susie1 ls age.
1

.

4\
I + 2a ..-:.,a9 H

(d) = -x is the number of hours,it',4X6ito drive from
-,

. -

Mill City to Dover. '

240 . 40x or° 240-Tr = x

(e) y is the number of cents that Sally-will earn In

5 hours.

y= 5 65

3.. (a) I a is the number of years in Mr. SMithis age now.

II a + I0

III 'a ; 30 '

(b) I x' is the number of dollars you have now.

Ii x + 5 . 12

III x . 7 '

(c) ,1 b the number of incheOh brbther's height:

II 2b . 64 - .

, III b- t 32 . .......-,
--)

:

(a)`> I p s the numtier bf the yearAvAhich Paul was born.
o.rf f

II p'+ 14 = 1958 °
0

III io.1944

(f)

I h is the number

altitude. -

II 1g 7h = 35

III 'h = 10

I y is the number

II 20Toy= 10

y = 50

of inches in the length of the

A

409 ,
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p ,is the 'number or dollarsja`the original -pri

p - _gg-
v

or Abp`o8o p = 28
1:10 7. 28.

x

P = 35

Is the number of miles in the complete journe

120 +tx. = x

x = 320

Answers to Exercises 5.8a1 page 236:

(a) (I) x + 5 = 6

(x-:+,5) + 5 = 6

x+ (5+ -5) = 1

x = 1 ,
,

1II) If x = 1 then

a solution.

+ -5

x + 6 = 5-

(x, +6);I-- 6 =5 + -6
ac + (6 + -6) =
,x = 4
If x = -1 then

is a solution

5

e

S

addition- property,
adding 5:

associative property

5 + 5 o

1 + 5 .26; 80

addition property,
adding -6,

associative property

6 + -6 = 0

x + = -1 4. 6 = 5,

x + -7 = 7
(x + 7?) + 7 .= 7 + 7
x+ (-7 + 7) =14
x = 14

If x §14, then

14 is a solution.

=

7 =,7
(d) (I) x -

x +

X,r+

(x + -7) + -7 + 7

+ 7) .0.

x = 0

(II) Ifo.x = 0, then

so 0 is a solution.

410

A

addition property,
adding 7. 4

associative property
_

. 14 + -7 = 7, -so

BO

property of additive
'inverdse " :*
addition property,
adding. 7

associative property

-7 + 7 o

x - 7 = 0 7 = 0 + 7.= 7,



05
(e),, (I) t + 6 . -13 ci

(t + 6) + -6 -13 + -6 addition propgrty,
.> adding 6

t + (6 + -6) . -19 associative property

t = -19 ' +6 0. .

t then t + 6 = -19 + 6 ='-13, 80
-19 id-a solution.

'(f) (I) s + 3
addition:property,+ 3 2 Is + 3) + -3
adding 3' 4

0 4

1 s (3 Th) associative property

1 = E3 3 + -3 = 0.

(II) If a=:1, then s + 3 = 1 +,3

4 = s + 3, so 1 is' a solution.

c:1

(6 (I) 2 = -4 + x
addition 6roperty,+ 72 = 4 + (74 x)
adding 4

2 (4 + -4) + X!' 'associative prollbrty

2 = x

(I') If x = 2, then 4 x = -4 + 2,= 2, or

-2 = 4 + x, so 2 ip a solution.

3x + = 10
I.

(x + ;1) ..(3) 10 +
ON addition pr,

P
perty;,

adding
:

(7)S

associative property

17
3 -(3) 0x . -11- 7+ 7

(II) If x = 34, then

:,.;
so 4.1.8 a solution.

ci

41 le
, '

L!!),

40

S
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(i) (1) Y -

'Y -(i) =

(y .4) + + addition property,

adding-

oio 4:)= = 4 associative property.

y =4\\ -(4) 4. =

(11) If y= 4, then y - = 4 - = ..,
or y - r; so 4 la a solution.

(j) (I) u + 14 .4

(u.+ 1 4)
-14+ "14 + .addition property, .

.adding -14

2 - -1-5'611 associative4:u (3.4 + -111) = (94
%./ property

61u 7(7)

(II) If u
i4 + -14 o

then u +14 .-(6-4) + 14, -(4) + 759-

,
. = 4, or u + 14 . !, so 7k-5v is a solution.

,(k) (I) *

""
-1 + 13

=, -1 + (1 +x)

(3. 4. 1)

6 x

addition property,
adding 1

associative property

1 + .1 = 0

-6 6 13
'(II) It x = yip, then 1 = 7 7 T

13 6
or 7 1 + 7 is a solution.

*

A. 12 1



1.

(1) (1). x

2. (a)

AI*

407

= -(4s)

* -(4)) + -( ),+'

x + (-(4) +.4) -(4)

-(144)

4

addition property,

adding-

-(14)

associative property

4
-(7) + Ir o

(II) If x =;(144) then .x + -(4)- =

-(4) (

+ (;) = ,(1.;)?

)

and

2x + 5 ='10

(2x + 5) + 5 = 10 + -5

2x + (5 + -5) ='5

2x = 5

3x + 10 = 5

(3x + 10) +'-10 =,5 + -10

3x + (10 + 710) = -5

3x =

5x + 2 = -2

(5x + 2) + 2 'T -2' + -2

5x + (2 4: 2) =

5x =

+1 =
-1) + 1 = 9 + 1.

'+ (-1 + 1) = 10

= 10

2u +,1 = 11

(2u + 1!) 4- 1 +

2u + (1 + . 10

2u = 10

(43r) and

Thus

-(1-14)' is
a solution.

--

addition property
associative peoperty,=.-

addition Property.
atso.die.tiVe -peal:Jetty

*

.addition property

associative property

Addition property

associative' property

addition property "

absociative property



3. (a)

`(?) 7 O
.(0) i and areare additive inverses of each other

(or inverses under addition).

(d) 7 arid ,77 are additive inverses of each -other

(or inverses under addition).

-408

4. (a) x + 3 = 11

(x + 3) -3 = 11 + -3 addition property

x + (3 + -3) = 8 property

x = 8.

)p.ssociatille

If x = 8, then x + 3 = 8 + 3 . 11, -so 8 is

'solution. -

(b) x + -6 .

(x + -6) + 6 = 14. + 6
+

additioi propdrty
4 18

+ (6 4-'6)*= associative property'

22x

If x = they x + 6 = 22 -6 =

- 2277so is a solution.

(0) x =4 -

x +-( =

(x +, = ;*4.
(_(2)

X = 7.

additionsproperty

associative property

If
14x = 7, then - 4= 7 - = - 7 ;, so

7 is a -solution.
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(a) 7,.= x. 1:

-x + (2x - 7) = x+ x addition property

(x + 2x) - 7 = 0 ,.. associative prOperti,

(71 + 2)x - 7 = 0 'distributive property.

. x .. 7 = 0.

(x + 7) +7 = 0 + 7 addition property---7- ----

X + (77 + 7)4= 7 associative property
-7,- --

x = 7. .

If x = 7, then 2x - 7 = 14 - 1 .: 7 = x so 7

is a solution.

(e) -x 7 - 2x = 7 +

X + 2x = (7 + -2x)

(f)

2x
+ 2x addition property '

-x + 2x = 7 + (2x + 2x) associative property

'( -1 + 2)x.= 7 + (2 + 2)x distributive property

x = 7.

If x =. 7, then .7 - 2x = 7 - = -7 = or.,

-x = 2x, so 7 is a solution. $

1 + 2 = 1.5 -x =-1.5 +
addition property and(ix +2)=.iic+(-(1.9c),+1.5) commutative property
of addition.

(fix + axe +' 2 + -(4)3)+1..5
associative property Y.

+ + 2 =(;.' + -(4)) x +1.5 distributive property

x + 2 = 1.5

(x + 2) + -2 =. 1.5 + -2 ; addition property

x + (2 + -2) = .5 associative property

x -.5.

If x = -.5( then r1x + 2 = r( .5) +.2= .25 + 2 =

1.75, and 1.5 -x = 1.5 - .(-.5) = 1.5 + -(3 ),(-5) =

1,5:+ 2.5 = 1.75. Thus,-,rx + 2 = 1.75 = 1.5 - 4x,

arid x = "".5 is a solution.

415 ^.
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Answers to Class EXerciseel.

-0

410

;r page 239:

V
1. TO Addition

(b) AdditiOn

I(c) Addition

(d) Multiplication

(e) 'Multiplication '\

ti

(f) Addition (or Addition -14) and Multiplication

(g) Multiplication

(h) Addition

''' (i) Addition

4
(j) Additior)(br Addition (-6) Multiplication

(-1 ).

2. (a) Multiplication property, multiplying by ;17%

,

,(b) Multiplication_property, multiplying by 4:.

(c) Multiplication property, multiplying by' 3.

(d) Multiplicatiopropeity, multiplying by,

(e) Multiplication property, multiplying by 10.

(e) Additibn propeity, jadding -3x .=.-(3x).

3." (a) 7+ -1 = (3x + 1) + -1

6 = 3x + (1 + -1)

6 3x.

(b) 6 = 4(3w)

2 = (4 3)w

2 = w.

(c) - 1.7) X'2 = (-1.3) x p
7 x 2.- (1.7) x 2 = -2.6;:

t - 3.4 = -2.6.

4 46

Distributive propert



Jai

( ) b = 43.

,18b = 18(10

18b = (18 41'.8)x

18b = x.

(e) -0.14 + (0.14 +.X) = 5.28 +`0.14
(-0.14 + 0.14) + x = -0.14 + 5.28

-16
\
,

/

L,

(!)

I

x = 5.14

!ix - 7= 2x

-(2x) + 5x - 7)

(-2x) + 5x).- 7

(-2x + 5x) - 7

(-2 + 5)x - 7

=

=

.=

=

-(2x)

0

0

0;

+ '2x

distributive property

NL

3x - 7 = 0.

Answers to Exercises 5-8b; page 241:

1. (a) 2x + 1 = 7

(2x +.'1) + -1 = 7 + -1 Addition property (Ad. P.)
2x + (1 + -1) . 6 Associative property

(As. P. A.)
. '2;* 6 1 + -1 = 0

1,,..%
Multiplication property
(M. P.)

(; 2)x = 3,

multiplication
property of

iplication (As.-P. M.)
1x =3. r 2 = 1

IP x = 3, then 2x + 1 = 2 3.+:1 = 6 + 1 = 7,
so 2x + 1'. 7. Thus 3 is a solution, the only

solution. 'The solution set is (3) .

/tl 7
,44

0.,
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(b) - 2 = 6; same as + -2 = 6
(7 + -2) + 2 = 6 4 2 Ad. P.

y + (-2 +,2) = 8 , As. P., A.

y = 8. -2 + 2 = O.

If y = 8, then y - 2 = 2 = 6, so 8: is a

(c)

solution. The solution set is (8).

`3 = -4; same as

( 4. -3) 3 . -4 + 3

4+ (-3 + 3) = "1

t -7 =
(4) 2 = -1 2

t(4. 2) = -2

t = -2.

If t = -2, then

+ -3 = -4, so

7+ "3.. -it

Ad. P.

As. P. A.

-3 + 3 =, 0

7
7

3°=

- 3 = -4,

M. P.

As. P. M.

1
2 = 1

- 3 = -1-- 3 =

and -2 is a
, .

ution. The solution Set is (-2). .

3x - \5 -= :4; sameas 3x + "5 = -4

(3x 4- -5) + 5 ="4 + 5 Ad. P.

3x + (-5 + 5) = 1 Ai. P. A.

3x =:1 -5 + 5 = O.

1(q...% 1
.7,.., 7 1 M. P.

(4 3)x IC
1

. As. P. M.

1 1 qX = 7. , 7 -
1 1If x = 7, then"-- 3x. - 5 = 3 ay 5 = 1 - 5 = -4,

"'

so 3x - 5 = -4. Thus 4_ is a solution. The'

F

solution set is

48
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2.2. (a) x + 3 = 5

(x + 3) + -3 = 5 + -3

x + (3 +-3) = 2,

x = 2.

If 0 x = 2 + 3 = 2 + 3 = 5 so x + 3 ='5.

Solution set (2).

The remaining parts of'Problem 2 should be,solved by

following the pattern of 2(a). Since you are familiar,

with this pattern only the solution setirwilflbiYlieted
,hereafter.

(b) The solution set is (-8).

(c) The solution set is Cl)..

(d) The solution set is (-4).

(e)' The solution set is [8).

'(f) The solution set is (4).

(g) The solution set is (-4).

(h) The solution set is (2).

3. (a) 4d) They are inverses of each other, or

reciprocals.

*(b) 3 ,(e) They are inverses of each other, or

reciprocals.

.(c)

4., Addition Property: If a, b, and c are numbers, and

a < b, then a+c<b+c and. ,c+a<c+ b.'
This is true.

MultiplicationProperty: If a, b, and c are number*,

and a < b, then ac < be and ca < cb. This is falsei

Exaaple: 2 < 4, but 2 71°= -2, 4 t -1 "4, and

-2 < -4 is false:

The multiplication property for "<" is true if the

condition, c > 0, is` added to the statement.
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(a) '4(x + 1) = 12

It(4(x + 1)) =,.tr 12

(4 14)(x+ 1) = 3

x.-1- 1 = 3

(x + 1) + -1 4. 3 -1

+ (1. + -1) =2

x

If x = 2, .'then- 4(x + 1) = 4(2 : 1) = 4 -3 = 12.-/

.

.14

OW

Thus, 4(x + 1) = 12.
Solution set: (2). .

(b) 7(x - 2) = 13

(7(x - = - 13

17 7) (x, 7 2) =

x- 2 = -7-
(x -2) + 2 = 2

x + (2 4 2) =

(c)

x = 4 ,

If x'= 4., then 7(x - 2) = 7(4 - 2) = 7 (4) =

(7 3) 13 = 13, so 7(x - 2) 131

Solution set: (.47-).

= 5

3 4141) 3 5

(3 .)(x + 9). 15

x + 9 = 15

(x + 9) + = 15 +

x+ (9 + -9) =6

x = 6

If x = 6, then 42 itt +3 9 =

Solution set: (6).

4 9 0
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(4) .6(x - .3) = .2

1 1 10 10

\'

SO,'

- .3)) ,= 29- .2

4) (x -162 4=f
3 1

x

+4=4+4
3 . 10

+17 +
9

If x then .6(x .f; :3) =
604

- 6 (1435_2) .(10) 6 .10 6 2
76'4

\ res mr:iu 175

.6(x - = .2. Solution set: 443.

= 7

(2 4)(3x 4),-. 14

3x + 4 = 14

(3x + 4) + -4 = 14 +

3x + (4 + -4) = 10

3x = 10

4(3x)= 10

3)x
(

10x

+ 4Thus 3x

3x + 4 - "1
10 h

. 7. Solution set:

F

Thus

= 10 + 14.

16
kr)*
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4c

O

10.6

(f). kx.+, 1

,12(x+ 1) = .12 3

(.12 14)(4x + 1) .36'

+ 1 . .36

+ 1) + = .J6 +
+ (1 + -1) '.64

-.64

4.(4x) = 4.(-.64)

4)x

x = -.16

If -.16,
Itx+ 1 4('.161+ 1 7.64 + 1-7=

4.

.36 .12 3 3 _.3.
777

Solution set: (-.16).

. a

4

=V'

4 a

44
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. ANSWERS TO CHAPTER 6

Answers to Exercises 6-1; page 245:

1.% No, Yes, -1

2. N N

3. (a) Yes

(b) No

4
(7)

5. Reciprocal

' (c), No

(d)- NO-

6. -f they are the ame when written in simplest form..".,..°

If the numerators are equal when the denominators are

equal.

7. 4, 4., 20
etc.

V. la) Closure under addition.

(b) Identity for addition.

(0) Identity for multiplication.

I(d) Closure under multiplication. 1;

(e) Distributiveproperty of multiplication

(f) CoMMutative property of multiplication.

(g) Associative property of addition.

'9. (aP

(b).

(c):

10. (a) +28 or 28 ,

)(b) 756

r.

10

03

(c) -(4) or

over addition.

(d) +.1.7.§__ or IV
,

.

(



11. One

12. Zero

13. ..-4,

14.

(4),1 0 .4, 3,

4

4].d

0.41,

ti

47' 7
41,1270>ols

15. No. The average of an odd integer andian even integer is

never an integer.

, 1
.ff( - 3 + 8) 2.71

,

Answers erxercises 6=2; page 249:

1. No. There isnOintlger between and -4.

4

2. Yes; 1 isthe smallest. No largest positive integer.

3. No smallest riegativeinteger. -1 is the largest.
".

4. No. No.
1 .

1 ,

.

31
Tzsz.: 7ruo..

78-"'6.
3" or

7. One such plan would be to use some other point than the

halfway point. For example, the pOiht of of the way

from TMS to low t
,

i000
or

3000'

1b00 4-A-6)
or

9000'
10

The next named.points would be (

40 1 1 I N 28 , 1
'T.'

,

trOTZ +.2*,000' or 27 000; .'t1.006 + 876051
or_

,

82 .1 1 1 244,

b1,006' '1000 -I-. 243,000' r 243,000'

06

424
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Answers to Exercises 6-3; page 253:
,

1. (a) 2.2500000000... (d) .0.0378378t/8-...

(b) 0.2083333333.... (e) 0.0121012101...

(e) 0.057142857...

2. a, o, d, g, t.

3.* (a) 2 (g) 2.2.2

(c) 2.2 (i) 2.5

(d) 5

4. (a) 0.142857 ,(d) 0.571428

(b) 0.285714 (e) 0.714285

(0) 0.428571 (f) '6.857142

4 e
Answers to Exercises 0-4; page 256:

1. (a) 9.99....

(b) 312.1m..

(0) 0.047'...

(a) 2816:10U...
or 2816.1

(b) 9.05 or 9

(d) 613.45g75...

(e) 60123.01230123...

(é) 1.110U... or 1:1
fil

(f) 351.05... or 351

4c) 162.05... or 162 (g) 27048M... or 27048

(d) 298.05... or 298 (h) 374.8307... or, 374.83

3.'

4.,

(a)

(b)

(a)

411
75.6.

lon

(0)
103

99900

n = 0.55...

lon 5.06...

425



(b)

(0)

(d)

4,

*420

100ri=

n =

100n - n = 73.0.

1000n = 901.9017T..

n = 0.90175T..

1000n n = 901.0...

ion =

n = 3:0237

10n - n = 27.210...

(e) ldn = 1,631.777...

=

(f)
01.

(g)

,

1,0),

100n = 67,242.42TM:

n = 672.4277...

100n - n

100n = 12.345655

n = 0.12347...

100n n = 12.222205...

10n =

=

10n - n 7 30.690

(e) 11g2

(f)_

(g)
120

(h)

426

Fe

"65 '''13
710-6.

et
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6. (a) 32 = 2.2.2.2.2 .or 25

(b) 100 = 2.2.5.5 or 2
2
.5
2

(c) 9 = 3.3 or 32

(d) 50 = 2.5.5 or 2.5
2

(e)' 35 = 5.7

(0 80 = 2.2.2.2.5' or 2
4
.5.

k (g) 120-= 2.2.2.3.5 or 2
3
.3.5

(h) 160 = 2.2.2.2.2.5 or, 25.5 . )

4
7. The numbers in Parts a; b, d, f, h.

8. 64 and 80.

Answers to Exercises LI; page 260:

,l. (a) 1.372 1.379 1.385 1.493 5.468

(b) -9.426 -5.630 -2.765 .-2.763 2.761

(0) '-0.15475 0.15463 0.15467 0.15475 0.15598
-T-

f'2. (al none (85 all but 0.15475

(b) all but -0.15475 (d) all but 0.15475

(c) 0.15475 0.15467 0.15463

3.

3

427

a
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4. (a) -5 = 0.340...., . = 0.37... , 46=0.407
-.. .

(b) = o.66... , = 0.67dU:.. , = 0.70'...

7(c) = 0.428571... ; 43
7 = 0.47...

12 41 \,,......... ^-,`

(d) 1 - 0.456;7.... , - 0.456545b5...

Answers to Exercises 6-6; page 264:

1.

-3

2.

).

2 3'

The measure of AP is li5 .

fs,
`f: 4.
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3. See diagram for Problem 2.

4, Irrational. There is no rational number -11 such that

(g)2

*5.

1 BC = 1 , So AC = 5 . Make AD = AC , so point
,

D represents )(7 .

Draw DE perpendicular to AD , DE = 1 Then

AE2 = ( 47)? 12 and AE 'VT . Make AF = AE so pcint E

corresponds to .

Similarly 467- can be found by using a right triangle with sides

of lengths Y and 1; T busing a right triangle with

sides of lengths lrg- and 1

6. lay Off the distance 42 twice,to the right of 0 ;.

3 times .to the right of 0 ; times to theLeft.of 0 .

7. Irrational.

*8.' First show the following:

I. If a,number is divisible by 5 , it can be

expressed as 5k where k is an integer.

II. If a number is not divisible by 5 it can be

expressed as 5r4 + R , with 0 < R <.5 , R an

integer. (Division Algorithm, Volume 1, Chapter 5)

429
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III. If n is divisible by 5 , then n
2

is divisible

by 5 .,

[(5k)2 = 25k2 = 5(5k2). 5k2 is an.integer by the

ensure property of integers under mu;tiplication.]

If n is not divisible by 5 , then n2 is not

divisible by. 5 . If .n is not divisible by 5 ,

it may be expressed as 5k + 1 , or 5k + 2 ,

or 5k + 3 , or 5k + 4

(5k + 1)2 = 25k2 + 10k + 1 L.. 5(5k2 + 2k) + 1. .% it

is not divisible by 5 .

(5k + 2)2 = 25k2 + 20k + 5 (5k2 + 4k) .+ 4 .

.% it is not divisible by 5.

(5k 3)2 = 25k2 + 30k + 9 = 5 (5k2 + 6k + 1) + 4 .

;.it is not divisible by 5 .

(5k 04) 2 = 25k2 + 40k + 16 = 5(5k2 + 8k + 3) + 1 .

Sit is not divisible by 5 .

V. n is divisible by 5 ,-and )(71- is an integer,

I II

'then In- is divisible by 5 -
Use an indirect argiment.

-AsSume., 413-is.not divisible by 5

above, n is not divisible by 5 . But n

divisible by 5 Therefore )17- is divisitA

by 5, .

Now the proof-follows the same form as the proof

that 2 is not a rational-hUmber.

P
,

en by 14)

1. Assume ,r3- is a rational nuger. Then
. .

,r3-= i , p and q integers and q '40-

Let 2. be the simplest expression for 'Tr
Q

so p and q have no common factors other

than- 1
-2

2. 5 =

3.
p2

4. q2 is an integer.

430
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5. .% p
2

is divisible by 5 .

6. p is divisible by 5 .

Let, p 5k , k an integer.
t

7. 5q = (5k)
2

or 25k2 r:

8. ci2 5k2 .

9. k2 is an integer .

10. :.q
2,

is divisible by, 5 .

11.' :. q is divisible by 5

12. By statements 6 and 11 , both p and q havakthe

'factor-5' . But this contradicts the condition

in Statement 1. Therefore the assumption that

is a rational number is4false.

13. 1r-5- is not a rational number.'

Answers to Exercises 6-7; page 270:

1. (a) 5 < 157<,6 . 411 (d) 65 < ,r77377< 66 .

01 9 < lir85< 10 . (e) 96 < 9315 <,97

(c) 15 253 <16.
.

2. (a) 3
i (d) .000176 .003289

(b) 2.999824 ,

(e)' 1.732

3.

4.

5.

, 6.

(c) 3.003289

(1.73)2 ., 2..9929

(3.87)2 = 11.1.%76Y

(25.2)2 = ,635.04

3.2

( 7. 12.2

(1.74)2 = 3.0276, 1.73 is the better

0.88)2 = 15.0544 3.87 is the better

(25.3)2 = 640.09 25.2 is the better,

431



8. 14.9

.9. n ti 3.2

n ti 12.2

426

Answer's to Exercises 6...8;page 277:

Irrational

(b) 0.23123112311123...

I d

1. Rational

(a) 0.231231...

71,2 ,

(e). 0.78342...

(i) 0.7500...

(f)
*f

3
(g) r irET

(i)* (h) 9 -

0.959559555955559...

Note that in (b) it is intended that the number ok ones

continues to increase.

Similarly, in (k) it is intended that the number of
fives continues to increase.

2.
231 4,T,

(a) 0.231231...= 77

(0' 7 .,4 0.h28571428571. ..

(e) 0.78342...
79M

.

/c), 2174-

(i) 0.750U... =

(i)

3. Irrational Number

(b) .0.23123112311123....

4 3 2

Nearest Hundredth

0.23

2.65 ,

1%57

1,.84
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, .

'(h), 9- )177 7.27

4k) 0.959559555955559... 0.96

Some possible answers for 4 , 5 , 6 , 7 .

4. (a) 4.456320... 8.27E... .75E
(b) 12.762762... .06363...

(c) :450450045... .123112311123... .565665666...

5. (a) 2.375375 (b) 2.370370037000.

6. (a) .344... (b) .345634456344456...

7. (a) 67.282... (b) 67.8292020020002...

8. No. There are no square roots of the negative intbgers
in the real number system.

3.14.15929

22
. 3.1428571...

3.1415926.

is a much better approximation to r than is 22

Answers to Exercises 6-§; page 280:

1. (a) irrational - circumference is r un

(b) .rational - area is 1 square unit.

(c) rational - hypotenuse is 13 units.

(d) rational (62 3

(e) irrational- volume is 27r cubic units.

(f) rational - (each side is 1/7 units) ..

(1.414...) x (1.732...) 1.414 x 1.732 2.449

7
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3. (a) ,-,r5 = (1.414) 711VT. (0.707...)

lrx (1.414.:),x (0.707)

",%-, 1.414 x 0.707 = 0.999698

(1.732..,) (1.414...) 3.146

ArT _,r7 . (1.732) (1:414..) .0.318

( rT +15). (1,5 . (3.148) x (0.318)

. 1.000428

(b) )rT x 0/-2 . 2 (1/
q-
2) 2= 2 2= 1

(15 +15 ) ( -1r2 = -(4-i+1/-2-) (

(1/ +1/).V7 + 4)7) '117

= of5)2 = r2 )2

= 3 4-0 + 72

= 1

4. Using 3.1416 for

14 0.318309...

the radius
1

3.141b

4 2

Oft

of

Ih

:



ANSWERS TO APPENDIX

Answers to Exercises A-1; page 283:

1.

2.

0

1.,

2

3

,(a) 0

(b) 2 air

0 1 2 3

0 1 2 3

1 2 '3 0

2 3 0. 1

3 0 *'1 2

3,t) (a) 0

(b) 1

(mod 6)

0 1 2 3 4 5

0 0 1 2 3 4 5'
1 1 2 3 4 5

2 2 3 4 5 0

3 3 4 '5 0 2

4 4. 5 0 1 2 3

5 5 0 .1 2 3. 4,

. os

(a) ,2

(b)

435

-J

10 0

(d) 1

(pod 5)

+ 0 1 2 3 4

o 0 2 3 4

1 1 2 3 , 4 0

2 2 3 4 o

3 3 4 0 1 2

4 4 0 1 2 3

()

2

(mod 7)

0 1 2 3 4. 5 6

0 1 $2 3 4 5 6 -,Lc_

1 1 2 3 4 5 6. v'
2 2 3 4 5 6 0-

3 3 4 5 6 0 1 2

4 5 6 0 1 2 3

5 5 6 0 1 2 3 4

6 6 0 1 2 3 4 5

r
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/

5 (as) 4 (c) 1

(b), 4 (d) 0

4

6. Seven hours after eight o, clock is fiv71 clock. This

is addition, (mod 12) .

Nine days of the 27th of March is the fifth of AprAl.

This is addition (mcd 31)c since there are-/ I1 days, -

in Me..rch.

Answers to Exercises A-2; page 286:

1. (a)

x

(Mod 5)

10 1 2 3 4

0 0 0 0 0
* 1 , 1 2. 3 ' 4

0 2 d 2 4 1 3.

3. 0 -3 1 4 2

4 0 4 31, 2 1

. (b) (mod 6) (c) (mod 7)

x 0 1 2 all 4 x 0 1 g 3 4 5 6

o'.000000 oo 0 0.1000
1 0 1 2 3 4 5 1' 0 1 2 3 4, 5 6

KT.2 2 4 0 2 4' 2 0 2 4 6 ea 3 5

3 0 3 O. 3 0 3 3 0 3 6 . 2 5 1 4
It 0 4: 2 0

3
"..44 2 0 4 1 5 2 6 3

5 0 5 .4 3 2 1 5 0 5 3 1 6 4 2

6 0 6 5 4 3 2 1. '

2. ()a) 1 (d) 1

(e)

(c) 3, .

1/4... 3.1 () 6 .(c)

CO), 1 (a)

'CM
I
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"4.

0 1

(mod 5)

2 3 4

0 0 0 0 0-
1 0 1

?st, '3 It

2 o 2 4 1 3

o 3 1 4 2

0 It 3' 2 1

5. The table is identical with the multiplication Table

,(mod 5). Dividing a whole number by 5 and retaining

the^reMainder yields the same results as those obtained

by subtracting the greatest multiple of five contained

in a rn.ren number and retaining the remainder. It may

be easier to d/vi and retain the remainder.

.*6. (a) x =2 (d) x = 3

(b)-- x 4 (e) 0---

(c) x = 1

*7. (a) impossible /

(b) impossible

(c) x = 1, x =.3, x = 5

(d) impossible

le) x = '0; x = 2,

,8. Wednesday ---

tt

437 4*
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.

,,

Ahswers to Exercises A-3; page 291:- ,

, QI

1. (a) 1 (h) 1

(b) 6 . (i) 8

-(q1 8 (i) Not possible; 10.2 = 4

(d) 7
and 10 4 is not_defined

since A does not,appear
(e) 2 in the top row.

(f) 3
"4.

(g) 1 ,(1) 3

2. (a), (b), (d), (e). The table must-be symmetric about

the diagonal from upper left to lower right.

There is no short-cut method; to prove associativity

each triple of elements must be combined iri'the two ways

and the corresponding,. rebults must be equal. The

operations of Tables (a) and (, (e) are associative;

tho&e of Tables (bYand (c) are not.

4. The operation symbols are omitted in the fallowing

tables:

(a) 26 27 28. 74

26 26 26 26 26

27 26 27 27 ,27

28 26 27 28 28 Commutative: Yes

Associative.: Yes

7L 26 27 28 74

4

C....a-WT....

4.cc



(b)

433,...../ v

501

502

503

A..

535

(c)

2

3

5

7

11

(d)

ko

42

44

6o

( e)

1

2

.

49

501 502 503 ... 535

501 502 503 ... 535 41;

502 502 503 ... 535

503 503 503 ... 535 Commutative: Yes

Associative: Yes

535 535 535 535

2 3 5 7- 11

2 3 5 7 11

3 3 5 7 \il ...

5 5 5 7 11 ... Commutative: Yes

7 7 7 7 11 Associative: Yes
"11 11 11 .. 11 11 ...

. . . ..

40 42 '44 6o

40 40 40 ,

... 4o

42 442 42

44 44 44 ... 44

. . .

99 100 101 ... 147

Commutative: No

Associative: Yes

..

60 6o 6o ... 6o

'1 '2 3 .-.. , 4

3' 4 5 ... 51

5 6 7 ... 53 Commuthive: Ao

3 7 8 9 .., 54 'Associative: No

.. . (Try the triple

- .... 1, 2, 3.)

V

439
1/4

4
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V

(g)

(h)

434

1 2 3 4 .5

.2

3

Nit

5

6

1- 1 1 1 1

2 1 2 1

1 3 1

2 1 4 1

1 1 1 1 5

1 2 3 2 1

1 .2 3 4

1

2

-3

5.

.1 2 3 . 4

2 2 6 4

3- 6 3: 12

4 41 4

5 10) 15 20L

6

1

2

3 O. #.!-
2 Commutative:

1 Associative:

6

5 ,
(5

10

15 Commutative:

20 AssociAtive:

-Yes.

Yes

Yes -

. y 0 000

1' -2 .3 4 GOO

2

3

1. 1 1

2 16

3 9 271,- 0-;,

4 16 -64 256

440

Commutative: No
-90

Sy 0

.Associative: Ii90$

(Try thetripl

2, t1, 3;

(21)3, yl 2 = 2(13)
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..,

Many answers are tiossible, of

c.9.iirse. The only. requirement.

is that the table be symmetric '

about the diagonal from upper

left to lower right, (and that

each place. in tie table be

filled uniquely so that the,table'does

operation).

6. Many answers are poss ble, of

doursd. The only reqWement
1

is that the table must,nbt beq

140 symmetric about the diagonal' 2
from upper left to loWer right 3

VON

2 Y

3

describe

,

(and that each place in-the

table be filled Uniquely so that

a.r1 Operation).,

an

R

1 2 3

X

P

.Q

P Z.

R Y ,

P Q

the'ehble does des.cribe,

9.0*

c

,

O

.

'

r

441,

0
- -

,1

2

.3

5

6

7

8.

9

10

0

1

8

27

64,

125

216

31?- ,

511i
729.

1000

4

4

t



4436

Answers to Exercises A-4; page 295:

1. The sets of (a) and (d) are closed under the corresponding

operations (all the entries in the table appiar,in the

. left column and in the top row); those of (b)-and (c) are

not closed (some entries in Tables (b) and (c) do not

appear in the left column and in the top row). .°

. 2. (a) Closed

(b) Closed

(c) Closed

(d)' Not closed

(f) Not closed 15 - 35 cannot
be performed

(g) Closed,

(h) Closed

(1)....,,,Not closed: 3 + 7 is not a
prime

(e) Closed *(j) Not closed: 3s+ 3 = 11

(base 5) a

3. '(a) (2, 4, ..., 2k, ...) where k is a counting

.4number,

(b) (2, 2
2

2
3
; .., 2

k
, ...) wherb k is'a counting

number.

, (a)' (7; 14, 21, 7k, .) where k J,s a counting

number.

-.(b) (7, 7F, 73, 7k; where k. is a counting.

6. (a) 1 0.1 3, (1' 0,1) IQ 1 = 3 0 1 7 2,

[ (1 0 1)'01] 0 1 = 2 0 1 = 1.

- If you.Oontinue the operation 0 , you will generate

the same set again.' Hence, the set (1, 2, 3) is

the sul?-set ,of S. __generated by 1 under the-

operation 0 .

(b) 2 0 2 = 2,, (2 0'20 er2 = 2.
/

[ ( 2 0 2 ) . 0 2 ] o 2 = 2 0 2 = 2, .

0,7

It is Clear that.thesubset 9f :$ generated by

under the operation 0 'is the subset (2).

442.
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(3, (3 4- 3), (3 4. 3) 4. 3, [(3 3) 4. 3) 4. 3, ...)

or 1(3, 71 71 )
Yes; 3 and are in the subset of rationals generated

by under division. No;\ 3 + 7 or 9 is not in this
1

subset. Therefore, the set is not closed under AivisiOn

and, hence-, it cannot be associative.

8. No;

9. Yes;

10. Many answers are possible,

of course. The only

requirement is that each

entry in the table belong

to the set (0, 43, 100)

and that each place in the.

table be filled uniquely

So that the table does

describe an operation.

11. Many answers are possible,

of course. The only

`requirement is that at

least one entry in the

tablmuA not be an

element, of the set

(0, 43, 100) (and that

each place in-the table

be filled uniquelyso the

table does describe an

operation).

.

* 0 43 100

0

4.

100

0

43 .

.0

0

43

0

0

A.

0 43

%)

100

0

43

100

0

43

2

0

1

0

,1473

43

443

\
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Answers to Exercises A-5a; page 300:

1. (a)' In Table (a), the identity is 5.

In table (d), the identity is 2.

(b) In Table (a), the inverse of 1 is 4; of 2 is

3; of 5 is 5.

In Table (b), no element has an inverse.

In Table (c), no element has an inverse.

In Table (d), the inverse of 1, is' 3; of ?.
*

is 2. NI

Each,member of the sets for Tables (a) and (d) has

an inverse. The operations described, by Tables (b)

and (c) do not have identities so no inverses can

exist. 4

' 2. ( Operation, .... -

(a) iir 74

(b) 501

A (c) 2

(d) None

(e) 'None

,None

(g) 1

(h) None

.(b) The only inverses are those listed below.

(a) 74 is the inverse of 74:

(b) 501 is the inverse of 501.

(c) 2 is the inverse of 2.

(g) 1 is the inverse of 1.

(c) None.

3. No; ir there are two identities (P and Q) for a

given operation, then consider theresult when P ,.is

combined with Q. Since Q is an identity, the result

must be P. d.But since P is also an identity, the

result must be Q. Thus, P and Q must be the same

element-since each equals the result of combining . and

Q.
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Answers to Exercises A-5b; page 301:-

(a) lx = 1 (mod 6),

2x a 1 (mod 6),,

3x m 1 (mod 6),

4x = l' (mod 6),

5x = 1 (mod 6),

x = 1

not possible

not possible

not possible

x = 5

(b) 1, 5. Each is its own inverse.

2. (mod 5)

3.

4. (a)

(d)

5. (a)

(b)

(c)

6. (a)

(1)

a 3 ÷ a
1
T

1 3 + 1 E 3 3 1 = 3

2 3 + 2 M4 3 3 m 4

3 3 + 3 m 1 3 2m 1

4. 3 ÷ 4 E 2 3 4 m 2

(mod

a 3 - a 3 + (,-a)

1 3 - 1 = 2 3 + 44 m 2

2 3- 2 m 1 3 + 3 111

3 3 - 3 a 0 3 + 2 m 0

. 4 4 3- 4= 4' 3 + 1 a 4

no

yes, except

( b ) po (c) no

division by zero.

(0,

(1,.

(2,

1,

5),

4),

2, 3,

(5)

(1',

4,

5),

51

(5)

(A, B),

yes, '-D

(c) (C, 15)

(C, D), (A, D

(d) (C, D)

445
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Answers to Exercises A-6; page 304: ,

0
1. Each one of Tables (a), (b), (c) describes a

mathematical system.

For Table (a), tbe,set is (A, B);. the operation

is o.

For Table (b), the set is (P, Q, R, S); the

operation is *.'

.For Table (c), the set is (41, 0 0 ); -the

operation is .

2. (a) A

(b) ()

(c)0
(d) B

3. The operation o is not commutative, since Table (a)

is not symmetric.

The operations * and - are both commutative, since

both Tables (b) and (c) are symmetric.-

4. There Is no identity element for the operation ,o.

There is no element e, such that hsp of the/equations

Aoe=A and Bo,e =B are correct.
The element R is the identity element for the

operation *. The row of Table (b) with "R" in the

the left column.wit "R"Y
lef Column is the same

the same as

as the top row, and the.column

at the top,

The element A i the identity element for the

operation - . The first row and column of Table (c)

. are the same as the top row and left jlumn respectively.

5 (a) S (e)

(b) S Q0

(c) R
(g) \

(d) a (h)

446
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6. 44'Each of the operations * and ti seems to be associative

since-4 in each of the cases you have tried, the corre-.

sponding expressions are equal. To prove the operations

are associative, you would have to examine all cases and ,,

show that the correspOnding expressions are equal. To'

prove an operation is not associative, a person would

hall to find one example where the corresponding_,

exiaessions are not equal.

. '- 8. (a) The element 2, cannot be combined with 2 by the

'operation * (that is, 2 * 2 is not defined).

* 1 is not uniquely defines. Many results are

possible when 2 and 1 are combined.

(c) The set given by thisitable is (1, 2, 3, 4)4 But

it is not possible to combine every pair of elements

(e.g. 3 and 3). There is no operation defined on

the set.

Answers to Exercises L=21; page 310: -

1.

2.

4

ANTH I V

I- IV H R

V V I R H

H H R I V

R R H- V ',I

(a) v (f) I

(b) v (g) I

(c) V , (h) I _

(d) V (1) I

(e) I

4-4:7



3. (e.) Yes

-e(b) Yes

(c)

442

Yes, the operation is associative. A proof would
require that 64 cases be checked. Each pupil

should check two or three; do not attempt to check
all cases.

.

(d)

(e).

4. (a)

Yes.

Yes.

ANTH.

I is the identity.

Each element is its own inverse.

I I F

F F I

(b) Yes

(c) Yes

(d) Yes. All cases can be checked (there are 80 cases

5.

-(e), ,Yes.

\,(f)

ANTH

in all).

I is the identity element. P

Yes. Each element is its own inverse.

IRSTUV
I R S T U V

1Ng SIUVT
S S I R V TU
T T V U I, S R

U U T V R IIS
V VUTS R I

The operation is not commutative (R ANTH T y T ANTH R)
I is the identity element. Each of- I; T, . U, V Is

its own inverse element; R and S are inverses of each
other.

4
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*6. Notation:

I:. Leave the square in place.

R
1

: Rotate clockwise of the-way arourt.

R2: Rotate clockwise 'X' of the way around.
vo*,

V R3% Rotate clockwise of the way around.
.

H: Flip the square over, using a horizontal axis.

V: Flip the square over, using a vertical axis.

D1: ~Flip the square over, using an axis`from-upper

left to lower right.

D2: Flip the 'square over, using an axis from lower'

left to upper rAght.

Note: It was sug es a that a.square card not be used.

This problem is included to show why such a

ANTH

suggestion wa

I R
1

R
2

made.,

R3 H V ,D1 D
2

,R1

R2

R3

H

D
1

,

I

R1

R

R3

H

V

. D1

1Y
2

R1

R2

R3

I

D
1

.D
2

V

H

R

R3

I

R,
.1.

V

H

352

D1

R3

I

R1

R
2

D
2

D1

H

V

r

H V

D2 D1

V . H

D
1

D
2

I
R2

R
2

I

R3 %R.1

R1 R3

DD1

H

.D2'

V

R1

R3

I

R2

D2 ..

V

D1

H

R3

R1

R2

, I

p.

I is the identity element. The operation is not

commutative (RI ANTH 'H H ANTH 'R,).

449
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Answers to Exercises A.1.8; page 314:

1. (a). Since the sum of two counting numbers is always

-another counting number and the product of two

counting numbers is always a counting number, the

setLiscloied under addition and multiplication.

A

(b)c Both the commutative property and the associative

.(d)' The.counting numbers are not closed under

subtraction or division.

2. (a) The set of whol6 numbers is closed under addition

and multiplication.
0)

(b) Both operations are commutative and associative.

ment for addition. It is(c) There is an identity element for addition. It is

IN/

zcro; for any whole number n, n + 0 = n =.0 + n.-

The number i is the identity element Tor,

multiplication.

The answers are the same as for 1 (a), (b), (c)

except that there ie-en'identity element Tor

addition in the whole number system and not in the

counting number system.

zcro; for any whole number n, n + 0 = n =.0 + n.-

The number i is the identity element Tor,

multiplication.

The answers are the same as for 1 (a), (b), (c)

except that there ie-en'identity element Tor

444

450450
a.

addition in the whole number system and not in the

counting number system.

a.
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3. (a)__ Three examples are:

5(7 + 103 = (5 7)

1) + (1 1). °

T-0) Addition does notdistribute over multiplication;

for example, 2 + (3 --4) = 14 / (2 + 3).

(2 +

;

2(3 + = (2 \3) (2 -TIT

+ (5 10); 1(1 + 1)

1. (a) Yes, here-are 3 illustrations that

over o:

A * (B o C) = A = (A B) o (A * C)

B (B o B) = B = (B ) o (B 46/B)

C (B o D) = C = (C B) o (C D)

(b) Yes, here are 3 illustrations that o distributes

over *.

A o (B C) = A = (A oB) * (A o

B o (13 B ) B = (B B) * (B o B)

C o ( D = (C o B) *.(C o D)

* distinutes

5. ta) Closed; commutative; associative; 1

(2)

(c)

(r)

only the number 1, has an inverse,

w
is, the identity;

o

Closed; commutative; associative; no identity; no.

inverses.

Closed; commutative; associative;

only the number 0 has'an inverse.

Closed; commutative; associative;

inverses.

Crosed; commutative; associative;

only' the number 0 has an inverse:

Not closed; commutative; not associative;

no inverses.

0 tmthe identity;

is the identity;

no identity;

o 0 0 60

.*

0
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(a) Both sets are closed under the operations. Both

operations are commutative and associative. Both;

systems involve-the same set.

0:1) The system 5(a), i entity and 5(b) does not.

Alto., the sets tte different in these two systems.

Many resultt are possible; of course:

*8. (41;-:wes. You are asked to consider the two expression-6

* (b o c) and (a * b) o (a * a), and find

whether or not they are always equal. For example,

using a = 8, b = 12,, c = 15,

8* (12 0 15) = 8 * 6o = 4..

(8 * 12) 0 (8* 15) . 4 0 . 4.

(b) Yep. You are asked to consider the two expiessions

a o (b * c) and (a o b) * (a o c),. and find

whether or not they are always equal. For example,

using.,.a

8 0

(8

9. (mod

= 8,

(12 *-15)

0 12) * (48

5)

o 1 2 3

b = 12,

= 8 o 3

0.15) =

4

c

= 24

24

x

= f5,

* 120 = 24."

(Mod 8)

o 1, 2 3 A 5 6

0

7

0 o o o o o 0 0000000 0
1 o 1 2 3 4 1 o 1 2 -3 4 5 6 7

2 0 2 4 1 3 2 o 2 4 6 o '2 4 6

3 o 3" 1 4 2 3 0' 3 ,6 1 4 7. -2.5
4 9 4 3 2 1. 4 JD 4 0 4 o 00 4

5 0 5 2" 7 4 1 6 3

6 o 6 4 2 0 6 4 2

7 o 7 6 5 A. 3 2 1

./1

'4

4 5 2 ':tzt
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.
10. (a) Mo9''5; mod 8: Yes

(b) Mod:5: Yes; mod 8,: Yes

\Cc) Mod 5: Yes; mod 8: Yes

f(d) Mod 5: mod 8:- i
(e) Mod 5: 1 and 4. are their own inverses; 2 and

3 are inverses of each other; 0 has no inverse.

Mod.'8: Only 1, 3.2 5, Ti are inverses; each is its'

own inverse.

Mod 5: Yes; Mod 8; No. 2 x 4 a 0 (mad 8),
4 x.2 a 0 (mod 8), 4 x 4 a 0 (mod 8),
4 x 6 = 0 (mod 8), 6 x 4 s' 0. (mod 8).

(f)

11. :(a) 3

(b) ?

12. (a) 2

(b)

(c) 5'

(d)

(e)

13. (a) 'It

(b) 2

14. *(4) 4,; 4
(b) 1, 1

15. (a) 0, 0

(b) 2, 0

16. (a) 6

(b) 3, 7

(c) 0, 4'

(d) 2

N

6;
4, 8

1,

1. Any

in 6.

(c) 1

(d) 3

(c) 3, '3

(d) eyes

(c) 0, a

(d) 'Ws

power of 6 ends

L

(e) 0

(f) 0

(g) 9

(h) Not defined 1.n this' system.

453
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17.

18.

(a)

(b)

.(0)

*(d)

4;

4

7

7

0

What number added to

1 2 3" 4

3 gives: 7?

0

2

3

4

0

1

2

3

4

4 3 2 1--

0 4 3 2

3. 0 4 3

2 1 0 4

3 2 1 '0

The set is closed under subtraction mod 5.
1

19. (a) 3, 8, 013 and others (add 5)

(b) 3 7, 11 and others (add 4)
MMOW

(c) 0 and all multiples o 5 of the form 5K, K is

a counting-number°.

(d) Any evennumber

(e) 3, or any odd number greater

(f) 1, 3, 5 and so on (all odd numbers).

20. (d).cAny even number

(r)

,ff=7,raist

1, 3, 5, .7, 9, -lir 13 and sp on (all odd

numbers)

- 4 5

4


